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6.6 RELATIOIIAL FORVARD PRTDTCTIVL CO IRAPOSiTIVL NElHOD {F)

. . . 1 f i c . r ' . '  . a ' a L . - o r  ' l - t .  '  " " " . "  e i w r  '  p . e 1 c . 1 , €

t r a n s f o . F a t l o f  o f  t L l x ' P ( x . l  ^ t ( x ' , x t l + q t x l l  i n i o  i h e

t P ( x l  + - i l x '  t ( x , a  )  ^ - ! ( x . ) l l  I

t l J .  t s ' � '  { t t , f  f  l  )  l v6 ,s , - *

^  t . l s l  ^ r r ( s , 6 1  ̂ 6 ( 5 ) l + J ( s , E l

^  ! - .  . -  / o r  l -  - t l , ' r s t L  i , s ' .  - J . B , r r '

o(5) --f(F,El l

t vs ,3 - .s ,  t€ (s l  ^ t^ (s ,s l  ^d(E l l  = t (s ,5 )  l

{ 1  . )

6.7 RELAIIOIIA! BACITARD DEDUCTIVE COI1IIAPO5ITIYE IIETIIOD IT)

- o r . r c p o s r L - J e  v e r s i o  -  o f  / - t ,  1 6

con t raFos i t i ve  ve rs i on  7  o f  I  l h l ch  l eads  t o  :

t ln(s ' �  -{ t t , rr})  lvs,s,5.s,
( I .o)  L. (s)  ̂ - r i ' {s ,F l  ̂o(3 l l
( 1 . i 1  i  t l s n s  . ( s t ^ t l s , s  l  ^
(T.€ l  "  .  (s)  +_TTs,s l l

Lvs ,E S,  t . (31  ^ t * (s ,E)  ^o(6 l l  +v (6 ,3 ) l

+i(s,El

6.8 RELAIIOMT SACKIARO PREOICTTVE COIITRAPOSITIVE IIETHOD {7)

Ths predlcttve fo.h of th6 6bove lndlctton prlnclple is I

ti)
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Trr€ readEr dan chacK th6t Jurther appllcottons of th€ tranlfom€tlons
-, -1 or- to th6 abov€ induction prtnclples do not lead to a ne induction

p.lnclpte. llo.e sen€ra]ly. ths followtng dleg.on oomt€E :

9 8

6.10 THE IIIDUCTIOII PRIICIPLES ARE EQUIVALEIIT

all sound and comp16t6. Nor6ov6r they are all equlvale.t 1n the sense that a

F.oof by elthar of th€!€ n€thodB ca. bB uEad to producs a proof by any oth6!

nsthod. Thls neans th€t if € p.oof has been done uslng 6 m€thod M tthet is

we hdve discove.ed an invaridnt I saitsfyine the verlftcatlDn canditions UCl,

end  l l r  r s  a r j  E l - - ch  -Bq i  i r €s  r o  o t5cove r  oa  l a , e r re . .  I '  a r l a f / -

i ng  UC ' ,  t hen  ue .6n  f o rnd l l y  de f i ne  I '  € s  e  f unc t l on  o f  I  so  t h€ t  VC( I )  imp r i ss

UCr ( r , ) .  Th l s  f l n c t l on  16  de f l ned . s  f o l l ows

-  r f  r i ' ' f r  th6n r '=r
-  t f  M ' - , ^ l   ren  I ' - -1
-  l f  ' - I v -  .na  t ]  : s  d  ods . -p 'esear  . fen  I '  , , : l  -

t v * s ,  ( e ( s )  ̂ I ( s , s ) )  + { ( s , ; l l

-  .  i i r " r l - t  € r o  { i  l e  a  p a e ! - p r 6 c 6 1 t  n F . h o d  I n e a  l ' r , , ; r  -

t l * s l e ( s J  ^ I ( s , s )  ^ n t ( s , ; ) l
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t hes€  t nduc t i on  p . i nc i p l es  i n  t he  f o t t o l l . e  t db le  :

v9,5 , t€ ts )  ^ r  ( s , 5 r  ̂o ( a l l e ' r ( s )
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t i  (51  ̂ o (c l  I  - ( , (E)  l

(Z )  t l r<  (s  '  {  t t ,  f f }  r  l vs ,  s ,  *s ,
^  t - { (E l  ^o(5) l  - t1 ( i l

^  t l s l s l t  ( s , s 1  ^ t ( s 1 l + r ( s )
. t s l : ) - i t s , s ) l

1Z) I  l i€  (s  '  { r t , r f } )  tvs,  s , -*s ,
^ t-Ll(E) ̂ o{5r l:tr (El
;  r ( s )  - - t l s E S F  1 ( s t  ̂  t ( s i  s )  l

e  t s l  + r i  t s l  l

7. COIISTRUCTIIIG AI{ IIIVARIANCE PROOf IIETHOD FOR A PROER$!'IIIiG
LAIIGUACE

{ i : -  }  l  r r .  {s '  { t t , rr}r  tvs, s,6€s,
^  t € ( s )  ̂ 1 ( s ) l - - i ( s l' ;  

t l5 ls  l r (s1-^  t (s1s l l -  i  (s )
d (E l  :>  -  i {E l l

t l i r  ( s  +  { t t , f f l  I  v s , s , E  s ,
l E ( s )  ̂ - ( , ( s ) l - t i ( s )

F . tnc ip l€  l t ]  i s  der iv€d  f rom l rq j  bv  de f ln ins  i t s l  =

l l *s l . (s l  ^1(s ,s ) l  (o .  i (s )=L ]_s€s  I (s ,5 )  ^oGl lJ .  L lhen {  i s  an  dsssr t ion ,

l  i  1s  ecu lvaren t  to  ( f l i  s ince  one can choose I ts ,s t= te (s r  ^ i (s r l  to .

