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STATIC VERIFICATION OF DYJ.{AI\4IC

TYPE PROPERTIES OF VAR]ABLES

Patrick COUSOT and Radhia COUSOT

ABSTRACT : For high level languages, compile time type verifications are

usualy incomplete, and dynarnic coher.ence checks must be inse::ted in object

code. For example, in PASCAL one mustdynarnical lyver i fy that the values

assigned to subrange type variables, o:: index expnessions lie between two

bounds,  o r  tha t  po in tens  are  no t  n i l_ ,  e tc . . .

We present a genenal algonithm all-owing most of these centifications to be

done at compi le t ime. The stat ic analysis of a puoglnam consists of an abst:ract

eval-uation of the prognam (uRun, SINTZOFF, KTLDALL, WEGBRETT, KARR) which

computes, by successive appnoximations, an abstr:act context at evel?y pnogram

point.  A context is a set of  pai :rs ( ident i f ier,  abst:ract val-ue).  An abstract

value denotes a set of  execut ion values or propert ies of i t ,  sat isfying a

number of dynamic conditions. An abstnact interpr:etor defines the sequencing

of abstract evaluation through the different paths of the program, and builds

a union of contexts result ing fr .om the jonct ion of these paths. The elementany

interpretat ion of basic oper at ions of the language and the choice of abstract

values ane lef t  unspecif ied. They depend upon the speeif ic dynamic propert ies

of variables which have been chosen fo:: being extracted f::om the program. The

correctness and termination of the abstr"act evaluation algor.ithm, rely only

on the algebraic str"uctur:e of the abst:ract values set, and on some prope::ties

of abst::act basic operations. Sevenal abstract eval-uations can then be defined

for" a pnogram, in order to el-iminate ::edundant tests , verify co::rect uses of

openations, choose types o:r organization of data stnuctunes in the case of

very high l-evel languages or p::ovide diagnostic information.
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STATIC \ERIFICATION OF DYNAIUIC TYPE

PROPERTIES OF VARIABLES
- : - : - : -

Patrick COUSOT*and Radhia COUSOT**

1 - }NTRODUCTION -

I n  h igh  l eve f  l anguages ,  comp i l e  t ime  t_ype  ve r i f  i ca t i ons  a re  usua l y  ' i  ncomp le te

and  dynamic  cohe rence  checks  mus t  be  i nse r ted  i n  ob jec t  code .  Fc r  examp le ,  i n

PASCAL one  mus t  dynamica l Jy  ve r i f y  t ha t  t he  va fues  ass igned  to  sub range  t ype

v a r i a b l e s ,  o r  i n d e x  e x p r e s s i o n s  l i e  b e t w e e n  r w o  b o u n d s ,  o r  t h a t  p o i n t e r s  a r e

n o t  n i l ,  W e  p r e s e n t  h e r e  a  g e n e r a l  a l g o r j t h m  a - I l o w i n g  m o s t  o f  t h e s e

ce r t i f i ca t i ons  t o  be  done  a t  comp i l e  t ime .  The  s ta t i c  ana l ys i s  o f  p rog rams

cons i s t s  o f  an  abs t rac t  eva fua t i on  o f  t hese  p rog rams ,  s im i l a r  t o  t hose  used

by  NAUR fo r  ve r i f y i ng  t he  t ype  o f  exp ress ions  i n  ALGOL 60  [  6  ] ,  by  S INTZOFF

fo r  vc r i f y : ' - ng  t ha t  a  modu fe  co r responds  to  i t s  Log i ca l  spec i f  i ca t i on  [  8  ] ,  by

KILDALL for  g lobal  pnogram opt imizat ion I  S I ,  by WEGBREIT f ' : r  ex1-ract ing

p rope r t i es  o f  p rog rams ,  I  g  ] ,  by  KARR fo r  f i nd ing  a f f i ne  re fa t i onsh ips  among

va r i ab les  o f  a  p rog ram [  +  ] ,  e t c .  We  p resen t  an  abs t rac t  i n te rp re ta t i on  o f

p r o g r a m s ,  w h i c h  p e n m i t s  t h e  v e r i f i c a t i o n  o f  m o s t  d y n a m i c  t y p e  p r o p e r t i e s  a t

comp i l e  t ime .  We  i l l us t ra te  t he  techn ique  by  t he  de te rm ina t i on  o f  r ange

in fo rma t i ons  fo r  i n tege rs  i n  h igh  l - eve f  l anguages  such  as  PASCAL [ fO l  o r
f ^ l

! r >  l , J  l .

2 - ABSTMCT VALTJES -

The  abs t rac t  eva - l ua t i on  o f  a  p rog ram i s  a r r s . , rmbo l i c "  i n te rp re ta t i on  o f  t h i s

p rog ram,  us ing  abs t rac t  va lues  i ns tead  o f  conc re te  o r  execu t i on  va lues .  An

abs t rac t  va lue  deno tes  a  se t  o f  c .onc re te  va fues ,  (de f i ned  i n  ex tens ion )  o r

p rope r t i es  o f  such  a  se t  ( i n tens i ve  de f i n i t i on ) ,  sa t i s f y i ng  a  number  o f  dynamic

cond i t i ons .  Le t  V  be  the  se t  o f  conc re te  va lues  and  V  the  se t  o f  abs t rac tc a
v a l u e s .

R e s e a r c h  A s s i s t a n t  -  C N R S

Con t rac t  IR IA -SESORI  75 -035* *
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o f  i n t e i r v a l s  o f  i n t e g e r s .  I f

f im i t s  -o  and  + * )  used  i n  a

w i L l  b e  d e n o t e d  f a ,  b l  w h e r e

the  se t  o f  i n tege rs  and  Vu  the  se t

the  se t  o f  i n tege rs  (be tween  the

l a n g u a g e n  t h e  i n t e r v a l s  o f  i n t e g e r s

2  a n d  a  <  b "

- 2 -
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The  con respondance  be tween  a  se t  o f  conc re te  va fues  and  an  abs t rac t  va lue ,

i s  es tab f i shed  by  t he  ' r abs t rac t i on  f unc t i on "  @ :

,u"  G- - - . - - - - €

( x ) ,

S

Ano the r  f unc t i on ,  y , s ' i v c . s  t h e  n n n c n e t e  f O f m  O f  a n abs t rac t  va lue  i

V
Y f

! 7  Iu a + f  '

F w : m n l  a  .

y ( [ a ,  b ] )  =  { x  I  t * ( a  <  x  <  b ) ]

The funct ions @ . : n d  v  : r ' e  d e f  i  n e d  q r r r . h  t h : t  t h c r z  r r e r , i  f r r  :

