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*G F ∈ D ↗−→ D JT NPOPUPOF PO UIF QPTFU ⟨D, ⊑⟩ BOE a ⊑ F (a) UIFO UIF USBOTOJUF JUFSBUFT BSF
JODSFBTJOH BOE UIF MJNJUT FYJUT JG ⟨D, ⊑⟩ JT B DQP� )PXFWFS UIJT IZQPUIFTJT JT PॏFO UXP TUSPOH TJODF
UIF MJNJUT NVTU FYJTU BMPOH UIF JUFSBUFT OPU OFDFTTBSJMZ FMTFXIFSF� 8F VTF UIF GPMMPXJOH YQPJOU
UIFPSFN "�� 	TFF F�H� <  $030--"3: ���>
 BOE YQPJOU BCTUSBDUJPO UIFPSFNT�
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� -FU f ∈ L
↗−→L CF B NPOPUPOF GVODUJPO PO B

QPTFU ⟨L, ⊑, (⟩ 	XIFSF ( JT QBSUJBMMZ EFटOFE
� -FU ϵ CF UIF MFBTU PSEJOBM XIJDI DBSEJOBMJUZ JT TUSJDUMZ
HSFBUFS UIBU UIF DBSEJOBMJUZ PG L� -FU a ∈ L CF TVDI UIBU a ⊑ f (a)� "TTVNF UIF USBOTटOJUF JUFSBUFT
⟨f δ (a), δ < ϵ⟩ PG f GSPN a VQ UP ϵ BSF XFMM�EFटOFE 	J�F� UIF MVCT EP FYJTU F�H� PO B DQP ⟨L, ⊑, ⊥⟩
�
FOࡋ f IBT B MFBTU टYQPJOU MGQ⊑a f =

⊔
δ<ϵ f

δ (a)�

)ZQPUIFTFT "�� 	BCTUSBDUJPO
� -FU ⟨C, ⊑, (⟩ CF B QPTFU BOE ϵ CF UIF MFBTU PSEJOBM XIJDI DBSEJOBMJUZ
JT TUSJDUMZ HSFBUFS UIBU UIF DBSEJOBMJUZ PG C� -FU f ∈ C ↗−→C CF NPOPUPOF� -FU a ∈ C CF TVDI UIBU
a ⊑ f (a)� "TTVNF UIF USBOTOJUF JUFSBUFT ⟨f δ (a), δ < ϵ⟩ PG f GSPN a VQ UP ϵ BSF XFMM�EFOFE� -FU
X ∈ ℘(C) DPOUBJO UIF USBOTOJUF JUFSBUFT PG f 	J�F� ∀δ < ϵ . f δ (a) ∈ X
�

-FU ⟨A, !, "⟩ CF QPTFU BOE ϵ ′ CF UIF MFBTU PSEJOBM XIJDI DBSEJOBMJUZ JT TUSJDUMZ HSFBUFS UIBU UIF
DBSEJOBMJUZ PG A� -FU f ∈ A −→A�

-FU ⟨X, ⊑⟩ −−−→←−−−α
γ
⟨A, !⟩ CF B (BMPJT DPOOFDUJPO�
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� "TTVNF )ZQPUIFTFT "�� UIBU ⟨X, ⊑⟩ −−−→−→←−−−−α

γ
⟨A,

!⟩ JT B (BMPJT SFUSBDUJPO BOE UIF DPNNVUBUJPO QSPQFSUZ ∀x ∈ X . α ◦ f (x) � f ◦ α(x)�
FOࡋ UIF USBOTटOJUF JUFSBUFT ⟨f δ (α(a)), δ < min(ϵ, ϵ ′)⟩ BSF XFMM�EFटOFE TVDI UIBU ∀δ < min(ϵ, ϵ ′) .

α(f δ (a)) = f
δ (α(a)) BOE α(MGQ⊑a f ) � MGQ!

α (a) f �
!

δ<min(ϵ ,ϵ ′)
f
δ (α(a))�
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� "TTVNF )ZQPUIFTFT "�� UIBU f ∈ A −→
A JT NPOPUPOF UIBU UIF USBOTटOJUF JUFSBUFT ⟨f δ (α(a)), δ < ϵ ′⟩ PG f GSPN α(a) VQ UP ϵ ′ BSF XFMM�EFटOFE
BOE UIF TFNJ�DPNNVUBUJPO QSPQFSUZ ∀x ∈ X . α(f (x)) ! f (α(x))�

FOࡋ ∀δ < min(ϵ, ϵ ′) . α(f δ (a)) ! f
δ (α(a)) BOE MGQ⊑a f ⊑ γ (MGQ!

α (a) f )�

"�� $BMDVMBUJPOBM EFTJHO PG UIF NFUB BCTUSBDU JOUFSQSFUFS PG 4FDUJPO �

1ॸॵॵ६� य़F +BDPCJ JUFSBUFT PG 	�
 CFMPOH UPX =
{[
⊥ · [ℓ11,h11] · [ℓ21,h21] · . . . · [ℓn1 ,hn1 ]
⊥ · [ℓ12,h12] · [ℓ22,h22] · . . . · [ℓm2 ,hm2 ]

] %%%% n,m #

0

}
� य़F +BDPCJ JUFSBUFT PG 	�
 CFMPOH UP X =

{[
⟨ℓ1, h1⟩
⟨ℓ2, h1⟩

] %%%% ℓ1,h1, ℓ2,h1 ∈ DD

}
� 8F IBWF UIF (BMPJT

DPOOFDUJPO ⟨X, !QG
2⟩ −−−−→←−−−−

α2
D

γ 2
D ⟨X, ⊑D2⟩�

'PS UIF TFNJ�DPNNVUBUJPO DPOEJUJPO MFU X ∈ X CF BO JUFSBUF PG JUFSBUFT PG 	�
�
α2
D (F (X ))