r ( s , E l = t 1 ( s l  ̂ d ( E )  l )  -

that arl .el€tional nethods ere eqltvatsnt blt a63e.t1onet

ont! those 1n the 3am€ column beotng

Startlng from an lntroductory 111!strat6d the valious

nethods whlch prov€ the partlal . p.og!am, vo

abstracted the undg.Iylng lnductlon pllnctpl€s snd shown thet they can be

lsed fo. provlfs 6.y t.vs.tance p!op6!ty of proerams.
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7.2 CITOICE OF AII ASSERTIOII LAI{GUAGE

once  en  l nd ! c t1on  F r i nc iF l e  l r as  been  chDsen ,  t he  vo r t f l ce t t on  cond l t t . n

f o .  .  p . og .am P  ! 1 l t  be  o f  t he  f om :

l l ! .  A IP ]  l v c IPJ  ( . , o ]  (V ) (  I  I  l

uhe rc  t h€  €sse r t l on  r . ns l ase  A [F ]  r s  i  s [P ] z  ' { t t , f f } )  f o r  rE la t t ona l

i nd l c t i on  p r i nc i p l es  end  (  s lP l  + t t t , f f ] l  ones  a .d  t he  ve r i -

ficatiDn cDndition VC[P] ls e conjunctlon of three condlttons dependins upon

indu.tive inv..iant I on the p..gran

be exFressed of A[P]. The p.ao{ netrr.d h.s to provtde fo. €

L € /  o ,  e ? o r e s - . r s  I  ' .  E r  F q L r ! . 1 € r L . u r  n o . F . o r v e r l € - t  t o m .  - s t  ; 0  a T  b -

the set .f such eqliv.lent fo.ns i of I.

Xt@ele : ConinE b€ck €t pe.agr€ph 5, !e had fo. the prDs.6m F :

1 :  o ,  =0 ,

;  x :  - x  Y ,

c  =  i 1 , . . . , 6 ]  c o n t . o l  s t a t e s
f l  =  {x ,Y ,A} '  z  nemoly  s ta tes
S  =  C x n  s t a t e s

r .  A IFJ  -  I s ' - l t t , f f ] )  lae  exp leEs6d as  a  vec tor

i - . p , , , . , , . .  " n * "  P r . r  z 5  . i t r , 4 4 ) r ,  I . r , . , . , 6 .  r h e r e r o r e  i [ P i  -

I  (25  - { rL , f f l r .  Ena a f  E tunp le .

7.3 DEFINITIOII OF THE IiGAIIING OF II{E ASSERTIOI{ LAIIGIAGE

The hedning of i. i[P] .En be d€flned b! slving th€ equiv€rsot l. A{IP]|

that ls the equlv.r€nt aEsertlon or relEtlon on progran states. For that

p!.pose !e 1ntrodu.6 E patr of functlons p[P]€( i[P]- A[P]) and ;[P] .

t efpl. e-fplt such that pltfl(il ls the mBantns of i. i[P] and ;[P](r) ts

the leprese.t.tton ol I€ A[P].

E tup le  l c . r t ' . t .  Tne re .n t rs  04  i= (4r , . . . .o61  1a  I .p t i l  suc \  tha t  I (s ,s l -

I i1 .c ,  x , I ,q , : , y ,q .  2 l *<1 ,  (x , l ,g ]>^E.<1r  (x ,y ,c )>  ̂ Pr  ( r , I , x ,v ,q l  l .
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7.5 VERIFICATION OF THE COMPLETEIIESS OF THE IIIVARIAI{CE
PROOF I.IEIHOD

method hss been deslsned, i.€. irpl uno rTcrpl r,""" u,un
de f i . ed  fD r  € l r  F .og .ans  F  i n  t he .ans ide red  c6n  6hsck  t hs t  t he
me thod  i s  comF le te ,  r h€ t  i s  I

tvs,E s[p] , t . (s)  ^  t Ip ]*  (s ,El  ̂ o(6 l l  -  ( , ls , i l t  _  Gi< i [p ]  ic fp]  (u,o)( {n i ,

r l r .  A[p] t  vcfF](e,d)( r t ) ( r ) l  :Hi€ i [FJ l  f fc tp] (€,o l r , l ,x i ) l

r.qurre i to be the .epres€nt.tion
s l f f  t c ien t  c .nFte teness  cond i t t .n  :

vI€ A{ tp l t ,  vc[p] r . ,o l (VxrJ + \7c[p] t (€,o l (Vr  ; [pn(1,

8. SYIITAX AIID OPEMTIOIIA! SEIIANTICS OF TTE EXAI{PTiJPROGRA!,I.1NC
LAIIGUAGE

Eefor€  app ly inC. ! .  oFF.oach to .  f€w eranpres ,  w€ nav6 to  de f ln€  th€
Froer.hmlns lenguege ,h1ch uilt b€ used fo. rhese exsmptes.

8.1 SYNTAX

A proer6m consists of a tisr Df Eequentlarry executsd coma.dg. comands
cen  b€  n !11 ,  ass i gnmehr ,  cond r t l ona l  o .  Ea .h  comahd  1s
prEceded €nd follo{ed by !.1qu€ r.bels the only pulpose of lhich ls to
oes l cna te  p l os .€m po in t s .

Le t  L ,U ,E . f d  6  be .€sFe . t i ve t y  s t ven  se t s  o f  16be1s ,  s l hp le  va l i ab t€s ,
exp .ess i ons  and  (LnV  -@) .  I ha  f o r l ow tng  con tEx r_ f r€e
gram€. flr€. defln€s th6 s€t p of proglam (coffind llsrsl dnd C o{ comnds :

of l, we obratn the fortoqtnC

P : : '  l r  I  C r , . . .  r  L n : C . r  L n r r :
c ::- :!lElur=El.i: R ilgs Pr c.i:c pz .gtaE-lg s !s r:!L

Glven a temtnar st.ing N de!1vlng fran rne non_t6.n1nar I {s mlte
N=d lN : . . . onNno . r r  t o  s t a te  r ns t  f l r e . 6  ex l s t  nay  be  emp ty  t 6m1ne1  s r l i ngs  a l
dno  non -enp t y  t e rm lne l  E t r l ngE  N1  such  t ha r  N  tE  o f  t he  f om d rN r . . . cnNncn+ r



t (r' rl fidnor . /]vLlruill [JI.1 I - (<xi1>'<u' r>l [d]1

| (urr)[d]101 = ]! or paslEr.