V

t r v : m n l a

-
Q - r yo v U )

and

@ ( s ) :

( v s

(vv

lfr\X( v ) I

u . r l
l-* rn
I '
L * u

Cor-resnnnd i  ncr  tn  the union U

abs t rac t  va lues  mus t  a l so  be

V
a

s  Y ( G ( s )  )  )

=  @ ( y ( v )  )  ) .

o f  se t s  o f  conc re te  va -Lues ,  t he  un ion

de f i ned  fo r  eve ry  pa r t i cuLa r  abs t rac t

. -  u
a 

----- 
a

^ c
a / e

€ V  . va '

u o f

evaluat ion

Example :

[ a r ,  b a l  u  l u r ,  b 2 )  =  [ ] I r N (  u r ,  u 2 ) ,  M A x ( b 1 ,  b 2 ) l

The abstract ion funct ion @ is  assumed to be an homomonohism f rom

a n t o  ( v  !  u )  :
a

V ( s " ,  s ^ )  -  V 2  :
I Z C

@ ( s r u s r ) = @ ( s r ) u @ { s r )

V
( 2  " ,  u )
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T h i s  i m p l i e s  t h a t  u  h a s  t h e  a s s o c i a t i v i t y ,  c o m m u t a t i v i t y  a n d  i d e m p o t e n c y

p rope r t i es ,  and  tha t  t he  ze ro  e femen t  I  o f  u  i s  a l so  @(0 )  whe re  0  i s  t he

emnt\z  set  -  f l  i  s  caf  . led the undef  ined abstract  va lue.

Corcesnond ins  t o  t he  i nc lus ion  c  o f  se t s  o f  conc re te  va lues ,  t he  abs t rac t

e v a l u a t i o n  u s e s  t h e  j n c l u s i o n  I  o f  a b s t r a c t  v a l u e s ,  w h i c h  i s  d e f i n e d  b y  :

t
V ( v - ,  v ^ )  e  V -

1 '  2  a

{ v "  <  v ^ }  < : >  { v "  u  v .  =  v  }' 1  -  
2 '  1  2  

" ' 2 '

a n d  { " r  I  1 2 }  . : t  { ( v ,  I  v r )  n  ( v 1  *  v r ) }

F r o m  t h i s  d e f i n i t i o n  a n d  t h e  h y p o t h e s i s  o n  l ,  l . u r  b e  s h o w n e d  t o  b e  a  p a r t i a l

n r d e r . i n o .  a n d  l - l  i s  i n c l u d e d  i n  e v e - r a \ /  , r h s t - a c t  v a f u e .f L 1 6 t  q r r u  !  r r  r r r v f

Example z

{ [ a r ,  b 1 l  <  l a r ,  b r 7 ]  < : >  { ( a ,  <  a r )  n  ( b 2  >  b 1 ) J

F i n a l l y ,  f c r  t h e  a b s t r a c t  e v a l u a t i o n  o f  J o o p s ,  t h e  p r o b l e m  a r i s e s  o f  t e r m i n a t i n g

the  compu taL ion  o f  abs t rac t  va lues .  Fo r  t ha t  pu rpose ,  an  ope ra t i on  has  been

f i e f i n e d  -  r - e l l e n  ' , - i ; a - . ' n ^  - - ;  - ^ t e d  V  :t  L o I  I u u  W l U g I l I l l S  t  O I I U  r l U

:
V  x V  \ /

a  a  ___-e__| "a

I ' - ,  - * ^  r  ^L A O I r i P  I s  .

[ a r ,  b r i  V  t o ,  ,  o r f  =

[ i f  a ^  <  a .  t h e n  - *  e ] , s e  a .  f i ,
Z I

i f  b ^  >  b "  t h e n  + -  e l s e  b "  f i l

For  every  par t i cu la r  abs t rac t  eva lua t ion ,  V  must  be  de f ined such tha t  :

,  - - 2  ( ,-  V ( v . ,  v ^ )  c  V - ,  t ( v .  u  v ^ )  <  ( v .  V  v ^ ) l  a n d
l '  I  a -  I  

' � 2  
I  2

-  e v e r y  i n f i n i t e  s e q u e n c e  r o ,  = 1 ,  . . . ,  s n ,  o f  t h e  f o r m  s o  =  ! ,

* 1  =  " o  V  t r r  . . . ,  s n  =  S ' , - 1  V  t r , ,  ( w h e r e  u 1 _ o  u 2  ,  V n ,  a r e

e r . h i r r : n v  a h s i  r , : r . +  v a  l r r e s )  -  ' i  s  n n r  s f  n i e  t  t r z  i n c n e a s i n q .  ( - { s  i  s .  <  . . .y u r q g i J / ' r v L r y . - o - 1

z  s  ?  . . . ] ) .
n
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Example :

!  v  [ 1 ,  1 0 ]  =  [ 1 ,  1 0 ]

[ 1 ,  1 0 ]  V  [ 1 ,  1 1 ]  =  [ 1 ,  + - ]
- ;

[1 ,  + - ]  V  [0 ,  1 -21  =  [ - - ,  + - ]

s o  t h a t ,  i n  t h a t  c a s e ,  t h e  l e n g t h  o f  t h e  s e q u e n c e s  * o ,  " 1  ,  S n ,

w h i c h  a r e  s t r i c t l y  i n c r e a s i n g  i s  f e s s  o r  e q u e l  t . : 4 .

3 - ABSTMCT CONTEXTS -

The abstract  evaluat ion of  a program computes by successive approximat ions an

abs t rac t  con tex t  a t  eve ry  p rog ram po in t .  An  abs t rac t  con tex t  i s  a  se t  o f  pa i r s

( i ,  v )  wh i ch  expnesses  tha t  t he  i den t i f i e r  i  has  t he  abs t rac t  va lue  v  a t  some

prog ram po in t .  Then ,  i n  eve ry  ac tua l  execu t i on  o f  t he  p rog ram,  t he  ob jec t s

a c c e s s e d  b y  i  w i l l  b e  i n  t h e  s e t  y ( v )  a b  t h a t  p r o g r a m  p o i n t .

I f  I  deno tes  t he  se t  o f  i den t i f i e r s  (a f t e r  t he  syn tac t i ca l  con f l i c t s  o f

i den t i f i e r s  i n  t he  p rog ram have  been  reso l ved ) ,  t he  se t  E  o f  abs t rac t  con tex t s

is  such that  :

r x ( V  - { [ ] )
a

8 . - � z
and  the  pa i r s  i n  a  g i ven  con tex t  d i f f e r  f pom one  ano the r  i n  t he i r  i den t i f i e r s  :

{ v c  e  B  ,  v ( i ,  j )  u  1 2 ,  v ( v ,  u )  e  ( v -  -  { l } ) 2 ,
d

{ ( i ,  v )  e  c  n  ( j ,  l . r )  e  c  n  ( i ,  v )  *  f j ,  u ) i : >  i t  *  : l l .

