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abstract

The original formulation of abstract interpretation
���� ��� ��� ��	 represents program properties by sets

A property is understood as the set of semantic values
satisfying it
 Strongest program properties are de�ned
by the collecting semantics which extends the standard
semantics to powersets of semantic values
 The ap�
proximation relation corresponding to the logical impli�
cation of program properties is subset inclusion
 This
was expressed using set and lattice theory in the con�
text of transition systems ���	 that is of an operational
semantics
 This approach was applied to imperative
programs ���	� �rst�order procedures ��	� communi�
cating processes ���	� parallel ���	 and logic ���	 pro�
grams


Some applications of abstract interpretation� such
as strictness analysis for lazy functional languages
���� �	� require in�nite behaviors of higher�order
functions to be taken into account
 In this context
denotational semantics is very natural �strictness is
f	�
 � � where � denotes non�termination�
 The
set�theoretic approach to abstract interpretation was
felt incompatible with denotational semantics
 The at�
tempts to express the collecting semantics in denota�
tional form were unsuccessful ��	 since properties of
functions f � D� �� D� had to be expressed as con�
tinuous functions between powerdomains F � PD� ��
PD� which is not expressive enough


We solve the problem by returning to the sources
of abstract interpretation� which consists in consid�
ering collecting semantics such that e
g
 properties
of functions f � D� �� D� are sets of functions
F � �	D� �� D�

 Various Galois connection based
approximations of F � �	D� �� D�
 can then be ap�
plied
 By using Galois connections� properties of the
standard semantics naturally transfer to the collecting
and then to the abstract semantics


This set�theoretic abstract interpretation framework
is formulated in a way which is independent of both the
programming language and the method used to spec�
ify its semantics
 It is illustrated for a higher�order
monomorphically typed lazy functional language start�
ing from its standard denotational semantics
 The

chosen application is comportment analysis which
generalizes strictness� termination� projection �includ�
ing absence� ���	� dual projection �including totality�
and PER analysis ���	 and is expressed in denotational
style


Part I � Higher�Order Abstract
Interpretation

�� Principles of abstract interpretation

In the context of program analysis� abstract inter�
pretation consists in answering questions about pro�
grams by approximation of a collecting semantics ex�
pressing program properties relative to a standard se�
mantics ���� ��� ��� ����

���� Collecting semantics

For example� the collecting semantics fjpjg � �	D

of program p is a set f��p��� j � � Ig � D of possible
output values 	in the set D of concrete values
 corre�
sponding to a given set I of possible input values� as
de�ned by the standard semantics ��p���

���� Questions about programs

Concrete questions asked about program p have the
form �fjpjg � R�� where the set R � P of desired

results is a concrete property of P
def

� �	D
 which is a
complete lattice hP� �� �� �� �� �i with � � D�

���� Approximation ordering

Question Q is said to be more precise than Q� or
Q� is an approximation of Q if and only if Q � Q��
The partial order � is called the approximation order�
ing� Observe that the collecting semantics fjpjg is the
most precise question which can be answered about
program p� The approximation ordering is a logical
ordering corresponding to implication which is totally
unrelated with any relation between semantic values�
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��� c� ���� IEEE

��



���� Abstract semantics

The collecting semantics fjpjg is not computable� so
that an abstract semantics 	jpj
 � Pa can be used in�
stead� The set Pa of abstract properties is a complete
lattice hPa� �a� �a� �a� �a� �ai�

���� Connecting the collecting and abstract
semantics

The correspondence between concrete and abstract
properties is given by means of a Galois connection��

hP� �i 	

�
�

� hPa� �ai

that is a pair of functions�

� � P �� Pa � � Pa �� P

satisfying�

�Q � P � �Qa � Pa �
�	Q
 �a Qa � Q � �	Qa


	�


or equivalently�

	�
�Q� Q� �� P� �Qa� Q
�
a � Pa �

� monotone 	Q � Q�
 	�	Q
 �a �	Q
�



� monotone 	Qa �a Q
�
a
 	�	Qa
 � �	Q�a



� � � extensive Q � �	�	Q


� � � reductive �	�	Qa

 �a Qa

��	� Best approximation

The only considered properties are now of the form
�	Qa
 where Qa � Pa is an abstract property � Qa

is said to be more precise than Q�a if and only if
�	Qa
 � �	Q�a
� Let us call an approximation of a
concrete property Q any abstract property Qa such
that Q � �	Qa
� The interest of Galois connec�
tions is that �	Q
 is the best approximation of Q
	it is an approximation by Q � �	�	Q

 in 	�
 and
�	Q
 is more precise than any other approximation
Qa since Q � �	Qa
 implies �	Q
 �a Qa by 	�
 so
that �	�	Q

 � �	Qa
 by monotony
�

��Evariste Galois introduced such �correspondences� as the
basis of his criterion for solvability of a polynomial equation of
degree � � by radicals and for the constructibility by straight�

edge and compass� If E is a given �eld then let Inv G
def

� fa �
E j �� � G 	 �
a� � ag for a group G of automorphisms in E�
The Galois group Gal E�F of E over a sub�eld F is the set of
automorphisms � of E such that �
a� � a for every a � F � The
maps �
F � � Gal E�F and �
F � � Gal E�F are such that	


F� � F��� 
�
F�� � �
F���

G� � G��� 
�
G�� � �
G���
F � �
�
F ��
�
�
G�� � G

which� as remarked in ���� corresponds to 
��� but for the use of
the dual ordering � � �

a
� hence more precisely to the residu�

ated mappings of P� Dubreuil and R� Croisot ��� ���� The idea
of using Galois connection in the context of order theory is in
��� ��� and� implicitly� in ���

��
� Correctness and completeness of the
abstract interpretation

Questions are now answered in the abstract form
�	jpj
 �a Qa��� This approach is correct whenever�

�Qa � Pa � 	jpj
 �a Qa  fjpjg � �	Qa


and complete whenever�

�Qa � Pa � fjpjg � �	Qa
 	jpj
 �a Qa

By the Galois connection property 	�
� any choice of
	jpj
 such that �	fjpjg
 �a 	jpj
 is correct while 	jpj
 �a
�	fjpjg
 is complete�

���� Higher�order abstract interpretation

In order to lift this approach to higher�order� we
have to provide methods for approximating a set of
functions 	corresponding e�g� to the collecting seman�
tics of a function type
 and a relation 	corresponding
e�g� to the collecting semantics of a pair type or e�g�
to an ordering on values
�

�� Abstraction of a set of functions

We now consider abstract interpretations of sets of
functions in �	D� �� D�
 where D� and D� are sets
for which abstract interpretations are available�

h�	Di
� �� �� Di� �� �i

	

�
�i

�i

hDi
a� �

i
a� �

i
a� �

i
a� �

i
a� �

i
ai i � �� �

	�


���� Abstraction of a set of functions by a
binary relation

A �rst abstraction consists in approximating a set
F of functions ffi j i � �g by a relation r relating el�
ements hx� yi which can be mapped by some function
fi in the set F � fi	x
 � y� Precisely which function
fi is ignored� We write D� � D� for �	D�

� D�
 �
fhx� yi j x � D� � y � D�g� We de�ne�

��	F 

def

� fhx� f	x
i j x � D� � f � Fg

��	r

def

� ff � D� �� D� j �x � D� � hx� f	x
i � rg

so that we have the Galois connection�

h�	D� �� D�
� �� �� D� �� D�� �� �i

	

�
��

��

hD� � D�� �� �� D� �D�� �� �i

���� Binary relations as set�valued func�
tions

Once a set of functions has been approximated by a
binary relation� we are left with the problem of approx�
imating this relation with respect to the approxima�
tion ordering� We �rst consider two isomorphic rep�
resentations of binary relation by functions and then
their approximation�

��



Pointwise coding� There are many possible cod�
ings of a relation by a function� A �rst one is the
pointwise coding into a function mapping elements to
their images under the relation�

��	r

def

� �x�fy j hx� yi � rg

��	�

def

� fhx� yi j y � �	x
g

hD� � D�� �� �� D� �D�� �� �i

		

��
��

��

hD� �� �	D�
� ��� �x� �� �x�D�� ��� ��i

The arrow 		
 indicates that in the Galois connec�
tion �� is surjective or equivalently that �� is injec�
tive� The arrow 
�� indicates that �� is surjective
or equivalently that �� is injective� Here we have an
order isomorphism which is a special case of Galois
connection 	�� � �� and �� � �� are the identity
�
Another inverse pointwise coding would consist in us�
ing the pointwise coding for the inverse relation�

Set�transformer coding� A second equivalent
coding is set�transformer coding � The relation is coded
by a set�transformer mapping sets to their images un�
der the relation� Such set�transformers are complete
union�morphisms i�e� f � �	D�


�
�
� �	D�
 such thatS

x�X f	fxg
 � f	
S
x�Xfxg
 	� f	X

�

��	r

def

� �X�fy j �x � X � hx� yi � rg 	�


��	�

def

� fhx� yi j y � �	fxg
g 	�


hD� � D�� �� �� D� �D�� �� �i

		

��
��

��

h�	D�

�
�
� �	D�
� ��� �X� �� �X�D�� ��� ��i

Observe that this coding is familiar when the relation r
is a function f 	in which case hx� yi � r and hx� y�i � r
imply y � y� � f	x

� since ��	r
 � �X�ff	x
 j x �
Xg is the usual extension of functions on elements to
functions on sets of elements� Another inverse set�
transformer coding would be relative to the inverse
relation�

���� Abstraction of a set�valued function

Pointwise abstraction of a set�valued function�
The approximation of a set�valued function in D� ��
�	D�
 can be done using a pointwise abstraction 	with
no loss of information on D� and approximation on
�	D�
 only
� as follows�

��	�

def

� �x���	�	x


��	�


def

� �x�fy j y � ��	�	x

g

hD� �� �	D�
� ��� �x� �� �x�D�� ��� ��i

	

�
��

��

hD� �� D�
a� ��

�

a� �x� ��a� �x���
a� ��

�

a� ��
�

ai

Functional abstraction of a set�transformer� A
set�transformer in �	D�


�
�
� �	D�
� which is a com�

plete union�morphism hence ��strict 	f	�
 � �
 and
set�inclusion monotonic 	X � Y  f	X
 � f	Y 

�
can be approximated by a ��strict and monotonic func�
tion on abstract values 	with loss of information both
on �	D�
 and �	D�

 using the following set�trans�
former abstraction ���� ��� ��� ����

��	�

def

� �� � � � ��

��	�

def

� �� � � � ��

h�	D�

���
�
� �	D�
� ��� �X� �� �X�D�� ��� ��i

	

�
��

��

hD�
a

���
�
� D�

a� ��
�

a� �A� ��a� �A���
a� ��

�

a� ��
�

ai

	�


�� Compositional abstraction

The composition of Galois connections h�a� �ai�

h�	D
� �� �� D� �� �i 	

�
�a

�a
hDa� �a� �a� �a� �a� �ai

and h�b� �bi�

hDa� �a� �a� �a� �a� �ai 	

�
�b

�b
hDb� �b� �b� �b� �b� �bi

is a Galois connection h�b� �bi � h�a� �ai�

h�	D
� �� �� D� �� �i

	





�
�a � �b

�b � �a

hDb� �b� �b� �b� �b� �bi

	�


It follows that an abstract interpretation can be de�
signed compositionally by composition of successive
abstractions� For example we consider two possible
abstractions of sets of functions by an abstract func�
tion�

Pointwise abstraction of a set of functions� A
set of functions in �	D� �� D�
 can be approximated
pointwise without loss of information on the domain
D� and abstraction on the co�domain D� only�

��
def

� �� � �� � ��

� �F ��x���	ff	x
 j x � D� � f � Fg


��
def

� �� � �� � ��

� �F �ff j �x � f	x
 � ��	�	x

g

h�	D� �� D�
� �� �� D� �� D�� �� �i

	

�
��

��

hD� �� D�
a� ��

�

a�
���a� ���

a� ��
�

a� ��
�

ai

	


Functional abstraction of a set of functions� A
coarser approximation of a set of functions in �	D� ��
D�
 is by abstraction as a set transformer and then on

��



both the domain D� and on the co�domain D��

�	
def

� �� � �� � ��

� �F ��X���	ff	x
 j x � ��	X
 � f � Fg


�	
def

� �� � �� � ��

� ���ff j �x � f	x
 � �� � � � ��	fxg
g

h�	D� �� D�
� �� �� D� �� D�� �� �i

	

�
��

��

hD�
a

���
�
� D�

a� ��
�

a�
���a� ���

a� ��
�

a� ��
�

ai

	�


�� Abstraction of a binary relation

We now consider abstract interpretations of rela�
tions in D� � D� where D� and D� are sets for which
abstract interpretations 	�
 are available� Observe
that by the isomorphisms between binary relations
and set�valued functions 	Sect� ���
 and set�transform�
ers 	Sect� ���
� we can already use the abstractions
given in Sect� ��

���� Relations on elements as relations on
sets

Corresponding to the extension of a function on el�
ements to a function on sets of elements 	by the func�
tional set�transformer of Sect� ���
� a relation on ele�
ments can be coded by a relation on sets of elements�

�r Y
def

� fx � D� j �y � Y � hx� yi � rg

�rX
def

� fy � D� j �x � X � hx� yi � rg

�
	r

def

� fhX� Y i � �	D�
� �	D�
 j X � �r Y g

��	r

def

� fhX� Y i � �	D�
� �	D�
 j Y � �rXg

��	r

def

� ��	r
 � �
	r


��	R

def

� fhx� yi j hfxg� fygi � Rg

The same way that not all functions on sets are
set�transformers 	they must be complete union�mor�
phisms hence ��strict
� not all relations between sets
are set relators� Therefore we de�ne�

�	D�

�
� �	D�


def

�
fR � �	D�
� �	D�
 j
�X � �	D�
 � 	hX� �i � R
 � 	X � �
 �
�Y � �	D�
 � 	h�� Y i � R
 � 	Y � �
g

�	D�

�
� �	D�


def

�
fR � �	D�
� �	D�
 j
�fhXi� Yii j i � �g � R � h

S

i��

Xi�
S

i��

Yii � Rg

�	D�

���
� �	D�


def

�

�	D�

�
� �	D�
 � �	D�


�
� �	D�


so that we have the Galois connection�

hD� � D�� �� �� D� �D�� �� �i

		

��
�	

�	

h�	D�

���
� �	D�
� �� ��� ��� �� �i

	��


where�

��
def

� fh�� �ig

�� def

� �� � 	�	D�
 n f�g
� 	�	D�
 n f�g


The above connection is useful in conjunction with
	�
 to extend a relation de�ned for the standard se�
mantics to a corresponding relation for the collecting
semantics�

	��
�f � D �� D � �r � D � D �
�hx� yi � D �D � hx� yi � r  hf	x
� f	y
i � r

�
�hX� Y i � �	D
� �	D
 �
hX� Y i � ��	r
 h��	f
	X
� ��	f
	Y 
i � ��	r


Example � �Fixpoint inducing� f � D �� is v �

monotonic whence by 	��
� f�
def

� ��	f
 is ��	v 
�pre�
serving� hD � v � � � t i is a poset so that h�	D 
�

v �� � �� t �i is a preorder where v � def

� ��	v 
�

� � def

� f�g and t �
i��

Xi
def

� ft
i��

xi j �i � � � xi �

Xig� � � is an in�mum on �	D 
 n f�g� We have�

lfp
	

f�
def

� t �
n�N

f�n	� �
 � flfp fg 	��


which is the least �xpoint on the poset h��	D 
� v �i

where ��	D 

def

� �	D 
	�� def

� f�X��� j X � �	D 
 n

f�gg� �X���
def

� fY j X �� Y g is the equivalence class

of X for the equivalence relation X �� Y
def

� X v �

Y � Y v � X and �X��� v
 � �Y ���

def

� X v � Y � ut

���� Abstraction of a relation on sets by a
relation on abstract values

Using the abstractions 	�
 of sets of values in D�

and D�� one can abstract a set relator in �	D�

���
�

�	D�
�

��	R

def

� fhx� yi j h��	x
� ��	y
i � Rg

��	r

def

� fhX� Y i j �x � 	X � ��	x


	�y � Y � ��	y
 � hx� yi � r
g

h�	D�

���
� �	D�
� �� ��� ��� �� �i

	

�
�


�


hD�
a � D�

a� �� �
�
a� �

�
a� �� �i

	��


where�

��a
def

� fh��a� �
�
aig

��
a

def

� ��a � 	D�
a n f�

�
ag
� 	D�

a n f�
�
ag


so that relator preserving set�transformers are approx�
imated by abstract relation preserving abstract trans�
formers�

	��
�F � �	D

���
�
� �	D � �R � �	D


���
� �	D
 �

�hX� Y i � �	D
� �	D
 �
hX� Y i � R hF 	X
� F 	Y 
i � R

�
�hx� yi � Da �Da �
hx� yi � ��	R
 h��	F 
	x
� ��	F 
	y
i � ��	R


��



Example � �Fixpoint inducing� Going on with
Ex� �� h�	D 
� v �� � �� t �i is a pre�order so
that hD

B� v

B� �


B� tBi is also a pre�order where

v
B

def

� ��	v �
� �
B

def

� � 	� �
 and tBi�� xi
def

�

� 	t �i�� � 	xi

� By 	��
� fB
def

� ��	f�
 is v ��pre�
serving� It has a least �xpoint 	unique up to equiva�
lence classes
�

lfpB fB
def

� tB
n�N

fB
n	�

B
 � flfp fg 	��


ut

���� Abstraction of a binary relation by a
pair of sets

A relation can be approximated componentwise�

��	r

def

� h�� r� �� ri

�� r
def

� fx j �y � hx� yi � rg

�� r
def

� fy j �x � hx� yi � rg

��	hX� Y i

def

� X � Y

hD� � D�� �� �� D� �D�� �� �i

	

�
��

��

h�	D�
� �	D�
� ��� ��� ��� ��� ��i

	��


where ��
def

� � � �� ��
def

� h�� �i� ��
def

� hD�� D�i�

��
def

� � � � and ��
def

� � � ��

���� Abstraction of a pair of sets by an ab�
stract pair

In turn a pair hX� Y i � �	D�
� �	D�
 of sets can
be approximated by a pair of corresponding abstract
values�

��	hX� Y i

def

� h��	X
� ��	Y 
i

��	hx� yi

def

� h��	x
� ��	y
i

h�	D�
� �	D�
� ��� ��� ��� ��� ��i

	

�
��

��

hD�
a �D

�
a
� �

�� ��� ��� ��� ��i

	��


where ��
def

� ��
a��

�
a� �

� def

� h��a� �
�
ai� �

� def

� h��
a� �

�
ai�

��
def

� ��a � �
�
a and ��

def

� ��a � �
�
a�

�� Abstraction by partitioning

A common way of abstracting elements of �	D
 is
by partitioning D� A partition P � �	�	D

 satis�es
�A�B � P � A � B � � and D � �B�PB� It can be
de�ned e�g� by an equivalence relation � as P � f�x�� j
x � Dg� A subset S of D can then be approximately
described by the list of blocks 	equivalence classes
 in
which S has elements�

�P	X

def

� fB � P j B �X �� �g

�P	L

def

� �fS j S � Lg

h�	D
� �� �� D� �� �i 	

�
�P

�P
h�	P
� �� �� D� �� �i

In practice a coding of �	P
 by an ��isomorphic set
may be used�

	� Reduction of an abstraction

If �i is not surjective in 	�
� then there exists dif�
ferent abstract values x � Di

a and y � Di
a with the

same meaning �i	x
 � �i	y
� Hence one of them can
be eliminated from Di

a without loss of expressiveness
of the abstract interpretation� since 	�
 implies�

	�
h�	Di
� �� �� Di� �� �i

	

��
�i

�i

h��
i

�i
	Di

a
� �
i
a� �

i
� �i	�ia
� �

i
a� �

i
a� �X��i � �i	�iaX
i

where ��
i

�i
	Di

a

def

� f�i � �i	x
 j x � Di
ag and 
�� indi�

cates that �i is surjective� For example� two abstract
interpretations where �i	�
 � �� i � �� � can be ex�
tended to pairs with ��	hx� yi
 � ��	x
 � ��	y
 in
which case all pairs with an empty component denote
the empty set and can be eliminated in favor of h�� �i�
Our later examples are 	implicitly
 reduced�


� Completions of lattices of properties

We now recall the disjunctive completion of a lat�
tice of properties� a technique we introduced in ����
to prove that merge�over�paths 	MOP
 data�ow anal�
yses can be equivalently expressed in �xpoint form�
More generally� we consider the complete lattice of
completions of the lattice of properties and exhibit a
few interesting members which we present in various
equivalent forms� Concrete and abstract properties
are assumed to correspond� as follows�

h�	D
� �� �� D� �� �i
	

�
�

�

hDa� �a� �a� �a� �a� �ai

	��



��� Disjunctive completion

Disjunctive completion consists in enriching ap�
proximate disjunctions in the lattice of properties by
exact ones�

De�nition of the disjunctive completion� De�

�ne the preorder �	a on �	Da
 by X �	a Y
def

� �x �
X � �y � Y � x �a y� By considering the equivalence

classes �X�	�a
def

� fY j X �	a Y g of X � �	Da
 for the

equivalence relation X �	a Y
def

� X �	a Y � Y �	a X�

�		Da

def

� �	Da
	�	a
def

� f�X�	�a j X � �	Da
 n f�gg�
is a complete lattice h�		Da
� �	a � �

	
a � D

	
a � �

	
a � �

	
a i

where �X�	�a �
	
a �Y �	�a

def

� X �	a Y � �	a
def

� �f�ag�	�a �

D	a
def

� �Da�
	
�a

�
S	
a

i��

�Xi�
	
�a

def

� �
S

i��

Xi�
	
�a

�
T	
a

i��

�Xi�
	
�a

def

�

��



�
T

i��

�
a Xi�
	
�a

and �
a X
def

� fx � Da j �y � X � x �a

yg�

Completion of the lattice of concrete proper�
ties� When hDa� �ai is h�	D
� �i we obtain the lat�
tice h�		�	D

� �	� �	� �	D
	� �	� �	i of disjunctive
concrete properties� By eliminating disjunctions� us�
ing�

�		�X�	�

def

� �
y�X

y

�		X

def

� �ffxg j x � Xg�	�
we obtain a Galois connection with the original 	non�
disjunctive
 properties�

h�		�	D

� �	� �	� �	D
	� �	� �	i

	

�
��

��

h�	D
� �� �� D� �� �i

	��


Completion of the lattice of abstract proper�
ties� When completing both the lattice of concrete
and abstract properties� the abstraction�

�	a 	X

def

� �f�	x
 j x � Xg�	�a

�	a 	�X�	�a

def

� �f�	y
 j y � Xg�	�

is� by 	��
� a Galois connection�

h�		�	D

� �	� �	� �	D
	� �	� �	i

	

�
��a

��a

h�		Da
� �	a � �
	
a � D

	
a � �

	
a � �

	
a i

	��


This disjunctive abstract interpretation is more pre�
cise than the original one� since�

�	a 	�X�	�a

def

� �aX �	a 	x

def

� �fxg�	�a
is a Galois connection�

h�		Da
� �	a � �
	
a � D

	
a � �

	
a � �

	
a i

	

�
�	a

�	a

hDa� �a� �a� �a� �a� �ai

When h�	a � �
	
a i is strictly more precise than the

original abstract interpretation� this original abstract
interpretation h�� �i is said to be �non�disjunctive 
else it is �disjunctive �

The meaning of the completion of the abstract
properties is de�ned by 	��
 with respect to the com�
pletion of the concrete properties� By composing with
	��
� as de�ned in 	�
� the meaning can be expressed
with respect to the original 	non�disjunctive
 lattice
of the concrete properties�


��� Order ideal completion

The order ideal completion consists in considering
order ideals to represent the equivalence classes �X�	�a

of �		Da
� An order ideal of the complete lattice hDa�
�a� �a��a��a� �ai is I � Da such that I � �
a I� The
order ideal completion of Da is the complete lattice
h�
	Da
� �� f�ag� Da� �� �i where �
	Da
 � fI �
Da j I � �
a I � I �� �g� The disjunctive and order
ideal completions are isomorphic�

��a	�X�	�a

def

� �
a X ��a	I

def

� �I�	�a
h�		Da
� �	a � �

	
a � D

	
a � �

	
a � �

	
a i

		

��
�
a

�
a

h�
	Da
� �� f�ag� Da� �� �i


��� Scott closed ideal completion

Considering Scott closed ideals 	containing lubs of
increasing chains
 leads to a less precise completion�

The Scott closed ideal of X � �	Da
 is �
a X
def

�

�
a X � !h	�
a X
 where !h	X

def

� f�a
i�N

xi j �i � N �

xi � X � xi �a xi��g is the adherence of X� The

lower power domain of Da is ��	Da

def

� fI � Da j
I � �
a I � I �� �g� It is a complete lattice h��	Da
�
�� f�ag� Da� �X� !h	�X
� �i� By de�ning the Galois
connection�

��	I

def

� !h	I
 ��	J

def

� J

h�		Da
� �	a � �
	
a � D

	
a � �

	
a � �

	
a i

	

�
��

��

h��	Da
� �� f�ag� Da� �X� !h	�X
� �i

we see that the Scott closed ideal completion of �	Da

is an abstract interpretation of order ideal completion
�		Da
� hence� by 	�
� an abstract interpretation of
�	Da
� It is in general less precise since for all X �
�	Da
� �
a X � �
a X if and only if Da satis�es the
ascending chain condition� in which case the order and
Scott closed ideal completions coincide�

h�		Da
� �	a � �
	
a � D

	
a � �

	
a � �

	
a i

		

��
��

��

h��	Da
� �� f�ag� Da� �X� !h	�X
� �i

Da satis�es
the ascend�
ing chain
condition�


��� Anti�chain completion

Scott closed ideals can be represented by their max�

imal elements ���� The crown "��	X

def

� fm � X j �x �
X � m �a x m � xg of X is the set of its maximal
elements� It is an anti�chain since no two elements
are comparable� The crown completion � �			Da


def

�
fC � Da j C � "��	C
 � C �� �g of Da is a complete

lattice h� �			Da
� � �		
a � f�ag� f�ag� � �		� � �		i� where

C � �		
a C �

def

� �x � C � �y � C � � x �a y� � �		 def

�

�X� "��	
S
X
 and � �		 def

� �X� "��	
T
C�X �


a C
� The
crown and Scott closed ideal completions coincide�

� ���	J

def

� "��	J
 � ���	C

def

� �
a C

���



h��	Da
� �� f�ag� Da� �X� !h	�X
� �i

		

��
� ���

� ���

h� �			Da
� � �		
a � f�ag� f�ag� � �		� � �		i

	��


Again� the crown and order ideal completions coincide
if and only if Da satis�es the ascending chain condi�
tion�


��� The complete lattice of join comple�
tions

More generally� a join completion is any subset
�


�
	Da
 of �


	Da
 which is a Moore family 	i�e� con�
tains the supremum Da and �X with any X �
�


�
	Da

 and contains all principal ideals of Da 	i�e�

�

P

	Da

def

� f�
afxg j x � Dag
 is a complete lattice
which is an approximation of the disjunctive comple�
tion�

��
�

a 	�X�	�a

def

� �fI � �

�
	Da
 j X � Ig

��
�

a 	I

def

� �I�	�a
h�		Da
� �	a � �

	
a � D

	
a � �

	
a � �

	
a i

		

��
�

�

a

�

�

a

h�

�
	Da
� �� f�ag� Da� �� �i

Up to isomorphism� the complete lattice of all �

�
	Da


for � has in�mum �

P

	Da
 and supremum �
	Da
�
The principal completion �


P

	Da
 	i�e� the Moore fam�
ily corresponding to the intersection of principal ide�
als
 is isomorphic with Da while the disjunctive com�
pletion �
	Da
 corresponds to the most precise prop�
erties obtained by completing missing disjunctions in
Da�


�	� Order lter completion

We now examine the dual situation and observe
that in the abstract lattice Da� conjunctions are exact
with respect to �	D
 	while disjunctions are approxi�
mate
�

An order �lter of a complete lattice hDa� �a� �a�
�a� �a� �ai is F � Da such that F � �
a F where

the order �lter of X is �
a X
def

� fy j �x � X � x �a

yg� The order �lter completion of Da is the complete
lattice h��	Da
� �� Da� f�ag� �� �i where ��	Da
 �
fF � Da j F � �
a F � F �� �g� If 	��
 then�

��	X

def

� �
af�	fxg
 j x � Xg

��	F 

def

� �f�	y
 j y � Fg

h�	D
� �� �� D� �� �i

	

�
��

��

h��	Da
� �� Da� f�ag� �� �i

The original abstract interpretation is an abstraction
of its order �lter completion�

��a	F 

def

� �a F ��a	x

def

� �
afxg

h��	Da
� �� Da� f�ag� �� �i

	

�
��a

��a
hDa� �a� �a� �a� �a� �ai

However the order �lter completion is not more expres�
sive than the original abstract interpretation� since its
reduction is isomorphic with the original abstract in�
terpretation�

h��
�

��
	��	Da

� �� �� � ��	Da
� f�ag� ��

�X��� � ��	�X
i

		

��
��a

��a
hDa� �a� �a� �a� �a� �ai

Otherwise stated� the intersections which are intro�
duced by the �lters where already present in the orig�
inal abstract lattice Da� Hence order �lter comple�
tion as well as conjunctive� dual Scott closed and dual
crown completion of Da are useless " with respect to
�	D
 " in the context of abstraction by Galois connec�
tions 	which ensures the existence of a best approxi�
mation
��

Part II � Application to Comportment
Analysis Generalizing Strictness�
Termination� Projection and PER
Analysis of Functional Languages

To get faster implementations of lazy functional lan�
guages on sequential or parallel machines� optimiz�
ing compilers transform call�by�need into call�by�value
when the program meaning is not altered 	up to the
reason for divergence or run�time errors
� Four pro�
gram analysis techniques are mainly used in order to
determine when this transformation is safe�

	 Strictness and termination analysis introduced
by Mycroft ���� ����

	 Projection analysis introduced by Hughes ���
and Wadler �����

	 PER analysis introduced by Hunt �����

We introduce a new application of higher�order ab�
stract interpretation� called comportment analysis�
which uni�es and generalizes all four methods into a
single abstract interpretation framework�

�� Background on the analysis of lazy
functional languages

���� Strictness analysis

Strictness analysis is used to answer the question
of knowing if f	�
 � � where � denotes divergence
	and run�time errors
� as usual in denotational seman�
tics� This shows that function f either does not ter�
minate or needs its argument� Strictness analysis is
based on abstract interpretation ���� ���� The approx�
imation of � and of f�g is 
�� The approximation of

���



any other nonempty subset of values is ��� Therefore

the meaning of these abstract values is �	
�

def

� f�g

and �	��

def

� D� where D�
def

� D � f�g and D is
the domain of values� The denotational semantics of
functions f on D� is approximated by an abstract se�
mantics f � on f
����g such that f �	
�
 � 
� implies
f	�
 � � and f �	��
 � 
� implies �x � D� � f	x
 �
� whereas f �	a
 � �� represents an unknown behav�
ior�

�x�� tt truth
�x�x f	�
 � � strictness
�x�
 �x � D� � f	x
 � � divergence

When considering functions with multiple argu�
ments� Mycroft#s strictness analysis ���� is disjunc�
tive 	�relational analysis in ����
� It can express
that a function is jointly strict in its arguments when
f �	
��
�
 � 
� but neither f �	���
�
 � 
� nor
f �	
����
 � 
�� Johnsson#s strictness analysis ����
is non�disjunctive 	�independent attribute in ����

whence less expensive but also less precise� The strict�
ness is expressed independently for each argument
by f x�

���
� 	


�
 � 
� for �y � D� � f	�� y
 � � and
f x�
���
� 	


�
 � 
� for �x � D� � f	x��
 � �� In all cases
disjunctive analyses are more powerful than non�dis�
junctive ones�

Strictness analysis is a forward analysis in that the
abstract result is computed knowing the abstract ar�
guments representing the past history of the computa�
tion� By observing that the knowledge of the inverse
image f ��	
�
 of 
� is equivalent to that of f �� one ob�
tains ideal�based backward strictness analyses ���� ���
where the abstract arguments are computed using the
abstract result representing the future history of the
computation� Relating forward and backward analy�
ses is not so easy in denotational semantics since the
inverse of function may not be a function and con�
tinuity may be obtained only by restriction to �nite
abstract domains ���� ���� For a practical example� the
fact that forward and backward disjunctive strictness
analyses are isomorphic and that� if no useless approx�
imation is done� the same holds for non�disjunctive
strictness analyses seems to have escaped from the at�
tention of ����� The cases when forward analysis is
equivalent to backward analysis should now be well�
understood �����

Most approaches to strictness analysis use denota�
tional semantics as standard semantics ����� but can
also be formalized with an operational semantics �����
One di$culty with denotational semantics is that the
collecting semantics uses powerdomains ����� When
considering nondeterministic functional languages one
should consider powerdomains of powerdomains which
becomes complicated�

Strictness analysis has been extended to higher�
order ��� ��� ���� to lazy data structures ���� ���� to
polymorphism ��� �� �� and can be mixed with type
inference ���� ��� ��� using the equivalence between
logical rule�based and �xpoint presentations �����

���� Termination analysis

Mycroft#s termination analysis ��� ��� is used to an�
swer the question of knowing if function f terminates
for all arguments that is �x � D� � f	x
 � D� The
evaluation of an always terminating call�by�need ar�
gument can be safely anticipated�

Termination analysis is an abstract interpretation
of the denotational semantics on the abstract do�
main f���
�g with interpretation �	��


def

� D and

�	
�

def

� D�� It follows that f �	��
 � �� implies to�
tality 	convergence for converging argument
� �x �
D � f	x
 � D and f �	
�
 � �� implies convergence�
�x � D� � f	x
 � D�

�x�
 tt truth

�x�x �x � D � f	x
 � D totality

�x�� �x � D� � f	x
 � D convergence

Observe that termination analysis is a very crude form
of constant propagation ��� where the value of con�
stants is simply ignored� This may explain why it has
not be much studied ����

���� Projection analysis

Projection analysis ��� ��� ��� uses projections

� � � D� �� D� which are reductive 	
 v id where
id is the identity function� �x � D� � id	x
 � x

and idempotent 	
 � 
 � 

 continuous functions
on D�� Here v is Scott#s partial ordering� �x �
D � � v � � x v x� A projection 
 represents a
safe loss of information� For example abs such that
�x � D� � abs	x
 � � speci�es that a value x can be
replaced by � without changing the meaning of the
program since this value is not used� The equivalent
relations�


 � f � 
 � f � � � 
 � f v f � �

are denoted by Hughes%Wadler#s backward notation
f �
 � 	to get 
#s worth about the result we only
need to know �#s worth about the argument to f

or by Launchbury#s forward notation f � ��
 	if we
know �#s worth about the argument to f then we know

#s worth about the result
� For example absence
f � abs� id means that replacing the argument by �
does not change the result� that is id � f � id � f � abs
whence �x � D� � f	x
 � f	�
� Unfortunately there
are no projections � and 
 on D� such that strictness
f	�
 � � can be expressed as f � ��
� To do so D�
must be lifted into D�

v
with a new in�mum �called

abort � �x � D� � �v �� x� If b is true then b & et �
ef is et else ef � By de�ning�

id
def

� �x�x str
def

� �x�	x � f ���g & �� x

fail

def

� �x� � abs
def

� �x�	x � �& �� �


���



and considering that all functions are ��strict 	f	�

def

�
�
� one can express�

f � str� str f	�
 � � strictness

f � abs� str � �x � D� � f	x
 � f	�
 absence
f � abs� id

f � fail� str �x � D� � f	x
 � � divergence

f � id� id � tt truth
f � id� str �
f � id� abs�
f � id� fail �
f � str� abs�
f � str� fail �
f � abs� abs�
f � abs� fail �
f � fail� fail

f � str� id � ' falsity
f � fail� id �
f � fail� abs

Observe than there may be many ways to express the
same property�

For functions with multiple arguments� traditional
projection analysis is non�dis�
junctive� f � ���� � � � � �n��
 means that �i � ��� n� �

	f	x�� � � � � xn

 v f	x�� � � � � �i	xi
� � � � � xn
� A dis�
junctive form

W
i�� f � ���i � � � � � �

n
i ��
i can also be

used ����
Projection analysis has been used for time complex�

ity analysis ����� binding�time analysis ���� ��� and
extended to higher�order ����� to lazy data structures
���� ��� and to polymorphism ���� ����

Burn has observed that projection analysis� which
can express strictness and divergence� encompasses
strictness analysis� For strict functions 	for which
absence is equivalent to divergence
� the projection
and strictness results are equivalent ��� Neuberger
and Mishra ��� have shown that when considering
a disjunctive version of projection analysis but with
projections fail � str and id only� one obtain results
isomorphic with Mycroft#s non�disjunctive strictness
analysis� In fact not only the results but the iterative
computations themselves are isomorphic and this also
holds for the non�disjunctive versions�

The overall informal impression when comparing
projection analysis and strictness analysis is that pro�
jection analysis is more precise� However� the com�
parisons found in the literature are confusing since
they proceed by restricting abstract interpretation 	to
bottom�re�ecting abstraction maps in ��� �x � D� �
�	x
 � �  x � �
 or projection analysis 	to smash
projections in ���� �x � D� � 
	x
 �� � 
	x
 � x
�

���� Dual projection analysis

As noticed by Launchbury 	private communica�
tion
� by inverting the order relation� one can de�ne a
dual projection analysis�

f � � � 

def

� f � � v 
 � f

so as to express the following properties�

f � id � str � �x � D� � f	x
 � D convergence
f � abs � str

f � str � str �x � D � f	x
 � D totality

f � id � abs� �x � D� � f	x
 � � divergence
f � abs � abs�
f � str � abs

f � id � id � tt truth
f � str � id �
f � abs � id �
f � fail � id �
f � fail � fail �
f � fail � str �
f � fail � abs

f � id � fail � ' falsity
f � str � fail �
f � abs � fail

Dual projection analysis is de�nitely more expressive
than termination analysis�

���� Per analysis

Hunt#s PER analysis ���� can express program
properties of the form�

f	a
 � b
def

� �x� y � D� � x �
a
y  f	x
 �

b
f	y


where �
a

and �
b

are partial equivalence relations
	PERs
 that is transitive and symmetric binary re�
lations on D�� Hunt#s PER analysis generalizes pro�
jection analysis by de�ning�

�	bot

def

� �
bot

�	id

def

� �
id

�	abs

def

� �
abs

�
bot

def

� fh�� �ig

�
id

def

� fhx� xi j x � D�g

�
abs

def

� D� � D�

so as to express the following properties�

f	bot
 � bot f	�
�� strictness

f	abs
 � id �x� y � D�� f	x
� f	y
 absence

f	abs
 � bot �x � D�� f	x
�� divergence

f	bot
 � abs� tt truth
f	bot
 � id�
f	id
 � bot�
f	id
 � abs�
f	id
 � id�
f	abs
 � abs

PER�based abstract interpretations have been in�
troduced as a generalization of projection analysis for
strictness ���� and binding�time properties ����� In fact
the generalization is not so obvious since no method
is given for constructing the abstract domain of PERs
corresponding to a given set of projections� For exam�
ple� ���� passes over abort �in silence�

In order to express totality as in dual projection
analysis� one can introduce the PER val such that

�	val

def

� �
val

where �
val

def

� D � D� Totality is then

��




f	val
 � val and convergence is f	abs
 � val� Observe
that both ���� and ���� use totally ordered domains of
PERs whereas bot and val are incomparable� Since
PERs are required to be closed under intersection� it
is also necessary to introduce the empty PER emp such

that �	emp

def

� �
emp

where �
emp

def

� �� We can now ex�
press falsity as f	P 
 � emp for all P �� emp� Then PER
analysis generalizes both projection and dual projec�
tion analysis� We can even express properties that can
neither be expressed by projection nor by dual projec�
tion analysis such as f	bot
 � bot�f	val
 � val� that
is �the function diverges if and only if its argument
diverges 	f	�
 � � � �x � D � f	x
 � D
� However�
PER analysis cannot express properties of the form
f	bot
 � bot � 	f	val
 � bot � f	val
 � val
 and this
excludes functions that terminate for some but not all
terminating values of their parameters� The problem
with PERs here is that disjunctions are missing�

� A simply typed lambda calculus

To illustrate higher�order abstract interpretation�
we consider a simply typed lambda calculus� as the
core of a functional language with basic types 
 	such
as bool� num� etc�
 and types  including basic types

� pairs  �  and functions  ��  ��

 ��� 
 j  �  j  ��  �

The syntax of expressions e of type  	written e 
 is�

e ��� x variables� x � V�
j c constants�
j ebool� & e� � e� conditional�
j he

�

� � e
 ��

� i pair 	 �  � �  ��
�
j fst e�

�

�rst projection�
j snd e

�� second projection�
j �x

�� e �� abstraction 	 �  � ��  ��
�
j e

� ��
� e

�

� application�
j �x� e �xpoint�

��� Standard denotational semantics of
the simply typed lambda calculus

A Scott domain hD�v��� ti is a bounded�complete
��algebraic complete partial order where v is the par�
tial ordering� � is the in�mum and countable chains
fxn j n � Ng of elements of D 	such that �n � N �
xn v xn��
 have a least upper bound 	lub
 tn�Nxn
�����

The set D of values of type  is a Scott do�
main hD � v � � � t i which is given for basic
types 
 	for example as a �at domain such that
�x � D� � �� v� ��

�
� x v� x
� For pairs

hD� � � v� � � �� � � t�
�

i is de�ned componen�

twise as D� � def

� D � D � � hx� yi v� � hx�� y�i
def

� x v x� � y v � y�� �� � def

� h� � � �i and

t�
�

n�� hxn� yni
def

� htn�� xn� t
�

n�� yni� For functions

hD �� � � v �� � � � �� � � t �� �i is de�ned pointwise

��x ���
def

� �	x 


��c ���
def

� c

��ebool� & e� � e� ���
def

� � if ��ebool� ��� � �bool

def

� ��e� ��� if ��ebool� ��� � tt
def

� ��e� ��� if ��ebool� ��� � '

��he
�

� � e
 ��

� i���
def

� h��e
�

� ���� ��e
��

� ���i

��fst e�
�

���
def

� �� � ��e�
�

���

��snd e
�� ���

def

� �� � ��e�
�

���

���x
�� e �� ��� def

� �v � D �� ��e �� ����x �	v�

��e
� ��
� e

�

� ���
def

� app	��e
� ��
� ���� ��e

�

� ���


���x� e ��� def

� lfp�v � D� ��e ����x	v�
where�

c � D is the value of c

��	hx� yi

def

� x

��	hx� yi

def

� y

app	f� x

def

� f	x


Figure �� Synopsis of the denotational semantics ��e ��

as D �� � def

� D �� D � � f v �� � g
def

� �x � D �

f	x
 v � g	x
� � �� � def

� �x�� � and t �� �

n�� fn
def

�

�x�t �n�� fn	x
� Functions f � D �� have a least
�xpoint lfp f such that f	lfp f
 � lfp f and for all x �
D � f	x
 � x implies lfp f v x� lfp f � tn�Nf

n	� 


where fn��	x

def

� f	fn	x

 and f�	x

def

� x�
An environment � � E is a map of variables x � V

to values �	x 
 � D � If v � D then we write ��x	v�

for �� � E such that ��	x 
 � v and ��	y
�


 � �	y
�




whenever x �� y
�

� The set of environments is E
def

�

V �� D where D
def

� �D is the set of values for all
types�

The denotational semantics ��e ��� � D of expres�
sion e of type  in environment � is de�ned in �g�
��

��� Collecting semantics of the simply
typed lambda calculus

����� Basic collecting semantics

Basic concrete questions asked about expressions
e have the form �Does ��e ��� belong to R for all
� � ��� for given sets of environments � � �	E

and for given sets of possible results R � �	D 

that is ��� � � � ��e ��� � R � For example the

strictness question in variable x
�

corresponds to � ��
��x

�

	� � �
�
� � � E

�
and R � f�g where � � D

denotes non�termination for objects of type  � By
de�ning the collecting semantics fje jg as�

fje jg � h�	E
 �� �	D 
� ��i 	��


fje jg�
def

� f��e ��� j � � �g

���



or equivalently fje jg � ��	��e ��
 the question can be
reformulated in the form considered in Sect� �� that is
�fje jg� � R�� or equivalently ��� � �	E
 � fje jg� �
Q	�
�� that is �fje jg ��


Q�� where fje jg and

Q � ���	� � � & R � D 
 belong to the domain

of concrete properties P def

� �	E
 �� �	D 
 which

is a complete lattice hP � ��

� �� � �� � ��


� ��


i with

pointwise subset inclusion partial ordering ��

� in��

mum �� � �X� �� supremum �� � �X�D � pointwise
union ��


and pointwise intersection ��


�

����� More general collecting semantics

The notion of collecting semantics is relative to a set
of questions� It de�nes exactly which questions can be
answered about programs� These questions can take
numerous forms� Di'erent forms of questions usually
correspond to di'erent forms of collecting semantics�
For example� another collecting semantics for the stan�
dard semantics ��e �� would be�

fje jg � h�	E �� D 
� �i 	��


fje jg
def

� f��e ��g

With 	��
� the absence property �the value of e does

not depend upon the variable x
�

� can be formulated
in the form considered in Sect� � as�

fje jg � f� j �� � E � ��� �� � D � �	��x
�

	��
 �
�	��x

�

	���
g

Yet another form of collecting semantics would be�

fje jg � h�	�	E

 �� �	�	D 

� �� �		i 	��


fje jg
def

� �(�ff��e ��� j � � Cg j C � (g

	��
 is well suited for PER analysis 	and avoids resort�

ing to sets of pairs of values ���� ���
 since �fjE jg �� �		

�� corresponds to the question�

�( � �C � ( � �C � � �	(
 � �� � C � ��e ��� � C �

��� Abstraction of the basic collecting
semantics

As in Sect� ����� we consider an abstract semantics

	je j
 belonging to the complete lattice hP
a � ��



a�
��a�

��
a� ��


a� ��


ai� The correspondence between concrete

and abstract properties is given by means of a Galois
connection�

hP � ��

i 	

�

�

� hP
a � ��



ai

where P � �	E
 �� �	D 
 is de�ned as in 	��
�

����� Pointwise abstraction of sets of envi�
ronments

For each type  � let be given an abstraction of sets
of values of type  �

h�	D 
� �� �� D � �� �i

	

�
��

��

hD
a � �

 � � � � � � � � i

	��


The abstraction of sets � � �	E
 of environments� that
is of sets of functions in �	V �� D
� can be done
pointwise as in 	
� that is by means of an abstract
environment ( � Ea� associating an abstract value
(	x 
 � D

a to each variable x � V�

Ea
def

� f( j �x � V � (	x 
 � D
ag 	��


�E	�

def

� �x�� 	f�	x 
 j � � �g


�E	(

def

� f� � E j �x � V � �	x 
 � � 	(	x 

g

h�	E
� �� �� E � �� �i 	

�
�E

�E
hEa� �

E
a � �

E
a � �

E
a � �

E
a � �

E
ai

����� Functional abstraction of the basic
collecting semantics

Following ���� ��� the abstraction of the collect�
ing semantics is de�ned by induction on the struc�
ture of its domain of de�nition� For example since
P � �	E


�
�
� �	D 
 we can use abstract interpreta�

tions of environments 	��
 and of values 	��
 and use
the functional abstraction of set�transformers of 	�
�

�	�

def

� � � � � �E �	�

def

� � � � � �E

	�

so as to obtain an abstract interpretation of collecting
semantics in P � �	E


�
�
� �	D 
 by an abstract

semantics in P
a

def

� Ea
���
�
� D

a �

hP � ��

� �� � �� � ��


� ��


i 	

�

�

� hP
a � ��



a�
��a� ��


a� ��


a� ��


ai

The correctness proof can be done in one of the fol�
lowing forms�

�	fje jg
 ��


a 	je j

� �by Def� 	�
�

� � fje jg � �E ��


a 	je j

� �by def� of ��



a�
�( � Ea � � 	fje jg	�E	(


 �

a 	je j
(
� �by Def� 	�
�

�( � Ea � fje jg	�E	(

 � � 		je j
(

� �by Def� 	��
�

�( � Ea � f��e ��� j � � �E	(
g � � 		je j
(

� �by def� of ��

�( � Ea � �� � �E	(
 � ��e ��� � � 		je j
(


We say that 	je j

�
is better than 	je j


�
if and only if

�		je j

�

 ��


�		je j


�

� Observe that �	fje jg
 is the

best abstract interpretation with respect to the ab�
straction h�� �i whence provides a guideline for de�
signing 	je j
� a de�nite advantage of the Galois con�
nection approach to abstract interpretation ���� ���

���
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over its variant formalization using logical relations
��� ����

��� Basic comportment abstraction

����� Abstraction of basic types

In basic comportment analysis we partition D� into
two blocks f��g and D� n f��g� We use the isomor�

phic coding by D�
B � f��� ����� ������ ����g where �� �� � is

the abstraction of the empty set �� ���� �� ff��gg is the
abstraction of in�nite behaviors� ����� �� fD� n f��gg
is the abstraction of non��� 	usually �nite
 behav�
iors i�e� of any set of basic values not containing ��

while ���� �� ff��g� D� n f��gg is the abstraction of
all possible behaviors i�e� of any subset of D� � This is
formalized by the abstraction ��B �

��B	�

def

� �� ��B	X

def

� ����� if �� �� X �� �

��B	f�
�g


def

� ���� ��B	X

def

� ���� if f��g � X

and concretization ��B �

��B 	 ��

def

� � ��B 	 �����

def

� D� n f��g

��B 	����

def

� f��g ��B 	����

def

� D�

which form a Galois connection�

h�	D�
� �� �� D� � �� �i 	

�
�
�

B

�
�

B

hD�
B � �

�
B� ��� ����� �

�
B� �

�
Bi

for the approximation ordering ��
B� Scott ordering v

on D� is extended to the collecting semantics �	D�
 as
in 	��
� For example� the extension of the �at ordering
is Egli�Milner ordering 	with � isolated
�

hD� � vi h�	D�
� ��	v
i

This set relator is further abstracted by 	��
� Since
Scott ordering is re�exive and �� is the in�mum� the
abstraction by h��B � �

�
B i leads to the computation or�

dering which is a complete lattice hD�
B � v

�
B� �

�
B� �

�
B�

t�B� u
�
Bi� The approximation and computation order�

ings are de�ned by the following Hasse diagrams�

hD�
B � �

�
Bi hD�

B � v
�
Bi

The computational ordering is an abstraction of
Scott#s ordering in the sense that X v�

B Y if and
only if Y possibly describes more 	�nite
 behaviors in
D� n f��g and less in�nite behaviors 	in f��g
 than
X�

����� Abstraction of pair types

In the basic comportment abstract interpretation�
the analysis of pairs is dependence�free� Given ab�
stract interpretations for the components�

h�	D 
� �� �� D � �� �i

	

�
��B

��B
hD

B� �

B� �


B� �


B� �


B� �


Bi

h�	D �
� �� �� D � � �� �i

	

�
��
�

��
�

hD �

B � � �

B � �
 �

B � �
 �

B � �
 �

B � �
 �

B i

the abstract interpretation of pair types 	i�e� sets of
pairs i�e� relations
�

h�	D� �
� �� �� D� � � �� �i

	

�
����

�

B

����
�

B

hD� �

B � �� �

B � ��
�

B � �� �

B � ��
�

B � ��
�

B i

is de�ned componentwise as h��� ��i � h��� ��i de�
�ned in 	��
 and 	��
�

hx� yi �� �

B hx�� y�i
def

� x �
B x

� � y � �

B y�

��
�

B 	X

def

� h�B	��	X

� �
�

	��	X

i

��
�

B 	hx� yi

def

� �B	x
� �
�

	y


Since the abstract computation ordering v� �

B is also
de�ned componentwise�

hx� yi v� �

B hx�� y�i
def

� x v
B x

� � y v �

B y�

the complete lattice structure hD� �

B � v� �

B � �� �

B �

�� �

B � t�
�

B � u�
�

B i is also preserved� For example�
the abstraction of sets of pairs of values of basic types
is�

hD���
B � ����

B � ����B � ����
B � ����B � ����B i

���



〈   ,   〉�⊥

⊥ ⊥〈   ,   〉

⊥⊥〈   ,   〉 ⊥ ⊥〈   ,   〉
⊥�〈   ,   〉

� ⊥〈   ,   〉
� �〈   ,   〉

〈   ,   〉⊥ �

〈   ,   〉⊥ ⊥

∅

∅

ide

strtot

con

top

div

∅

ide

str

tot

con

top

div

With the approximation ordering ����
B � h����� ����i and

h����� �����i are not comparable since� for the �rst compo�
nent� ���� represents less possible values than ����� while
for the second component� ���� represents more possible
values than ������

hD���
C � v���

B � ����
B � ����

B � t���B � u���B i

With the computation ordering ����
B � h����� ����i and

h����� �����i are comparable since� for the �rst component�
���� represents more possible �nite behaviors than �����
while for the second component� ����� represents less pos�
sible in�nite behaviors than �����

����� Abstraction of function types

For function types D �� � � D v
�
� D � � we use

the abstraction 	�
� By induction� the relations v�
D � D and v �� D � � D � have been extended
to the collecting semantics �	D 
 and �	D �
 by 	��

and then to their abstractions v

B � D
B � D

B and

v �

B � D �

B � D �

B by 	��
� so that� by 	��
 and 	��
�
abstract functions f must be pointwise monotonic�

�hx� yi � D � �D � � 	x v
B y
 	f	x
 v �

B f	y



Hence D ��
B � D

B

v����
�


� D �

B � We get the following
Galois connection�

h�	D �� �
� �� �� D �� D � � �� �i

	

�
�� ����

B

�� ����

hD ��
B � ��

 �

B �
��
�

B �
�� �

B � ��
 �

B � ��
 �

B i

	��


For example D� ���
B is given below� We see that f

� � �� �� ��� ���� �� ������ ����� ������� ���� ������� is not in D� ���
B set

since ���� vB
����� but not f	����
 vB f	

�����

� e� e� stands
for the non�deterministic choice 	or� in our determin�
istic language� for an expression e� & e� � e� where the
analysis of e� returns ����
�

divergence 	e�g� �f��x� f	x

�
div

def

� � �� �� ��� ���� ������� ����� ������� ���� �������
�� ���
B 	div
 � f� j �x � D� � �	x
 � �g

identity 	e�g� �x�x
�
ide

def

� � �� �� ��� ���� ������� ����� �� ������ ���� �������
�� ���
B 	ide
 � f� j �x � D� � �	x
 � � � x � �g

strictness 	e�g� �f��x�	x � � & � � f	x
 �


�

str
def

� � �� �� ��� ���� ������� ����� ������� ���� �������
�� ���
B 	str
 � f� j �	�
 � �g

convergence 	e�g� �x� �
�
con

def

� � �� �� ��� ���� �� ������ ����� �� ������ ���� �� ������
�� ���
B 	con
 � f� j �x � D� � �	x
 �� �g

totality 	e�g� �x�	� x

�

tot
def

� � �� �� ��� ���� ������� ����� �� ������ ���� �������
�� ���
B 	tot
 � f� j �x � D� n f�g � �	x
 �� �g

truth 	e�g� �f��x�	� 	x � � & � � f	x
 �


�

top
def

� � �� �� ��� ���� ������� ����� ������� ���� �������
�� ���
B 	top
 � D� ���

The approximation ordering is hD� ���
B � ��

�

Bi�

Using 	��
 and 	��
 once again� the pointwise Scott�

ordering �v
�
on D �� � is extended to the computation

ordering hD �� �

B � �v
�

B�
�� �

B �
�� �

B � �t
 �

B � �u
 �

B i� For basic

types� hD� ���
B � �v

�

Bi is�

����� Basic comportment semantics

The basic comportment semantics 	je j

B
( � D

B of
expression e of type  in abstract environment ( is
de�ned in Fig� ��

Example � �absence� The basic comportment se�
mantics of program �fnum��num��xnum� true & � � fx is�

	j�f��x� true & � � fpj

B
( �

lfpnum��num

B ������ ������num

B �	�


The iterates are as follows�

�� � �������
�� � ��� ������num

B ��	�
 � ��� ������num

B
���� � �������

�� � ��

���
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where�

c � D is the value of c

��B	hx� yi

def

� x

��B	hx� yi

def

� y

app	f� x

def

� f	x


lfpB �
def

�
F
B

n�N

�n	�
B


Figure �� Synopsis of the basic comportment seman�
tics 	je j


B

Absence is not captured by basic comportment anal�
ysis� ut

Proposition � �Correctness�

�( � EB � �� � �E	(
 � ��e ��� � �B		je
 j


B
(
 	��


Observe that the collecting semantics is used as an
intermediate step in the design of abstract interpreta�
tions for the formalization of program properties and
the construction of the abstract semantics 	e�g� of the
computational ordering
 but that no explicit formula�
tion is required for the correctness proof� For example�
� � �v � D

B
� ��e ��(�x	v� is v�monotonic in the de�

notational semantics so that� by 	��
 and 	��
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B�preserving in the ab�
stract semantics� Moreover� by 	��
 and 	��
� lfpB �
exists in �	D 
� hence in D