5T ! a1€1E ^roudu pue Ispldq (il uill[a]l.x e Il n I6qeI Iq polEuEts€p lulod

uerBord a'tl a1 e€o? lorluo. 
'u ol€?s ^r.u€u uI I I6qEI Iq pa1ElBl5ep pueuo:

elt ?ur1n.6x€ usqi +J fluo plp JI <u'l> alels ]' ro€s€orhs e 61 4!'n>

({}}'11i+z[d]s), [d]l

: 1I.66r ue.rooq !1IA s.1E?s

!o uoll.unj ^reulq e €e pacplsuo! sT 4!il> ros€€!'ne 'lqlssdd (IuE JI) AIlo

slr pue d uertord +o <0'r> ale1s e u3ai16q [d]1 uolxPlsr uoIllsu'r] €ql

n,uollEt.tuo!1!sueJr z'z'8

sa1.1s J.o 1€5 aq1 i[a]u x [d]l - [JIs
Jo las aq1 .(d+ [d]^ ) i [d]!r

d uerBord uI readdE q.ILld salqETre^ +o lBs aql '{g^!=dlnr^} - [!]A
d uErE.rd !r JE.dde q.!qi staq6l +o l.s 3q1 '{g:ln:rl?r,} = [d]3

: gurlap ai ard ue$ord

p ro+ .Ilreuroj '�pBI+Icadsun 1JE! €q llli q.t!n 4 uleuop 6uos 01 E?uoraq

,srslr. It r€^€Laq6 'enle^ srql ^ EBlqelre^ uErSord aql Jo (^)d snle^

.ql s.ur+ap 'l.I'ra 0 uotFln+ Ielrred E e I ole1s (luTod uerBoJd

e a.r) I61e16 Iorluor e ilo rslsuo. d)d uEr?ord e +o <u'l> salels aql

s'lPls I'z'8

sll-tNllus 1vil0lwt3d0 z'8

(tzlrrt c tr.: z tt: rr!:Jl .d,dA)

slsqe! 1e'.11 lardrcxa ro, 'se q.n€ 6uEr?ord

aq IITA loTlElou slqf

a.Lo tP.dde ^IUo u.r

': - !iAII!:rn r grt:l.o - :€ia;tdrzJr:t r d

3^Eq eh :€Jii;l:z.g pup ̂1du6 n Bul6ooq.3.uTs €nr] 5I €rl:r€d !€'11

: s rait?, z rAit!: ! surrts.'r1 sr d ple sr.?alur arP slecel ,! 'ardaExa ro!
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couso t  3  couso t :  l nduc t i o !  ? r i nc i p l €s  t o6

rld.ry stat€s .en onry be chansBd by assigment comands v:=E. Let
lE€ (E+ l  f l [P ]  i r ) l  be  a  s i ven  semn t i c  f l n c t i on ,  such  t h . t  E [ f l t n l  1a  t he

E in memory state n_ The effect of an .ssisnment v:-Ej
ts to evaluate exp.essron E and assisn lts vstue

v.ridble is modlfied since side-effects are disalloled .

tm [P ] (L ,n )  -  : i  (P :oL : v : "E iB )  
i l g !  n t v /E [E i ( n ) ]  e r$  m

lhe re  m lv /d j (w ] -m(w)  when  w€  v [p ] l  { v }  and  n l v / d l ( v )=d .

. € Ie t i on  t c [ p ] ( L ,h ,L l  be t reen  d  con t ro l  3 ra te  L  and  i t s

neno.y state m 1s defined by cases as fotlols :

t c [ P ] { L , n , L ' )  =

t
t  . ,  P : a L : s k i F r L ' : 8

J  P=oL: ; i : ;  P '  f l ;L ' :  B

P=aL:v : -E ,Lr  :8  ^  m.d@(E[En)

t  , ,  P=oL: l f  B  then L ' :e
;  P=dt ,wr , i l ._B !9  r ' ,F

. 
P:duhlIE B do L ' : r r I . . . I Ln : cn ' L : od I B

' ' tn<d@(ra [Bn]  
^  ra [a t  rm] " t t l

th€n  p '  e1s6 L '  :8
.: P:dL:;Fl1e-B do p'-d-, L' : B

.  
-  

P=@h!1e-E do-_ I r :c r ; . . :Ln :cnr  L :  odr  L , :B
" (o<doz(E[g l ]  

^  rB [dn  (n ] -+ f l

'i

"i

l

Fo. €xEnp1e, if cont.ol 1s .t polnt L before exe.utrns a whtl€ toop or
aft€. exeoutlng lts body, th€n control go6s ro point L' d€slgnatine th€
+1rst comnd of lts body if the test is {€Il-deflned snd t!!e, cont.ot exttg
th6 roop tf the rest 13 lerr-deflned and fs1s6 and pros.sm €xeclrlon stop6 (ar

posBlbl€ successoll lf the rest Is lll dsftned (that ls lts
evallEtlon lE.ds to € run-tlne e.io.l.



(!l(1lr

(uI lr r {<!'r>xr)[dJd
&j_jv-[d]vi[Jtd

t IIIEUTo+ erDrJ 6XE1s lofluo. se I 5ot^eq <u'l>

Ile Jo d 61E1s ^rou.u aql uo spT.tl l lulod @J5ord 01 F6q.EllE

uol+r€6se aql leqr €I suoTlr.ssE +o 101.6^ 6Iq1 +o EuTUEau €ql

{rr'rr'_[a]r' Gil| - - ta.lv
€ro+eralI 'luTod urr€ord !.e. 01 peq.Plle s€Pls ,ft@au uo

r ro1.€^ e Iq [a]v rI uollJdssE uE luaserd.r 01 €pl.€p €rl

lovng vl Nollllssv r,lv l0 Moll €'5

_{:rr--.i)3 .[o.[c )EAl _ {rrt,t[dnr]^
Lt (s,,. J{r"11 v | , !r'-. [oJ! ), rtJ-€ rs )r '� [ojs '5Al - (I [dn ]T

trsJIq!(.crov t.Er4-l'[dls sAl . IIllo lr'trd]01^
rrtr3l[d]lrl^ ' r(ltld!rl^ v(r,lo,4)[d]or^ - irn4rxo r'[d]11^