We note  C( i )  the  va l -ue  o f  an  ident i f ie r  i  in  a  contex t  C,  i t  i s  de f ined by

C ( i )  =  i f  ( l v  e  ( V - - { [ ] )  I  ( i ,  v )  e  C )  t h e n  v  e l s e  I  f i .

Example :

c  -  { ( x ,  [ 1 ,  1 0 ] ) ,  ( y ,  [ - - ,  o ] )  ]  ;

C ( x ) = [ 1 , 1 0 1 ; C ( z ) = [ ;

I n  p a r t i c u l a r ,  w e  n o t e  0  t h e  e m p r y  a b s t r a r : t  c o n t e x t .

=
The un ion  C u  Cr  o f  two contex ts  C and Ct ,  w i f  I  be  used f . , r .  express ingn f r ) r

a v a m n l  a  - F h o  - ^ n t - o v +  n a c r r ' r + i n -  f p 9 l r 1  c o n d i t i o n n a l  f  t a t e m e n t s .  T h o  w r ' d e n i n o,  L r r \ . ,  L ! \ . / r r r r u r  . r  L . c r . T t t t i . ( j t > .  l l t F  w t u E l t l r t B

=
C V  Cr  o f  con tex t s ,  w i l l  be  used  i n  t oops .  They  a re  de f i ned  us ing  the  un ion

and  w iden ing  o f  abs t rac t  va lues  :

c -  ,  c .  =  { ( i ,  , r )  |  f  i  .  r )  n  ( v  e  ( v _ - { n } ) )  A  ( v  =  C . ( i )  u  c ^ { i ) ) }
L Z  a  

- - "  
I  ' �2
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c r V  c r =  { ( i ,  v )  |  t i  .  r )  ^  ( v  e  ( v a - { [ ] ) )  n  ( v  =  c 1 ( i )  V  c r f i l l ]

We can  show,  f o r  eve ry  i den t i f i e r  i ,  t ha t  :

( C ,  u  C r )  ( i )  =  C l ( i )  u  C r ( i )

= ^a n d  ( C 1  V  C 2 ) ( i )  =  C r ( i )  V  C 2 ( i )

Example :

C l  =  { ( x '  [ 1 ,  1 0 ] ) ,  ( Y ,  [ - * ,  O ] ) ]  ;

c ^  =  { ( * ,  [ 0 ,  5 ] ) ,  ( 2 ,  [ 1 ,  + * 1 1 1 ''2

C ,  u  C ,  =  C r ,  C 1  =  { ( x ,  [ O ,  1 0 ] ) ,  ( y ,  [ - - ,  O ] ) ,  ( 2 ,  [ 1 ,  + * 1 ; , 1 .

c ,  V  c ,  =  { ( x ,  f - * ,  1 0 1 ) , ( y ,  [ - - ,  O ] ) ,  ( 2 ,  I t ,  + - ] ) ]

. '  v  ^  -  I t - ,  Fu 2  "  - 1  -  L \ ^ ,  r 0 ,  + * ]  ) , ( y ,  [ - - ,  O ] ) ,  ( 2 , ,  [ 1 ,  + - 1  ; 1

As  be fo re ,  we  de f i ne  t he  i nc lus ion  I  o f  con tex t s  by

{c, I  . r}  . : t  {c, u c, = cr}

a n d  { c ,  < . r }  . - ,  ( c ,  i  c r )  n  ( c t  f  c r ) }

i t  can  be  shown  tha t  t h i s  i s  equ i vaLen t  t c r

{ c  i  c  }  < : >  { Y i  e  r ,  c . ( i )  i  c ^ ( i ) }' - L - " 2 '  - 1 ' -  
z

F rom the  a l seb ra i c  s t ruc tu re  (V - ,  , ,  V ,  l )  a " f i t r " d  on  abs t rac t  va fues ,  we
a

c a n  s h o w  t h a t  t h e  s a m e  a l g e b r a i c  s t r u c t u r e  h o l d s  f o r  (  e ,  i ,  V ,  i ) .  I n

pa r t i cu la " ,  f ,  i "  assoc ia t i ve ,  commuta t i ve ,  i dempo ten t  and  0  i s  i t s  ze ro

e l e m e n t ,  i  i "  a  p a r t i a t  o r d e r i n g  o n  8 ,  r r i  c r Z  c r n  c ,  f o n  e v e r y
( C - .  C ^ ) .  a n d  t h e r e  a r e  n o  i n f i n i J - e  s t r i n t l r z  i n c r e a s i n o  s e n r l e n c e  

=  :

L .  , 2  .  e r e  a r e  n o  t n f  i n t . .  , ) L r  r L  r  r . y  r L r u r  s o o r r r 5  D s g u s , , . =  S o  a  5 1

= =
.  S n  <  . . .

S ^  =  O ,  S "  :  g  V  a " ,  S  =  S  .  V  C  ,  . . .  f o r a r h i t r , , : r r r  a h s t n a c t  c o n t e x t so  -  I  o  I '  '  n  n - L  n '
o o" 1 t  " ' r  " r l

4 - PROGRANIS -

As  a  f i r s t  app rox ima t i on  o f  p rog rams ,  we  w i f l  use  f i n i t e  f l owcha r t s .  They

are bui l t  f r .om the fo l lowing e lementary program uni ts  :
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A  s i n p l e  e n t n v  n o d e_ _  -  - ' " b

ex i t  nodes

o D D J t 3 l t i l l g l r  t .  r r u u g D

t es t -n r :des

We w i l l  assume tha t  t he  eva lua t i on  o f  exp ress ions  i n  ass ignmen t  and  tes t

nodes  have  no  s ide -e f f ec t .

s imp le  j unc t i on  nodes  :

' I  
n n n  i , , n ^ +  i  ^ -  - ^ , 1 ^ -f  ( , U P  

J  U T I U L I U I T  I I U U g D

Only connected f lowcharts  are considered and thet 'e  is  at  least  one path f rom

the  pn ique  en t r y  node  t c  eve ry  node  o f  t he  f l " owcha r t .  W i th  t hese  cond i t i ons '

eve ry  cyc le  i n  t he  f l owcha r t  con ta ins  a t  f eas t  one  s imp le  o r  f oop  j unc t i on

node.  Addi t ional ly ,  a  pre l iminary graph theoret ic  analys is  of  the f lowchart

has  been  pe r fo rmed ,  choos ing  wh ich  o f  t he  j unc t i on  nodes  a re  l oop  ;unc t i on

nodes ,  so  t ha t  eve rv  cyc le  con ta ins  a t  l - eas t  one  l oop  j unc t i on  n r :de ,  and

tha t  t he  t o ta t  number  o f  l oop  j unc t i on  nodes  i s  m in ima f '