B� and is correct�

����� Comparing basic comportments and
strictness

The abstraction of basic comportments to strictness
properties only yields ����� However the abstraction of
abstract basic comportment properties into abstract
strictness properties� as shown in Fig� � shows that
in strictness analysis the approximation and compu�
tational orderings coincide� It follows that ���� do not
distinguish between the approximation and the com�
putational orderings� a point of view which is too re�
stricted to make their framework of general scope�

Figure �� Abstraction of the basic comportment ap�
proximation and computation orderings into Mycroft#s
strictness ordering

���	� Comparing basic comportments and
smash projections

At this point comparison with smash projections
	�x � D� � 
	x
 �� � 
	x
 � x
 is easy� For smash
projections� f � ��
 is equivalent to �x � ��	�
 �
f	x
 � 
�	�
 where ��	y
 � fy j �	x
 � yg de�
notes the inverse image of y by �� By de�ning ab�
stract values 
 with meaning �	

 � 
�	�
 
 f�g�
we can express a similar property in the abstract in�
terpretation framework as fB	�
 � 
� For example
str � ���� and fail � ���� so that f � str� str correspond�
ing to fB	����
 � ���� 	satis�ed by div� ide and str
 ex�
presses strictness whereas f � fail� str corresponding
to fB	����
 � ���� 	satis�ed by div only
 expresses diver�
gence�

The abs projection is much more di$cult to un�
derstand� This may explain why it is excluded from
all comparisons available in the literature between
projection analysis and abstract interpretation� It
cannot be described with basic comportments� For
example� f�x� � �f�x� �� leads to divergence if
the �rst alternative is always chosen or convergence
if the second alternative is ever chosen� Its analysis
div� con � top with basic comportments yields no
information on the result of f� The problem here is
that disjunctions are too approximate�

��� Comportment abstraction

Comportment properties are obtained by comple�
tion of basic comportment properties� as explained in
Sect� ��

����� The abstract domain of comport�
ments

The collecting semantics of e in comportement
analysis is fje jg � �	E �� D 
 as de�ned in 	��
� The
corresponding abstract comportment semantics is�
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Comportment analysis is more precise than basic
comportment analysis since�

h� �			EB �� D
B
� ��

 ���
B i 	

��

��CB

��CB
hEB �� D

B� ��


Bi

where�

�CB	)

def

� �(��BfC	(
 j C � )g

�CB	�

def

� f�g

For expression e without free variables� � �			EB ��
D
B
 is isomorphic with � �			D

B
� Using 	�
� elements
of � �			D

B
 with the same meaning�

�C 	*

def

� �f�B	�
 j � � *g

can be identi�ed� In this way� for basic types� � �			D�
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is isomorphic with D�
B � However� at higher order�
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B� For example� the

complete lattice hD� ���
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C �
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C i resulting from the reduction of the crown com�

pletion of the lattice D� ���
B is given in Fig� �� The

corresponding computation ordering hD� ���
C � v� ���

C �

�� ���
C � �� ���

C � t� ���
C � u� ���

C i is given in Fig� �� For

example in D� ���
C � fcon� totg � f� �� �� ��� ���� �� ������

����� �� ������ ���� �� ������� � �� �� ��� ���� ������� ����� �� ������ ���� �������g has
the same meaning as ftotg � f� �� �� ��� ���� �������
����� �� ������ ���� �������g whereas fide� divg �� fstrg since in
the �rst case the behavior is the same for all the values
of the parameter 	as in f�x� � �x f�x��
 whereas
in the second case the behavior of the function may
be di'erent for di'erent values of the parameter 	as in
f�x� � �x � � � x � f�x 	 ���
�

Figure �� Approximation ordering of D� ���
C

Figure �� Computation ordering of D� ���
C

����� Comportment semantics

The comportment semantics is de�ned in Fig� ��
Various approximations are possible to speed up the
analysis at the cost of a loss of precision� For example�
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would be correct but not optimal�

Example  �absence� The comportment semantics
of program �fnum��num��xnum� true & � � fx is�

	j�f��x� true & � � fpj
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Figure �� Abstraction of comportment analysis into
projection and strictness analysis

Figure � Abstraction of comportment analysis into
dual projection and termination analysis

����� Projection analysis as an abstract in�
terpretation

To show that comportment analysis generalizes pro�
jection analysis and that projection analysis can be
done by abstract interpretation it is su$cient to ex�
hibit an abstraction into the lattice of properties ex�
pressible by projections� as shown in Fig� �� A further
abstraction to strictness properties yields ���� ���� An�
other abstraction� shown in Fig� � yields dual projec�
tions and termination analysis� By choosing a �ner
partition of D� � comportment analysis can easily be
enriched� e�g� to take possible values of variables into
account�

��� Summary and conclusions

We have shown that the abstract interpretation of
a simply typed lambda calculus de�ned by its stan�
dard semantics can be de�ned by the method intro�
duced in ���� ��� ���� that is by compositional ab�
straction of a collecting semantics using structured ap�
proximations based Galois connections de�ning a best
approximation� This was possible in a set�theoretic
framework since there is no necessity for providing a
domain�based denotational de�nition of this collecting

semantics� and indeed no explicit de�nition is needed
in correctness proofs since the correctness of the stan�
dard semantics with respect to the 	implicit
 collecting
semantics is a general result in the framework�

The application to comportment analysis gen�
eralizes strictness� termination� projection� dual�
projection and PER�analysis� The abstract seman�
tics leads to a system of equations which� in practice�
must be solved e$ciently� This would consist in using
a compact representation of properties 	using e�g� sets
of generators of atoms for comportment analysis
 and
convergence acceleration methods ����� Another prob�
lem beyond the scope of that paper is the usefulness
of comportment analysis which can only be shown by
practical experience�

As far as the methodological aspects are concerned�
our approach is rather di'erent from the other ab�
stract interpretation frameworks based upon denota�
tional semantics� In particular� we distinguish be�
tween the approximation and computation orderings
and interpret them completely di'erently� The ap�
proximation ordering� does not exist in the standard
semantics� It corresponds to logical implication of pro�
gram properties which is fundamental in the de�nition
of the approximation by Galois connections� The com�
putation ordering happens to pre�exist in the standard
semantics under the form of Scott#s ordering� It is
induced in the abstract domain through the Galois
connections� Any other predicate� relation� etc� pre�
existing in the standard semantics could be abstracted
in a similar way� Therefore our approach is tied up nei�
ther to a particular syntactical form of languages 	or
meta�languages ���� ���
� nor to a particular style for
specifying the semantics such as denotational seman�
tics� nor to a speci�c programming style such as func�
tional programming� nor to a speci�c typing scheme�
etc� It is directly applicable e�g� to a non�deterministic
functional language with relational semantics ���� as
well as to logic programming ���� with operational se�
mantics�

This should be contrasted with the relational frame�
work for abstract interpretation ���� which attempts
to solve the problem of de�ning a collecting semantics
in denotational style by completely evading the ap�
proximation ordering and overemphasizing the com�
putation ordering� so that� e�g�� the notion of best
approximation completely disappears� Moreover� for
logical relations ���� the approximation process is tied
up with the standard computation ordering and the
type system in the abstraction process� Application
to logic programming with e�g� declarative semantics
then becomes a bit tortuous� Moreover� it freezes ap�
proximation to a few paradigms 	such as �approximate
pairs by pairs � �approximate functions by functions 

which should leave the place to a broader palette of
possible choices� such as �approximate functions by
pairs� functions� relations� � � � � up to a Galois con�
nection
 as abundantly illustrated in this paper� For
example an abstract interpretation framework should

�An explicit inductive de�nition of the collecting semantics
could be given in G�SOS ����

���



not enforce function properties to be necessarily of
the form �	D�
 �� �	D�
 since we have seen that
�	D� �� D�
 is more general and sometimes required�
Choosing �	D�
 �� �	D�
� or a powerdomain form
thereof ���� ��� ��� ���� introduces an initial approx�
imation in the development of the abstract interpre�
tation framework from which it is later very hard to
recover� Galois connections themselves� which enforce
the existence of a best approximation� can sometimes
be too constraining� Such constraints can be lifted
by using concretization functions only� However� by
loosening up the connection too much� all fundamen�
tal theorems of abstract interpretation are lost� This
problem of �nding a reasonable balance between full
generality and strong properties of abstract interpre�
tation frameworks is discussed in �����
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