({}}'1x}+ [d]s ) = [d]lv

t (r)(/ir)(o'3l1lrI3^ IluIv rrEl

:oro} eq? +o s! {z) reuorlu6^uo. erdr.ulrd uorl3npur slqr .ouls

Brduexa sE (") a€ooq..n .pasn 6q ue. (, Jo lzl (11'(11 Eordrourrd uorFneuT

rt.s qdedered .s61e1s IEUTJ uP sT 4 a.uTs

ltdl? ltd  otl3nou l{v l0 3itot{t z'6

t(: tr=dl!l = (<u'1>)4\
11 = (<u'r>)o

I tulov t!:r=r)l = (<u'r>13

araqn

t(9,1,!t(!Jov E,El,[d]r v (-r3t ,td]s,g.-sAl

: st l€ql
Eulfp €181s slqE'.1.e€r ou +T AIuo pue jT €leuTuar

Ilradord lou 6€op ! @rBord 'Arila !o EeIqETre^ uertord BLtl Jo 6onle^ €Iqrssod

aql ]o uorlezrralserEqs E aq t{}}'11}r ltd]r,i ),0 puE 'uerBord e aq d'd rar

llxSdolld llrMlv^Il llv SV N0IIYtlll{I3I_ll0l,l I'5

swuloud l0
NoIlvt{IIr3l-wN g[Iiotd t0! 00H13t{ v l0 Nglslo : Stdr|tl '5

saldIsul:d uolrrnPq :losnot r rosnoc



cousot a cousot. Tnduction ?rinciples 103

R€ctprocarty, .n ssse.tIo. I€ AIPJ is rep.esented by p{tP](I)€ AllEn,

vectDr ! of ssse.ttons .n heho.y stetes

vL€ c [P ] ,  i (L l (ml  =  r (<L ,h> l

9.4 OESIGI{ OF SOUIID VERIFICATION COTDITIOI{S

L,€ have to clofrne Vc[P], su.h that :
;c [p] ( . ,o l t r r r i )  + vctp l (e,o)( r in  p[p] l { i ,

srnce vctP] is 3 conjunction of three ve.ification conditions, He choose

ic[P] t" b' .f the s.me fom, th€t ts :

' . i  r  " l  r  c ,  o l  r ,  r  i  r  -  v-Lo[pnr, ,o.  i ]  ^ f - . ["- t . i1  ̂  S.x"1r.rr^r

rae  "bove 5orndnes,  " i r t  " r tp ry  " r roo" "  '

r i^9orel  rp,o tr i r  -  vcdIp]r \r ,oIp[rut in
Vcr{LPI( I l  -  Vcr IP](  o[P]  (  i ,
; - - ; I F 0  - ,  1 .  - _ v c . I P j  c . r p [ - [ r i ) r

9.4.1 Basi  s

= Vco[P](rr,d)( p[P](i,
-  t r *  s [P] ,  t_ t .s l  ^d(E) l+ p[P]( I ) (El l

lBlna the fact rhdt s[P]= c[P]x rlltPl :
'  f v - €  L t P [ ,  n .  n t P J ,  i _ v ( r  , r > )  ̂ o r . r  . h > r j  4  o t P ] ' : ) ' . r  , h > l  l l

Repl€ctng rir,o and p by thelr deflnltlons :

'  tv l .  c lF l ,  m€ r ' l [P] ,  tp :or , :o i te l t r l l
There 1s one and only one exit 1ab€l fo. F.og.tr P :

.  t  (P=qt :  t^(Yn.  n[P] ,  ; (L)(hnl

9.4,2 Induct ion step

\ic1[P](il
-  vc i tP- !  |  o tP-{{ .  J I
-  tys:  r t rp l ,  o f ipn l  l rsr - - t ]s '€s[" ] t -p[1 l ( rxd)  ^  r0rufs is) ] l
"  tvs€ s[P] ,  p [P](?) lE)+ LvE .s | t ru,  t [qn(s, ,s)  + pfctd)(g) ] l
.  tvL.  c [Pn,m< n[P] , I (L l (m)+ [Yr .c t rFJ,r r€nl tP] ,

-  tE PI  (  <L ' .  m>,  <1,  m> I  +I tL ' r (d) l l
-  .  L- -  tvm. r [F j , I (LJ(nJ6 Lv- 'cc[Z[ , ' r r . f l [ f l ] ,

r  tc [Pn( . ' .nr .Lr  ^n.  tm[PirL l i rJ-  i ( l l ( r r i l ]
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.BuoTlElou .TuoEuu IEuolul BuIsni

iI
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g,F6-,.rlU3:ur. " '13:r 6F €;iiii[lEd

ro g:r iF € fiF:.ro:d ro d: InElT o Ji:. l!:d - (pJ

t(tpl^lu)[-1]r G ItIp/^]utlBIa=(^luv ([3]lTl@Pr[p/^]ul'4rpAl+ (uxrlI

: olul porlTlduls 5q uE. uoIl]puoo sTtll €$+ero'11 lua@BTsse Ell

orolaq ^ ]o anle^ oLr? sT orp er6qa [p/^]u No] 6q1 J.o 6q lEnu ,u 1Eq1 €.IloN

t(plLrlr c L0!l[]j:rll^ l.u'ov ([]iJ)uePt r'[d]1,J,/!Al3 (ul(1)r

: re'rl ^JIJa^ lsnu as uaqx g:l:3=:^:,r!=d,I - (.1

tuttrr)r+ (o)(II

! oluT paTlTldlrs €q uE.

uorlrpuo. uorle.TlTra^ BLrl 1Eu1 os ,p-(,u"tllrJu1 pue €nr1 sT l-r']!ir)[d].r

uBql g,r'JJ! ,t!=d ro g: r,i?d 6Ei5: .rD:d :o t:-tr?ilE: .]rEd +I - (ql

.€ l ^rtE.ltuopr

€r uorllplo. u.r?E.r+rre^ eql 1eql oB 6€!ej 6I (rlr1])[d]lox r[d]r,r)/!

'[JJJ).] ua'rl 'luTod ^qua uerBdd €Ll1 6€3e!?I6ap-l sT lErll o!l-:d ]I - (sl

: [d]!x ]o lotlTuT]€p dqr or aulpuod

snoTrE^ aul o1 BuTpro..e p6ul+ar rBqNn+ €q uec uoTlTpuo. sTql
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attached to proar8m point Lll :

, Nult comdnd I

. . . L r : : I t P , L , : . . .

, Asslgnment comahd I

. .  ,  L r : v :  = E r  L r : . . .

. c.fditlonal comnd :

. . . 1 r : i f  B  E

L i !  
'

L " :
L 5 :  

'

La:ll.