L X d l l l p _ L e

>-_.*
-l>

Y
Y

exDres : l l cn
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5 - ELEN,IENIARY ABSTMCT INTERPRETATION OF BASIC PROGMN,I TJNITS -

For  eve ry  pa r t i cu la r  app t i ca r i cn  o f  t he  abs t rac t  eva l -ua t i on  a lgo r i t hm,  we

m u s t  n n o v i d e ' r  d e f i n i t i o n  o f  t h e  e v a l u a t i o n  o f  b a s i c  n r o p - n a m  r r n i t s .  T h e' ' ' * "  "  Y -

it

:::::":".: ::'::::":':":::.:=T::,":;,':":";.';::.: ;.': .":i"::l:,."
app l i ca t i on  J  mus t  be  a  co ruec t  I ' abs tnac t i on i l  o f  t he  ac tua f  execu t i on  o f

p rog ram un i t  n .  I r  may  be  de f i ned  as  f c l l cws  :

5.1 - Vn e Nu (the set of assignment nodes) , n is of the form :

w h e r e  ( v ,  v . ,  . .  -  )' r '
I  a n s r r a s e  d e n e n d i  n sr * " b * ' ' b -

f  t r n  -  b  \ 7 - '
L v u  e  \ J  ,  f _ t  €  I :

{ v c  e  € ,  I ( n ,  c ) ( v )  =

The f i rs t  condi t ion exp

v  )  h a s  n o  s i d e  e f f e c t ,
m

con tex t ,  i s  t he  abs t rac

v )  when the val -ues (v .
m _ L

con tex t  C .

Exampfes :

)  e  1 m + 1  a n d  f ( v r ,  . . . ,  v

t h e  v a r i a b l e s  v r ,  . . . ,  v

v : > 5 ( n ,  C ) ( i )  =  C ( i ) ]

^  f  ,  ̂ .( g  I  t f  ( v 1  ,

L  r , ,
t  t - l '

resses  tha t  t he

and  the  second

t i on  o f  t he  se t

'  . . . ,  v  )  o f  (
m

e v n r . e s s i n n  n f  t h eV
m

ON

r +

) i s a n
m

. Then :
m

- - ^ l
d t l u

v*)  I  Im
. . . ,  V r  ) ,  Y ( c ( v r ) )  x  . . .  x  v ( c ( v r ) ) ) l

e v a f u a t i o n  o f  t h e  e x p r e s s i o n  f ( v r ,  . .

one that  the value of  v  in  the output

o f  va lues  o f  t he  exp ress ion  f ( v ,

v 1 ,  . . . ,  v m )  a r e  c h o s e n  i n  t h e  i n p u t

C )  =  { ( x ,  [ 1 0 ,  1 0 ] )  ]



- B -

In  t he  case  o f  t ha t  spec i f i c  app l i ca t i on

f o r  d e f i n i n g  5 ( n ,  C )  :

{ ( x ,  [ 1 ,  1 0 ] ) ,  ( y ,  l - 2 , 3 1 ) ]

=  { ( x ,  [ 0 ,  1 4 ] ) , ( y ,  l - 2 ,  3 l )  ]

an intervaf  ar i t ,hmet ic L  t  I  1 5 u s e d

C ( x )  =  [ 1 ,  1 0 ]

C ( y )  =  [ - 2 ,  3 ]

C ( x + y )  =  [ 1 + ( - 2 ) ,  1 O  +

C ( 1 )  =  [ 1 ,  1 ]

C [ x + y + 1 ]  =  [ - 1 ,  1 3 ]  +

? l  -  t - 1  1 a 1v l  -  
L  ! r  r v l

[ 1 , =  [ 0 ,  1 4 ]l

I
I
I

1

C =  { ( x ,  [ 1 ,  1 0 ] ) ,  ( 2 ,  l - 1 ,  + 1 1 )  i

c  )  =  { ( 2 ,  [ - 1 ,  + 1 ]  )  ]

! ,  s .  t h a t  t h e  e x p r e s s i o n x  +  y  i s  u n d e f i n e d ,  t h e r e f o r eW e  h a v e  C ( y )

5 ( n ,  C ) ( x )  = ft

5 ,2  -  The  e lemen ta ry  abs t rac t  i n te r "p re ta t i on  5 (n ,  C )  o f  a  t es t  node  n ,  i n

i npu t  con tex t  C  resu f t s  i n  two  ou tpu t  con tex t s  C .  and  C .  assoc ia ted  w i th  t he

t rue  and  fa l se  edges  respec t i ve l y  :

V n  e  N -  ( t h e  s e t  o f  t e s t  n o d e s ) ,  n  i s  o f  t h e  f o r m :
1

x  : :  x + y + 1

Q ( v . r  . . . ,  v  )
- t m
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w h e r e  Q ( v " ,  . . . ,  V * )  i s  a  b o o l e a n  e x p r e s s i o n  w i t h o u t  s i d e - e f f e c t  d e p e n d i n g'  , L -  m
o n  t h e v a r i a b l e s v . r  . . . r  v  T h e n  w e  d e f i n e S ( n ,  C )  =  ( C - ,  C , , )  s u c h  t h a t ,

\ 7 i  T
TJ-  €  -L

c r ( i )  =  @ ( i r l ( r . y ( c ( i ) ) )  n
( l ( v " ,  . . . ,  v  )  e  v ( c ( v . ) )  x  . . .  x  y ( c ( v  ) )  I  Q ( v . ,  . . . ,  v -  ) ) ) )

l - ' - m ' ' L  ' m t m

c F ( i )  =  @ ( { r l ( l e y ( c ( i ) ) )  n

( 3 ( v ,  , u r )  e  y ( C ( v r ) )  x . . .  x V ( C ( v r ) )  l - Q ( v ,  , v r ) ) ) )

f i n  + f r a  i - n r r a  a r a a  € n r  a v : m n r a  + h e  a b s t r a C t  v a f u e  o f  a  v a r i a b l e  i  i s  t h e

abs t rac t i on  o f  t he  se t  o f  va l -ues  1  chosen  i n  t he  i npu t  con tex t  C ,  f o r  wh i ch

t h e  e v a l U a t i O n  g f  + h a  n n a r i i n : f a  o  i - .  ^  * a y  y i e l d  t h e  v a l i t e t r t r ' e r r .