. Iter.tl.f comand :

. . . L r r l h i l e  B  d o
L r :  

_

L : r " '

!9,

P ,  +  t w , ,  ( v = E l v  l  e  p r  t v ' l

P r  +  L -3+Pt l

P , + t B +  ( P !  ̂ P 3 ) l

P 4  +  t - B +  ( P r  ̂ p j t l

9.5 EXAI'IPIE 0F PR00l USII|G THE DESIEiED tlETHoD

Let uE prove th€t the fotloutng F.ogran

; :  a : ' o r
;: !I1l-? x>Y !-s
; :  a : ' o ' 1 '

ctednty lhen thB tnitl.t vdtues x,I of va.1abt6s X,y are
such th.t *0^f0. t€ 6Bluf,6 that the doru1n t of valu€ of €ch varlabl€
1E the set of lnt€gors b€tw€€n tro boundE mtn 6nd mx. Tha.6 bohdB a.6



'(llll€rJEi|e El r€Fe l']lIu [d] uolllpuo' uolle'

-T+TJ6^ el€Tdloo ou 'l[J]|o 6.Ioq. rerll io} lEll 6su6€ €Ll]

-Blaldbrrl lPluslEpur+ E o1 pe6r Ler 8.Toq. 6TL (fg/lpue4 ?'cl JoTln$t6

tuTrnF 661€1. jo E16s alqlssod IIe 6qTr.EEp or t6pro oT qBnola.^Tss€rdt3

aq lou^€o [!]v pos.TldrouoEl xou €E [d]lv pu€ [e]v !ei.u.B uI

'B€1e16 J.. .lE€ +o slolldTr5B€p .Itlorouosl lnq rellu1s€Ip

arp I pue I E]!et$^u1 Eql rEql sT ltalSn pue [d]34 uao46q 6.u6r6]]]p

^Iro B.tr r6^oqe re ,u€'r- [d]34 01 1u€I.^Tnoa sa 01 raprd JT rtnou€

o€J€r1tu6r16 B. plno. ltd]Sn 6.uT6 lelu€uepun, lDU hr s\alexeldudrJt +o E€Er e

qrfs .61ald!o. 6q 01 4ou qtnou€ IeEA uo€oq. u€eq 6^Erl plno. [d]!n 
'(osr.^uT

sll sr [d]d puel [d]v puE Gl! u€€46q uo odttq F sI [dJd 
'r.e] uI

.rET^Tr1 Br 'rrfrri .r-((r)[a]9 )[!]d le'rl r.€q. o1

1uBr.r++ns sT 1T (11[d]d I4)(o'3llldlr^ -(rl'lt)(D'3)[d]3j 1e!1 r.e] aql ?u'!sn

(r)lldlg I4r(o'3rlld]rn e {rx4)(o'31[d]3^ '[d]v 'rA

r 1Eq1 !.6q. 01 €^Ert €M 9 l qdedbrEd o1 BuTpro..v

l
l
l

x:ll] sslr{:n3ldiol l'5

11 = l4rI'x) ed

5r...,!.r rd+ t(o>tl+to=Itl = tb'I'xtrd

: sluerre^ur Eutholto] eql tul€n ^tleuro+ pe^ord aq uE. slql

.x Jo 6ntE^ IEtxtul .qx uo sIe€rtlod^'t 6qr 'tllfl uoTloTpFrluoo u'! r0>! J.T AIuo

€1EUTu61 plno. uEr?.rd €ql O=I jt 'unprnsqe pF !T1.np.J ,lq rIIs^TlInluI

(b.I.xt r4_ c L(o=Itvtxeurrro) l

 ,b'f'xl IdG i0-b) rtxEuruTUtr,bAl e (b'^'xl?d

t(b.,{rtl,!v {b,frx)zd) < (f?x]] c (br^ix)!d

Il-b.'l,xl.d <: (b'^.x) rr
(b,t!^+!)id <: (b.^.xtqJ

t(b,,{.x)!dv (brIrx)zd) G I^>,ll € (b,^.xlrd

(b,,('r) ed

! (txtu'lTUl, b'^rx €reqtrl

aul{olIo+ ar.tl €Je tsuorre.l}lldu'ls teT^Trl rdt}el suoTllpuo. uollert+!rE^ Eql

IIIsaldIlulrd uo'ItJnPq :tosnoc r tosno9



Induc t id  Pr inc ip les

10. ExAr,lPLE : DESIG| 0F A MEIHoD FoR PRoVING lllE CLEAI1
BIIIAVIOR OT PfiOGRAIIS

1L2

Le t  P .P  be  .  p . oe .dn ,  and  Q€ (  n [P ]  r l t t , f f r )  ba  a  chd .d . t e r i za t i on  o f

the po351ble 1.ltlal v.rues of the proelah vallables. Execltton of p.og.em

does not l€.d to a rln tlm€ e..or lf and ontv 1f ony.ea.hable 6tat€ dlrlns

€xec l t t an  uh t ch  i s  no t . n  €x i t  s t a te  has  a  poss tb re  successo .  s t e te ,  t ha t  t s

tvs,E€ StrPl ,  tE(s l  ̂  t [P] ' (s ,E)  ^o{5) l+V{EJl

i  l L ' .  c [PJ ,m' .  r1 [P ] l  t l tPJ(<1,n>,<Ltm>) l

thEt th6 only dlffe.e.c€ lith ls q End {'. Therefore

indlctlo. p.inclF16 and .ssertion

veriflc€tlcn condltions lirl be those of S.4, except for the

Vco[P] ( { r ,o l ( l l
-  vcd [P] (V ,d l (p [P ] l t I ) l
.  t r5 .  s [P ] , t1 (E)  ^o(d l+  o [P ] l { I ) (E)
.  t vL .  c [P ] l ,n<  r ' l [ f l , t_ iP :aL : )^ (vL ' .  c [PJ ,h '€  ] l tPL

-  t l tPJ  (<L ,m>,<L ' , | rD) l  +J(LXn l

Ther6for6 for all tabels L of proeren P but the etlt

t vL t . . [F ] ,m. r , i [pJ , -  t [p ]  (<1 ,  m>,  <L i  n r r  I  I  + i (L In )

Ihls oondltlon cen be further reflnad Eccordtng to the vartole

pondlng to the de{1nltI.n .f t[P]l !

(a l  -  I f  P=dL! :S9,1 ' :8  o r  P :oL :91 :9  P '  f t ,L "8  o r  P :aL : f1 ;L ' :B  then the

l€ft h6nd slde 1s fals6 and ths vs.lflcatton condltto. is identlcElly t!u€.

( b )  -  P = d l  : v : . 1 , 1  ' : 3

tnad,n(E[d)  ]  + i (Lxm)

(c l  -  P :oL : f  B  thm I  o !  P=oLrwh l re  B !9  B or

P = a w h l l €  B  g g  L r  : c r , . . . , 1 n : c n , L : d d , 8

tntdor (E[En ) ] +i(Ll(hl

l,Je o€n rccaplt!lat€ the v6ttftcEtlon d.ndtttons as fo11d6
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(br^'x)ta!€Lo<Ivo?xl

I f.bilirl td r (o.b) rtt*'LIrl,ioAl <- (brI'xl'o

t(b'rrix)rdv (b'AritzdJG(^.vll € (b'Ai.rrd

tL-brirNl.d + (brlixl ie
(b.ll'I+x)rJ e lb'^'xl sd

L(biI'xl,dv (bi^rtlzd) < (I>x)l € (br^'x)ed

(b.frxt tda l{xE!<(rr-tr^tulo> (I-r)) l-
(bif rrl.d+ treu<(Llb) l

: E$ (sooTlE.IltlduTE IEI^IJ4 reXle) €ooTllpu!. uo]le'I+IJa^ dql

'txrurul!].4 Pue o<iv o?i leq1 q.n€ ore l pue x +o Tt

B€nIB^ IEIIIuT 6q1 J€^ou6qa €lql€€od €x rorr6.rtTl_unr ou ler'13 a^oid um 6i

rpo:;
'I_X=iX .l
I !rb::0 

.\

nE r.x Er1qa- ::
to''0;;

: mrBord olduei6 rno rol

tsd vrdl+ed

trdcB-lcrd
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Induction ?rinciples

onty if th€ lnitiar varu€ x of X tthst is q*y+t h te.n of the

of vari.blBs) is sreater than nax, 1. contr€dlotion wlth the fact ihat

Ihis leasonins is fomallz€d by shoulng thst the fotloxlng dssertlons

sat ls fy  th€ .bave ver i f t ca t lon  cond i t iDns  Ish€ .e  t ,y .q  €  Lmln ,mar l )  :

P r  ( x . y , q l  -  t - ( r > 0  ̂ y > 0 l l
F , ( x , y , c l  =  P s t x , v , q l  -  l ( * o  ^ v > 0  ̂ q > 0 )  +  ( q * v + x  > n a x ) l
P3(x ,y ,c l  =  l (x>v>0  ̂ q>01 +  Iq*y+x  >mar l l
Pr (x ,y ,c l  =  f ( *y>0 ^q :11  -  ( (q -1) iv r r>  m. t )  l

11. tTA PLE I DESIGN oF A IGTHoo FOR PRovIr{G GLoBAL

INVAiIAIITS OF PROGMI.IS

Lst P.P be . Erosrs. A globar ihvallent ofjroelam P ts an a6Esrtlon

d.(rl[P] +{tt,ff}l on the values of the va.lsbres *hlch 1s 3r,.vE tru€ dorins

p.oer.n axecltlon. This hean6 th€t :

tv : ,5€ s{ tpt ,  I . (sr  ^  t [P]nr(9,3r  ̂d(E) l+{{s l l

e (<L ,n> )  =  [ (P=L :o ]  ^O(n l l

Ehooslng tha tnduction prtnctple end assettlon ranguag€ con31d6!6d at

pa.ag!€phs 9.1 and 10, the v€llficatlon condltlons wt1l be ihote of s 4,

except for the hagls :

fcd[PJ(v,o](i)
.  v-^ [oJ r ! r ,d ] tp[p]  t I lJ
-  f rq:  s [ "n, f - { (q l  ^orE| ]+ p[p l l ( r tcdr '1
= tvL.  c l tP l l ,m.  n[P] ] ,_6(m) +1(L) tn l l

so that for 611 Frogr€h labbrs L u€ hove tD p.ov€ that :

-6(n l  + i (Lr(n l

Fo. o!! Bxairpl6 plogre :

; -  0 r - o r
: whrre x>Y gg
; :  o , - 4 . 1 '

I ' o a ,
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st qcTqs ldr AF€dord rgtn.TlrEd Eql uodn pu6doF lcTqM €uollTpuoo a;oq1

ro+ F€.;E) 6@s €1tl 6q IITd E+ood IIe $+ 6uoTlTpuo. uoT?E.!+!r!^ aqf -

I lsLll q.n6 EI reql raool4eolldhp pIo^E q.Iqn €po(]l€u joord asn

ol $ll€q ET 1I rpEF€do8 oa6q €^sq 6+ooid 6q1 qanoqlle 116^6@11 oldT.olrd

uoTpnpul +u€ro++tp e 'iII..T6Eq ET 1Eq1 rFoq4BU +oord elueTrr^oT 1u€r6++Tp e

ssTF€dord sEoqr jo q..6 ro+ eEn uE. e6 ?luEpuEdeplr.re ElooJd €Lr1 €.uTs
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(!r14'at(sjov (sicjt[a.[1 v r€]rl 't.[s,g'EA

! 1€'11 IIB^I€€6..ns

(Bs6Lr.arror rerl'Edt t tg.Er^':: (,-!o-r) l- (<!.-D.<n,l,l I'

(roT^elaq uealol

t(<ru'.-r>'<s']>)[JI?l [d]r ',u '[d]3 ).]Ft c (:lo=!lel:t<9!l>l?'l'
(tueTJ€^ur ^lrpqorA sT 9) (E)0.(<!'1>)r'i'

lx. (<s'.]>l!
(6€1e1s ^rlus sszTi6t.ErEq.l !(E)Ov {,:-dl l= ( <o-';) 3

€16!n

t(:.Flrnv (:)zdv (:),i'1G11$ov {.5.'E],6a1r v 1E1:1'ga1s E'_6^
: €^old 01 rspro !I 'a!d@xa rol