F . ,  - - ^  r  ^  ^  .
! A d l l l P a g - . ,  [ 1 0 o  * - ] ) ,  ( y ,  [ - 1 ,  + 1 ] ) ]

1 ^ ^

C T  =  { ( x ,  [ 1 0 ,  + - 1 ; , ( y ,

[ - m ,  1 - ] ) ]

c T  =  { ( * ,  [ 0 ,  + * 1 ) i a U  =  { ( x ,  [ - * ,  - 1 ] ) ]

,  + - l ) ,  ( y ,  [ 1 ,  1 0 ] ) ]

a ,  =  { ( x ,  [ - * r  9 ] ) ,

+t-l  ) ]

€ - r  - ^

c T  =  { ( * ,  [ 1 ,  + - J ) ,  ( y ,  [ 1 ,  1 0 ] ) ] ( y ,  [ 1 ,  1 0 ] ) ]
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n f  t h : t  s n e c i f i n  : n n l  i n a - i n n  + h e  t r e a t m e n t  o f  c o n d i t i o n n a lL  ! v r r  t

h a q  t n  d e q i o n a t e  w h c t h e n :  o i v e n  v a r j a h l e  h e l n n s s  t o  a  C e r t a i n

t he  rea l  l i ne ,  cu r  app roach  i s  s im i l a r  o t  t ha t  o f  [  1  ]  .

5 . 3  -  W h e n  t h e  a b s t r a c t  i n t e r p r e t o n  f o l - l o w s  a n  e x e c u t i o n  p a r h  u n t j l  r e a c h i n g

a  i : e s t  n o d e ,  t h i s  m a y  g i v e  r i s e  t o  t w o  e x e c u t i o n  p a t h s .  E a c h  o f  t h e  t w o  p a t h s

w i l - f  b e  e x e c u t e d  p s e u d o - p a r a I J e l y ,  u n t i l r e a c h i n g a n  e x i t  n o d e ,  i n  w h i c h  c a s e

t h e  e x e c u t i o n  o f  t h a t  p a t h  e n d s ,  o r  d  j u n c t i o n  n o d e ,  i n  w h i c h  c a s e  r h e  p s e u d o -

pa ra l l e l  execu t i on  pa fhs  e re  synch rDn iz ,ed .  f n  o rde r  t o  compu te  t he  ou tpu t

con tex t  o f  a  j unc t i on  n , rde ,  we  f t us t  have  f i r s t  compu ted  the  i npu t  con tex t s  o f

t h e  i n n r r l -  e d o e s  w h i  r . h  m r r r  h e  n e a c h e d  b v  a n  e x e c r r t i n n  n , = f h  -  T h p  l n f e a C h a b l e

i npu t  edges  have  the i r  assoc ia ted  r : on tex t s  i n i t i a l i zed  to  t he  emp ty  con tex t  0 .

F o r  a  n o d e  n  €  N _ .  ( t h e  s e t  o f  s i m p l e  j u n c t i o n  n o d e s ) ,  w e  h a v e  :
D J

C .
- t

.  m lI r

( t h e  u s e  o f  t h i s

: q q n n i  : f  i  r r r ' f r r  n f

s e n e r a l i z e d  n o t a t i o n-_-  " ' -_

u l .

resu l t s  f r om the  commuta t i v i t y  and

F . ' - - ^ l  ^  .
L ^ O L l r l r r s

r  , * ,  [ 1 , C ,  =  { ( x ,  1 2 ,  2 f ) }1 l ) ]

o - o i n - rv  _  v 1  u  u a  -  v a
L L Z

( r
=  1 ( x r  L f ,  l l

=  { ( x ,  [ 1 ,  2 ] ) ]

=
U  C .

I

r t 2 l ) ]

5 . 4  -  I n  o : r d e r  t h a t  t h e  a b s t r a c t  i n t e r p r e t a t i o n  t e r m i n a t e  c c r r e c t l y ,  w e  n e e d

c n m a r - l r r ' n d  r n = 1 ^ d c u s  t o  t h e  i n d u c t i o n  s t e D  r r s e d  i n  t h e  a u t o m a t i c  v e r i f i c a t i o n! . ! P  u u L u  r l

o f  D r o s r a m s  w i t h  r ^ ^ ^ -  ' F L - ' -  - ' -  n n n w i d e d : t  t h e  l - o n - i r r n n t i o n  n n d c q  h r r  t h er L r r  f ' r \ r P > .  r l l r >  r D  r -

w i d e n i n g  o f  c o n t e x t s ,  a s  f o l l o w s  :



c t , ; * t

+1-'
I f  t h e  , ' : '  p a s s  o n  a  j u n c t i o n

t h e  c o n t e x t  S .  t o  t h e  - r t n r r" -  ' - " '  - j

t he  emp ty  con tex t  )  ,  t hen  the

1 - ^  .

- i  u n r ' f  i o n  n o d e s  )  h a s  a s s o c i a t e d

( o r  S  h a s  b e e n  i n i t i a l i z e d  t o
.  - t h

t o  0 .  o n  t h e  j * 1  : : '  p a s s ,  w i l l

- 1 1  -

node  n

arc cl, of

context

€  N n .  ( l o o p
Y-f

tha t  node

- - - ^ ^ . ' - + ^ l
C > D U U ! O  L g U

S i * . ,  =  S i  V  (  u  C i ,  - j + t )J  _  ,  i e [ 1 r m ]

S ^ = S . v f c .
Z I ' -L

=-  S "  V  { ( x .
- L -

=  { ( x ,  [ 1 ,

=  [ ( v  T 1
L  \  . r  t  L  r  t

=  { ( x ,  [ 1 ,

C ,  =  { ( x ,  [ 1 ,

u  c ^ l'2

[ 1 ,  L )  u  f 2 ,  2 ] ) ]

=
1 l ) )  v  i ( x ,  l L ,  2 ) ) \

1 l  v  [ 1 ,  2 l ) ]

r *  l ) )

T h e  a b s t r d c r  i n t e r p r e t o r  s [ a n t s

o f  t h e  d i f f e r e n t  t y p e s  o f  n o d e s ,

s p e c i f i e s  t h e  c o n t e x t ( s )  f o r  t h e

C ,  =  { ( x ,  1 2 ,  2 f  )

x ,  [ 1 ,  1 ] ) ]

with the empty context  0 r :n a l l -  arcs.  For  each

we  have  desc r i bed  a  t r ans fo rma t i on  wh i ch

n t : t n t : t  a r c . (  S  )  6 f  + h a  n ^ , , 1  a  r ' n  + a 1 . m  O f  t h eL  u L  \ r \  L '  /  L r r v  r r v u u  t  ! r r

Note  tha t  t he  w iden ing  a t  t he  l oop  j unc t i on  nodes  i n t rod r : ces  a  Loss  o f

i n fo rma t i on .  Howeve r  i t  w i l l  be  shown  on  examp les  t ha t  t he  t es t s  behave  as

f i l t e r s .  F u r t h e r m o r e ,  f o r  a  P A S C A L  I i k e  - l a n g u a g e ,  o n e  c a n  f i r s t  u s e  t h e

b o u n d s  g i v e n  i n  t h e  d e c l a r a t i o n  o f  x ,  b e f o r e  w i d e n i n g  t o r r i n f i n i t e ' r  l i m i t s .