'sur..oo. €1efEd6€ or JaPro rr uJnl uT saTlradord 456'11 E^ord 04 p€puouocaJ

^rlensn BI 1! (ssaupaJJDc I€TI€d puE roT^eq€q ue€I. '€cuelrE^ul IeqoIB ?'al

uer8ord e rnoqe Oa^drd 6q o1 a^€q seTladord e.uelre^ul luara]+Ip JI

Sl{Ytl9old l0 SllLlldold llrMlv/ll{I lllul:lll0
9 llotd tol 500H!rli lrvrNl{3rdr{oJ 9lllsoorll : rlolsnllrlol 'zI

t(o>b^ ot^^ o>x) c ir\>x)l=(brf xled
t{0>b^ 05I^ o>xt e (A<x) l=tb,{ x)i;=(b,.(,xt!d
to>b^ 0tI^ o>xl=(b Arxlsd=(b',r'xlz!=(b'f 'xl Id

: su.T e66E Eurmlloj

slrtl +o luelrE^ur leqor? e sr (o<bvO<{v0<x)-(b'A'x)O leLl1 e^.rd o1 ropro uI

(br^rx I rd-G (br^'rl o

t (, b,^,") rd - r0.b).trtururulri bAt <: (b.,(,! ) zd

t (b,n.:)3d v (b.f,r)z!) <= (^?x)t<: (b,I,x)€d
(r b.A.tl sd <: tb,,l.xlrd
tb,I.I+xlia<: (b.f .xlsd

L(b.^'x),d v ib!,{,x)zdt G tI>xll<: (bi,rrx)ed

s...'.ztr-r (br^rx)IdG ib!^!x I9-
: (txeu'ululrb'I'x Br€Ltol ?uFoIIoJ o'.11 €F suoTlTpuo.

l

j
I

srtsa:rdl"rlrd uolrJnpul :losnoc r tosnoo



cousot  &  cousor :  Induc t ion  Pt inc ip les 116

In the ces€ of grobar tnvertance, cl€f beh.vior end partldl corlectn€ss

these .€qui.ements are fulf1lled Hoare's m€thod .nd in our

I f  t nduc t i on  p r rnc rp l e  { 1 )  ( . .  { 7 ) l  i s , . . d  f o .  s r r  t h ree  p too f s ,  t h€

ve r l f i co t t on  cond i t l ons  l l ,E )  and  {1 .1 )  . r e . omon  t .  a t l  p t oo f s  dnd  on rv

l1.ol dep€nds lpon the partl.Llar oroperty Vr {htch Is proved tnvarlant.

indLctive invarldnts fo. all pro.fs, n.merv

I ( : , s ) . t e ( s l  ^  t I IP I * ( s , s ) l  i s  t he  s t r onses t  one .

The3€ rsquirenents are rat fulftlled by fio.ris Cl'l4brelt's subBoar

lndlctlon method. 15 slrFrisine, stnce th€ above argument

l h l ch  l as  used  f . r  l 1 )  ca i  b€  ' epea ted  f o !  ( I - ' ) .  Ho ,€ " . r  t he  s *onges t

com.n  l f va r i an t  f o r  o l t  D .o . f s  i s  now  I ( 3 , ; ) = t  t t tP l - ( s , ; l  " o ( ; ) 1 .  s i . . .

o(;)-tt, this invarlant characte.izes drl posslble asDendants 3 of alt

posslbre states ; of the p.og.anl (llhereas for Flovd_Naur Hoa.e's hethod,

the invarlant characterizes arr posslbls descendant3 3 of onlv the entrv

stat€s s of the p.oslaml. Slnce thls ls often untlactsble, s6v6.al rdedies

can be ploposed, but none Df them 13 llthout defEcts :

- Folrowtng t1o..1s &llegbrer{771, ue sndrrer €at of final st€tes.

For €xenple, for HE can Prcve :

v s . - -  s t P i ,  - _ ( s r  ̂  r 0 P - [ i r s , ; r  ̂ o :  - + v , r : , ; l

€ r < L . D r  =  |  L F = L : a i  ^ O t n l l
d r< i ;s r  =  tP :d- : l
{ ! r { , r . , , E , F  '  -  r  l n , n r

The d€fect 1. nw thBt, in general, the lnvarlant can no ronger be us€d fo'

p rov lns  s loba]  l r ld r l ca .  -  dad c t€ar  be t6v lDr

-  An 6r to rn€ t lJ l  -onq!s !s  jn  us lne  tnv" . lan t  I t s ;J  uh icn ,

rns l€ao o f  chs 's . tF r1z lns  s r r  ooss lo re  o f  eos . tb l6  s ta tes ;o f

the prosran (t.e. r(=,;)=t t[P]*(s,;l ^dGll wher6 o(-t=tt), ulll charaqterizs

only th.ss states e lhlch a!€ also posslblB deEc€ndsnts oJ th6 6nt'v stat6''

Th€ Etrons€st 1nvar18nt Blth thls prop€ltv lE :

r (5 , ; )  '  LL l6 .  s [P ] le r9r  ^  t * [P : l ( : , s ) ]+L  t r [ f l t s ' ; )  ^d( ; ] l

ThB d€fect 1s r@ that the lnductlv6 lnv€lIant conisins as a sobpart th€

tnv€r1ant of Floyd Naur-Hoar6'! msthod tn tho 6hap..? an hvpoths6ls'

- Tha above tro ldees can be ooD5ined. on o.e hand rB can !66 an invarlant

I ( rs l  6  ta  F loyd-Nour -Ho6.s  wh lch  Eat ls f l ss  {1 ,e1  and ( ! ' r l  Theh

t€(6)^ t l IPJ* (s ,61 ts , I ( ts l ,  I ( t s l  d@cr lbes  Bh€t  has  h€ppdn6d !p  to  nd  and



^?x v||b.I.''trtlsI ^ (b'^ v'i';l zrl Ii (b'^'!'I'i-l €I - 
fo:bv r i o.^.x.tri;t rr ltt4'gr! j'ab 

 