6 - ABSTMCT INTERPRETOR -
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c o n t e x t ( s )  a s s o c i a t e d  t o  i n p u t  a r c ( s )  t o  t h e  n o d e ,  a n d  w h e r e  r e f e v a n t ,  t h e

c o n t e n t s  o f  t h e  n o d e .  T h e  a l g o r i t h m  e s s e n t i a l l y  p e r f o r m s  a p p l i c a t i o n s  o f

t hese  t rans fo rma t i ons  un t i f  a l l  con tex t s  a re  s tab i l i zed ,  i . e .  t he  app l i ca t i on

o f  a  t r ans fo rma t i on  a t  any  node  resu l t s  i n  no  change  i n  t he  con tex t s  o f  i t s

o u t p u t  a r c s .  T h e  d i s t i n c t  e x e c u t i o n  p a t h s  a r e  f o l l o w e d  p s e u d o - p a r a I L e I y ,

w i  t h  s r r n e  h n n r i  z : t i  o n  n n  r r r n c t  j  o n  n o d e s .

Dur ing  abs t rac t  eva lua t i on ,  i t  shou ld  be  no ted  tha t  i t  i s  use fess  t o  go  on

- r ^ - ^  ^na  n r+L  "hen  the  ou tn r r t  con tex t  C?  o f  a  node  i s  i nc luded  i n  t heo l ( r l l 5  ( r r r E  
P - L l l  W . . - - -  , -  r - -  -

con tex t  C  aL i ready  assoc ia ted  w i th  t he  a rc  ou t  o f  t ha t  node .  Th i s  resu l t s  f r om

t h e  f a c t  t h a t  t h e  e l e m e n t a r y  i n t e r p r e t a t i o n  5  i *  u n  i n c r e a s i n g  F u n c t i , - , n  f o n
= 9
<  i n  ( - l .  J t  c a n  b e  s h o w n  t h a t  :

{ c ' f  c t : >  { v n , 5 ( n ,  c ' )  l 3 t n ,  c ) }

The nnoof  nf  tenminat ion of  the abstract  evaluat ion comes f rom the fact  that

on  one  hand  the  sequence  o f  con tex t s  assoc ia ted  w i th  t he  ou tpu t  a f c  o f  each

l o o o  i u n c t i o n  n o d e  f o r m  a  s t r i c t l v  a s c e n d i n s  c h a i n  w h i c h  c a n n o t  b e  i n f i n i t e* " ' - r

r r d  -  o n  t h e  n f  h e r  h , : n d  -  t h a f  e v c r r r  l o o n  c o n t a i  n s  a  I  n o n  i r r n c t i  o n  n o d e .! . ? v v  \ - v l l

The general  abstract  in terpretor  is  now stated :



e n d  ;
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n n n n o d r r - o  e h q t l a r t  i n t e r p r e t a t i o n  ( g f a p h )  ;

b e g i n

fo r  each arc  c ' f  g raprh  do  loca l  con tcx t  (d rc )  :=  0  repe-a t_  ;

e x e c u t j c :  [ , d t ] r 5  : :  { S n l r y : : , . .  ( e n t r y - n o c l e  ( g r a p h ) ) }  ;  j u n c t i o n r  : =  A  ;

I ]g1g (exccur  i c , r r  p . r t l r s  *  O l  a "

, , L . ' r  - .  /w l t l  l u  \ u t u u u L r a r t  P d ! l l -  T  p /  t . r u

{ c i ,  r : : c  a n  c . ) 4 c J u t  i o r i  p a t h  }

i r p u L  a r c  : =  c i , o o s e -  ( e x e c u t i o n  p a t h s )  ;
' :  ̂ -  ^ - + L ^  ' -  e x e c u t i o n  p a t t t s  -  { i r r p r r t  a r c  }  ;E i c u t t  L l w : r  P o L l r >  ,

n o d e  : :  f i n a l - - e n d  ( i n p u t  a r c )  ;

c.rse no<ic of

- - . - i - - - ^ - . +  - - ^ l ^
o J - . f  B r l r s r l  L  l l u u s  +

a s s i g n  o u t p u L  c o n t e x t  ( c x i t - a r c  (

l o ca l

node)  ,  U(  nc ,de ,

c o n t e x t  ( i n p u t  a r c ) ) )  ;

t-est node -f

l r  ^  \  . -  t I / n ^ d e .  l n e a l  . n r f F v t  ( i n 1 , U t  a r C ) )  ;\ e T r  v f /  . -  u \ r , \ / q r - r  1 v u ( . r

- . . - i ^ ^  ^ , . ! h . . +

ass ie 'n  o i i tDut  contex t  (  fa l  se-ex i t -a rc  (node)  ,  C- )  ;. ' t '

s r ' n p l e  o r '  l o . p  j u n c t i o n  t r o d e  +  j u n c t  j o n .  : =  ] u l , c t i o n s  u {  n ^ d c l

e x i t  n o d e  +  I

f n r  o r n h  i r r n r t i r . n  n n d n  r , F  i r r n n t r ' n n <  d n

- i . . ^ ^ + . i . - -  . -  r J  .
_ . J r : r r L L r L . , . -  , ^  v  t

i_:i_i_:',: t

]\'l*{ln ;

1 ' - r 3c f  
' , ! ' c  a1 ; ' . i ; n  c , l : r i i u t  c , : , r l r r ' : i t  ( cu t l ' r i t  i r r c r  o l l t - p l l t .  coT l t t r : ' t )  i
. l +  / ^ , , r . . , , r. .  - \ , u L F . u  . . , .  <  l o c a l  c c n t r ' x :  ( l u t p i r t  d r c ) )  t l , , r n

Lor . ' . - r ' j  . ( I t i - . : i f  ( . r . i . l t . i i l i i  , r r . , : )  : :  L ) ! l t -1 , .1 t i .  COntex t  ;

exr rcu t  i c r r  pa t l r : :  : :  e : :e 'cu t ion  pa t l r i j  u  {ou . .pu t  a rc  }  ;

:
o u t p u t .  c o n t e x t  ; =  g  l o c a l  c o n t c x t  ( i n p u t  a r c )

i n p u t  a r c  €  e n t r y - a r c  ( j u n c t i o n  n o d e )

i f  ( o l r t o u t  c o n t e x t  i  l o c a t  c o n t e x t  ( e x i t - a n c ( j u n c t i o n  n o d e ) ) )  t h e n
: i -  r ' -  "

e :  r e  i r r r e  t i o r  . o , l -  o f::1:: J

c i n n l p  i r r n e  I ' i n n  r n d g  +

a s s i g n  o u t p u t  c o n t e x t  ( e x i t  - a r c (  j r . r n c t i o n  n o d e )  ,

^ - * r , *  - . f n w i - )  '
v v r I  l v A L  ,  '

' l n r n  
i r : n e  1  i , r n  n o d e  +

a s s i g n  o u t p u t  c o n t e x t  ( e > j t - e r c ( j r : r , c t i o n  n o d e ) ,

loca1 contex t  (  ex i t - . r rc (  junc t ion  no< le  )  )  f

ou tpu t  con te : i t  )  ;
^ , - l  .

r t  i



-  1 l r  -

I n  [ 2 ]  we  have  shown  tha t  t he  a lgo r i t hm te rm ina tes ,  even  when  ana l yz ing

non - te rm ina t i ng  p rog rams ,  and  tha t  i t  i s  co r rec t  :  i f  C  i s  t he  f i na l  abs t rac t

context  associated wi th an arc c l , ,  then for  every ident i f ier  i  o f  the program

and every actual  execut ion of  that  program :

.  i f  C ( i )  =  [ ,  t h e n  i  i s  n e v e r  i n i t i a l i z e d  o n  a r c  o .  o r  o ,  i s  o n  a  d e a d

p a t h .

.  i f  C ( i )  i s  some  abs t rac t  va lue  v ,  t hen  the  conc re te  va lue  o f  i  on  a rc

o  w i th in  eve ry  execu t i on  pa th  p  con ta in ing  o  be longs  to  y ( v ) ,  unde r

t h e  c c n d i t i o n  t h a t  i  h a s  b e e n  c o r r e c t l y  i n i t i a l i z e d  o n  p a t h  p .

7 - EXAMPLES -

our  f i r s t  examp le  i s  ve ry  s imp le  i n  o rde r  t o  i l l us t ra te  t he  techn ique  :

Thc fn  l  I  nu ' i  no  ] -  :b l -e  shows the  ana lvs is  o fy J + u  v L

spec i f i c  abs t rac r  i n te rp re ta t i on  we  have

- - - ^ L  " i t h  t h ey r v S r o l l r  B r o P l t t  w

: s  a v : m n l a  i n  t l ' ' ou u  e A a . i  P f , r . .  
L r l s  

P 4 P s l

t h i s

chosen



1 l-  l J  
-

n o d e

l : c l l .  c o l i . r x

,  i - ^ . . +  - - ^ 1
\  4 ' r P u L  d r  L  / output  context

execut  ion

j  un ct  ions

t

2

3

t+

5

b

I

9

I O

1 i

1 2

f J

b

c

c

d

f

C

c

e

f

6\

2

2

6

3

6

2

6

/:\\v

(!
A\v

6

/;\
rA

r ;  f 1  r t l( r r  L l t  f J l

{ i ,  i 1 ,  1 l i

0

i t ,  I r ,  r ] ]
( ,  r -
r 1 ,  L i . ,  r J J

i i ,  t 2 ,  2 l )

i i ,  t r ,  1 t  ]

{ i ,  t 2 ,  2 l }
J ,  . "
1 r ,  1 1 ,  p l  J

i i ,  t r o r  + - l )
{ i ;  t 1 , 1 0 o l l
i i ,  t z ,  r o r l ]
{ i ,  [ 1 , 1 ] ]

{2 ,  t z .  r o : "1 }

f 1 r l )

1 1 ,  L r ,  ] . J J

t i ,  1 1 ,  1 J J

{ i . ,  [ 2 ,  2 ] i

{ i ,  t 1 ,  1 l  v  t 1 , 2 1 }
.  { i ,  I t ,  + - ] ]

{ i  ,  I  tot,  +-J ]

{ i ,  I r ,  r o o l ]

{ i ,  [ 2 ,  t o t J ]

{ i ,  t r ,  + - l  i  ( [ r ,  r ]

i  { i ,  C r ,  + - l i .  e n d .

{ 1 }

{ 2 }

{ i

i s ]
{o }
i ]

{ 3 }

i +

{ s }
{ o }
{ }

f ^

s ]

u 10

I

{ c

a

0
a

i c

0
0

g

a
( c J

) i

A f t cn  n -no . 'Fss ino  the  f l nu rnh : r , t -  t he  f i na l -  con tex t  on  each  a rc  i s  l i s t ed  i n  t he

tabLe  oppos i t e  t he  c i r c l ed  nodes .  No te  t ha t  t he  resu l t s  a re  appnox ima te ,  wh i ch

i s  a  consequence  o f  t he  undec idab i l i t y  o f  t he  p r r : b l em o f  f i nd ing  exac t  doma ins

fo r  t he  va r i ab les  a t  each  p rog ram po in t .