* (b'1"'1'1):I
LO<Iv O.r v ^.^ v r.,l+ (br^, r.^ry J t1

: 6€r+6r1EE (bi^rxriiitle -

: tuFollo+ a'14 €re €lol1Tpuo. uollE.'ljTr€^ €qI

'@JAoJd

6q1 puEl€rEpun 01 r.pro uI .uo iBqxo 6q4 .B€n? I€ ^IUo us^Ia

orth .r6pesr oe$ord €ql o1 In+6€n st Isuepunpsr s1ql 'uoTuldo rno uI ira^6mH

'pauraouo.6l joord 6rll EE re+ s€ luEpunpoJ IIJE€I.6rE sN6eo. aqt

{Lq-hv I.Iv Lxt<-to?bv ^>xrov o<iv otvT.^v x+A*b=;D :9

:Po

{tI>I'ov I-^v 4^}(b b)=xl+tt?bv o<xv o.<ivi=^v xr^tb=il} :q

:,{-X-:X

{tl>lto v I-^v :+^r( !+b b)=xl<-t !?bv ̂:x v o<Tv 7=^v x}^t(!-bl_:il} | n
ir+b::b

{d>Ito v 4=,rv I.^'(b-b) -rlGto?b v ^?! v o<iv T=^v t+^6=-xl} !E

op l<x at lqa
. {tl>:>o v ̂.^v x+^rb=xt<-i0=bv a<iv o<ivi-^vi.xl} :z

:o=:b
{t1'I50 v I=,rv x',(rb-tl<-to<Tv o?ivI=^vnxl} :!

's€Iqel€^ eql +o sanrn^ 1Tx6 puE 1uerrrc €ql ueoilsq dlqsoollelsr

aql sBq!r.€6p !v.!r'ra 'sarqprrp^ €q1 +d s€nIE^ l!6rrn. pue ^rrus eql uadxlaq

drq€uorrerar .ql ssqTJls6p Ie .{t (b'I'x'b'I'x)Ivl <- t tb'f rxii'r;tTsl} uo}

sLtl +o €r q.rqh {(!fi'h'A'x'i'i)IJ} 1u5No. e pg^eslJ€rul €^e'r aa '} luTod

ueJ€ord q.ea 1v .ueford alduex€ rno !o '.l.EorddE l€e! 5r'll aleJrsnrl1 ax

'srorr6 pTo^e 01

lnJ.€sn eq ue. 6joord 1uar6++Tp 1nq ?urpunpar €ITqs roT^Eq5q stT +. uoTldlr.sop

€lFq p la8 Ms uer?ord a.urs otetue^pe ue 6q ol lno urn?

!e5 1.6+6p siql 'r€^axoH 3rTi1 u6^TF sI Joord a'11 'osrv '[(s's)r Iq) 3rnlnJ.

aql pup (s,3ll Iq) 1€ed 6q1 aq!r.6op oi rurod oer?ofd q.e€ le .. Tl €€op

ai leql aou sI 1.4+ap €ql
't:r!:dl

= (<g'r>l! araqa (r'r-tl pue lo r-tl sst+slre€ t(s'slfct(s'l)IlEdls +ll
1e'11 q.ns pup upraord a'tt +o FU6 6rt1 tTlun 6!ap €q .1 Eulomr l€rti s6q1rlsep

lcT'ri '(E's)f luETrE^uT r6q?oue eEn uEc eM ss€ut.orro5 IeIFed ro+ 'puEq

raql. 3q1 uo .roT^e't€q ue6l. pue eruerre^ll leqorB Bur^oJd Jo+ p€sn €q uE.

11rsaldltrul:d uoltinPul rto6nof, ? losnoa
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. . t , , r , w , v , a l  t l q ' 1 f h : n , n a < l l l r ' ) , r , ^ , y . q '  ^ q - q '  l

. , r i , i , ' , v , q t  - l  1 .  . t " ' , " u ,  t l  t . , . , ; , . ' , r , q  ^ , ' ' - y  I
t , t ! , ! , ' , i , .  r ,  , | . , ! ,  ,  '  ,  q  I  v  l : r i , 1 ,  .  ,  r ' ,  q  , .  ̂  y l

-  l , ^ . ! . r n i ' , r .  . r 8 1  . y .  . , , . .  - A  ' ' , y , o , t i , ; l  s . r ' =  . = ,

J  r  i r . y .c , i , ! , c l  < -J2  (x ,y ,0 , . , t ,q1
r , { ! , y ,q , i , y , i l  < -L  tJ  r  (x ,y ,q , i , t -_q)  ^ :>y)v i r6 ( t ,y ,q , t , t ,E l  ^  x<v)  l

. * r  r c . n d r r .  _ 1 r , , ,  t r 1 , \ , y , q  I

r r  ( x , y , q , ; , t ,E l  + t  (m i f  < l - y<mdx l  ^  r 5  ( t - y , y , q , i , t , d l  l
J i ( x ; y , q , ! ,Y ,E l  € t  ( r 3 { t , y , q , t , y , a )  ^ x>v )v (16 (x , v , q , i , t ,O  ^ r<v l l

r 6  t x , v , q , ! , t , 41  G tx - !  ^Y -Y  ^q ' q l

(Natice that it ts 3ufflcle.t to p.ove tlrat th€ ebove verificatton condltions

are satisfted by Aiix,y,q,;,t,4). Hak6v6., in gene.ar, .n invartant of the

fo.m Bi+At ls mo.e natu..l stnce if the .e.tain constratnts

Ei then tlre .ltFut propeltl* spscified by At, {}r€reas lf

the inplt contraints Bl are vioratEd !e can leave th€ output lnsp€cifled

bec6lse such inputs c.n never occu. in progrdh opelattonl

- For pr.ving thdt (r>0 ^y>0 ^q>0) is invarlant at plosrm points 2 to 6, {e

n r s .  v e r  I  r  r r d L

B i ( x , I , x , y , q )  +  { P 0  ^ y > 0  ̂ q > D )  f o r  1 = 2 , , . . , 6

- For p.oving !e must verlfY thBt :

B r  (  v , y ,  / , ! ,  q l  i  ( q<ma^ l
E4  t ; , i , ^ , v , q l  +  ( n l ns ,  - y<m.  r

- "";"r"" p€.tlar corre.tness !e nust prov€ *rat :

86  ( x . ! x , y , q )  - ' l ' ( x , y , x .Y ,q )

:  L ! r  ' , !  Y , r , q

Vtx,{,i,y,E) = t (I>0 ̂ y>ol - (I=!-*-y*t ̂v=t^o<_x<Dl
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