T h e  n e > , t  e x a r n n l e  i s  t h e  h i n . : r v  q e : n e h  n F :  o i r r c n  k c r r  K  i n  e  t a h l e  R  o f  1 0 0

e lemen ts  whose  keys  a re  i n  i nc reas ing  onde r .  The  resu l t  o f  r he  p rog ram ana l ys i s

- i -  + 1 - ^  5 ^ r  1 ^ - - - i - ^l S  Tne  f  O I -LOW] -ng  :  i -wb  r :  1  ;  upb  : :  . l - 00  i

{ ( r w l ,  g r , 1 l ) ,  ( u p b ,  I J . o o , 1 o o ] ) ]

t :  { ( t w b ,  t 1 ,  + - l ) ,  ( u p b ,  [ - @ , 1 0 c ] ) ,  ( r , ,  [ - - ,  + - ] ) ]

i f  upb < lwb then

{ ( r w l ,  6 t ,  + - l ) ,  ( u p b ,  ; - o ,  1 0 c ) ) ,  ( n ,  [ - e ,  + e ] ) ]

unsuccess fu i l  sea l ch ; ,

f i
i_: '

{ ( r " 1 ,  ; 1 ,  1 0 0 J ) ,  ( u p b ,  [ 1 ,  1 0 0 ] ) ,  ( m ,  [ < ,  + o ] ) i

m : - ( u p b + l w b ) + 2 i

{ ( 1 w b ,  [ 1 ,  1 0 o 1 ) ,  ( u p b ,  [ 1 ,  1 0 0 i ) ,  ( m ,  [ 1 ,  ] - 0 0 1 ) ]

i f K : R ( n ) t h e n

successful l  search l

e l s i f  K <  R ( m )  t h e n

uPb : :  n -  l "  ;

{ ( l w b ,  [ 1 , 1 0 0 3 ) ,  ( u p b ,  [ 0 , 9 9 ! ) ,  ( m ,  [ 1 , 1 0 0 ] ) ]

e l se

lwb  : :  m  +  1  '

{ ( 1 w i ,  t 2 ,  1 0 1 ) ) ,  ( u p b ,  [ 1 ,  1 0 9 ] ) , ( r n ,  t 1 ,  1 0 0 1 ) ]

{ t r r t ,  r r ,  i 0 1 l ) ,  ( u p b ,  [ 0 ,  1 0 0 ] ) ,  ( n ,  t 1 ,  1 0 0 1 )  ]

^ ^  + ^  I  .
E : i : "  '
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In  PASCAL o r  L IS  l i ke  l anguages ,  whe re  lwb ,  upb  and  m shou l -d  have  been

d e c l a r e d  o f  t y p e  1  . . 1 0 1 , 0  1 0 0  a n d  1 . .  1 0 0 ,  d y n a m i c  t e s t s  f o r  a s s j g n m e n t s

to  t hese  va r i ab les  o r  bounds  tes t s  f o r  access  to  a r ray  R  a re  s ta t i ca l l y  shown

t o  b e  u s e l e s s .

The  l as t  examp le  i s  ded i ca ted  to  de tec t i on  o f  i nco r rec t  access  to  reco rds

th rough  n i l  po in te rs .  The re  a re  f cu r  abs t r : , ac t  va lues  ! ,  n i 1 ,  no t -n i l ,  dub ious ,

w i t h  t h e  f o l l o w i n g  o r d e r i n g :

dubious

not  -n i l - nr- I

L]

I n  t he  case  o f  a  f i n i t e  number  o f  abs tnac t  va lues ,  t he  w iden ing  V  i s  t aken  to

oe Lr .

The  p rob lem cons i s t s  i n  f i nd ing  the  K th  va lue  o f  a  l i nea r  l i nked  L i s t  L  :

va lue  nex t

The  i n tended  so lu t i on ,  w i t h  i t s  ana l ys i s  i s  t he  f o l l ow ing  :

{ (K ,  i - , - ;  + . - .1  ) ,  (1 ,  ! ! r i " i i ) }
i l  i l  < 0 t i ,en stc? i . i  ;

cui .sor  : :  L ;

[  :  t ( K ,  [ 1 ,  + - ] ) ,  ( c u r s c r - ,  d u , \ i o u s ) ,  ( L ,  d r : b i o u s ) ]

i f r i t t h e n

{ ( K '  [ 2 ,  + * ] ) ,  ( c u r s o r ,  d u b i o u s ) , , , . ]

K  : :  K  -  1  ;

{ ( i i ,  [ 1 ,  + - ] ,  ( c u r s , > r ,  d u b i o r r s ) , , . . ]

i f  cur : ;cr  :  n i i  then.

J  L U P

e l s e

{ ( K ,  t 1 ,  + - ] ) ,  ( c u r s c r ,  n o t - n j i ) ,  . . . }

to]  cursor : :  next  {cur:sor)

{ . . . ,  ( " u . s o " ,  d u b i o u s ) ,  . . , i

t t x ,  r - r ,  + - l ) ,  ( cu r so r ,  dub ious ) ,  ( L ,  dub ious ) i

f i  ;

i ( r ,  I r , 1 ] ) ,  ( c u r s o r ,  d u b i o u s ) ,  ( L ,  d u b i o u s )  ;

i B l  . . .  v . l l u e  ( c r i r s o r )  .  . .

\

,/

./

\
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I t  i s  s h o w n o  a t  l i n e  [ o ]  t n a t t t c u r s o r "  i n  i l n e x t ( c u r s o r ) t r ,  i s  n c t  a  n i l  p o i n t e r ,

and i t  has been taken account  of  the fact  that  the funct ion next  del ivers a n i f

o r  n o t - n i l  p o i n t e r .  O n  t h e  o t h e r  h a n d ,  t ' c u r s o r "  m i g h t  b e  n i t  a t  l i n e  [ 8 1 ,  a n d

f rom th i s  d iagnos t i c  i n fo rma t i on ,  t he  p rog rammen  shou ld  be  ab le  t o  d i sccve r

t h a t  h e  h a s  f o n g o t r e n  r h e  c a s e  c f  t h e  e n p t y  l i s t ,  , J n d  r h a r  o f  a  l i s r  o f  l e r g t h

v - 1

B - CONCLUSION -

S e v e n a l  a n a l v s i s  c a n  b e  d e f i n e d  f n - :  n h ^ 6 n = r  " s i n s . t h e  e e n e r a l  a b s t r a c tu l J ! 1 1 6 L l ' L 5 1 " I l S ' L i J l

i n t e n n n e t a t i n n : l o n r . i t h m  h n i e f l r z  n F \ n n r f o d  h e n o  I  n T  n - ^  ^ - h  ^ 1 , ^ r ^  - m ^ r a o
- o - - -  - - - - - . J  - - r - -  - -  t  Z J .  v t l g  U q t l  q u u L q  a D  c A d l l l P I E J t

e l i m i n a t i o n  o f  r e d u n d a n t  t e s t s ,  v e r i f i c a t i o n  o f  c o r r e c t  u s e s  o f  o p e r a t i o n s ,

^ . . - * r - - - ' - -  - c  ) t  - f t n ^ c r - i -  r ' n F ^ m = + i o n s ,  c h r i r - e  o f  t y p e s  o r  o r g a n i z a t i o n  o f  d a t a> U P P r y f  L i B  U r  ( - I l d B t t U n  L a L  f  l l f  ( J L l l t o  L

s t r u c . t u r e s  i n  t h e  c a s e  o f  v e r y  h i g h  f e v e l  l a n g u a g e s ,  e t c .
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