�
[
αD
(
⊥" (X 1 · ([0, 0] ( x) / X 2 = X · x )

)
αD
(
⊥" (X 2 · (x ⊕ [2, 2]) / X 1 = X · x )

)
]

"EFG� α2
D #

-FU VT DBMDVMBUF UIF STU UFSN�
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αD
(
⊥" (X 1 · ([0, 0] ( x) / X 2 = X · x )

)
� ⟨⊥D, ⊥D⟩ (2D αD

(
(X 1 · ([0, 0] ( x) / X 2 = X · x )

)
"JO B (BMPJT DPOOFDUJPO αD QSFTFSWFT FYJTUJOH KPJOT#

� αD
(
(X 1 · ([0, 0] ( x) / X 2 = X · x )

)
"EFG� JONVN#

� αD
(
(X 1 · ([0, 0] ( (m = 0 ? ⊥ : [ℓm2 ,hm2 ]) )

)
"CZ EFG� PG UIF TFU X PG JUFSBUFT X 2 IBT UIF GPSN ⊥ · [ℓ12,h12] · [ℓ22,h22] · . . . · [ℓm2 ,hm2 ]
XIFSFm > 0 BOE X = ⊥ · [ℓ12,h12] · [ℓ22,h22] · . . . · [ℓm−12 ,hm−12 ] PS X 2 = ⊥ XJUI X = !
JT UIF FNQUZ TFRVFODF XIFOFWFSm = 0#

� αD
(
X 1

)
(2D (m = 0 ? αD

(
[0, 0] ( ⊥

)
: αD

(
[0, 0] ( [ℓm2 ,hm2 ])

)
) "EFG� αD BOE DPOEJUJPOBM#

� (m = 0 ? αD
(
X 1

)
(2D αD

(
[0, 0]

)
: αD

(
X 1

)
(2D αD

(
[min(0, ℓm2 ),max(0,hm2 )])

)
)

"EFG� JONVN ⊥ KPJO ( JO JOUFSWBMT BOE EFG� DPOEJUJPOBM#
⊑2D (m = 0 ? αD

(
X 1

)
(2D αD

(
[0, 0]

)
: αD

(
X 1

)
(2D αD

(
[0, 0] ( [min(0, ℓm2 ),max(0,hm2 )])

)
)

"TJODF [0, 0] ⊑ [min(0, ℓm2 ),max(0,hm2 )] BOE αD JT JODSFBTJOH#
� (m = 0 ? αD

(
X 1

)
(2D ⟨0, 0⟩ : αD

(
X 1

)
(2D ⟨0, 0⟩ (2D αD

(
[min(0, ℓm2 ),max(0,hm2 )])

)
)

"αD QSFTFSWFT FYJTUJOH KPJOT BOE EFG� αD TP UIBU αD
(
[0, 0]

)
= ⟨0, 0⟩#

� αD
(
X 1

)
(2D ⟨0, 0⟩ (2D (m = 0 ? ⟨⊥D, ⊥D⟩ : αD

(
[min(0, ℓm2 ),max(0,hm2 )])

)
)

"GBDUPSJ[JOH αD
(
X 1

)
(2D ⟨0, 0⟩ JO UIF DPOEJUJPOBM BOE ⟨⊥D, ⊥D⟩ JT UIF JONVN GPS UIF MVC

(2D #
� αD

(
X 1

)
(2D ⟨0, 0⟩ (2D ( ⟨min(0, ℓ2), max(0,h2)⟩ / αD

(
X 2

)
= ⟨l2, h2⟩ )

"TJODF JGm = 0 UIFOX 2 JT⊥ IFODF αD
(
X 2

)
= ⟨⊥D, ⊥D⟩ TP ⟨l2, h2⟩ = ⟨⊥D, ⊥D⟩ BOE UIFSFGPSF

⟨min(0, ℓ2), max(0,h2)⟩ = ⟨⊥D, ⊥D⟩ CZ PVS DPOWFOUJPO UIBU⊥D JT BCTPSCFOU GPS CPUImin
BOE max#

� ( ⟨l1, h1⟩ (2D ⟨0, 0⟩ (2D ⟨min(0, ℓ2), max(0,h2)⟩ / αD
(
X 1

)
= ⟨l1, h1⟩,αD

(
X 2

)
= ⟨l2, h2⟩ )

"EFG� MFU DPOTUSVDU#
� ( ⟨l1 (D 0 (D min(0, l2), h1 (D 0 (D max(0,h2)⟩ / αD

(
X 1

)
= ⟨l1, h1⟩,αD

(
X 2

)
= ⟨l2, h2⟩ )

"QBJSXJTF EFG� (2D JO (DD)2#
� F D

1(αD
(
X 2

)
,αD

(
X 2

)
) "EFG� F D

1 JO 	�
#

-FU VT DBMDVMBUF UIF TFDPOE UFSN�
αD
(
⊥" (X 2 · (x ⊕ [2, 2]) / X 1 = X · x )

)
� ⟨⊥D, ⊥D⟩ (2D αD

(
(X 2 · (x ⊕ [2, 2]) / X 1 = X · x )

)
"αD QSFTFSWFT FYJTUJOH KPJOT#

� αD
(
(X 2 · (x ⊕ [2, 2]) / X 1 = X · x )

)
"EFG� JONVN#

� αD
(
(n = 0 ? X 2 · ⊥ : X 2 · ([ℓn1 ,hn1] ⊕ [2, 2]) )

)
"CZ EFG� PG UIF TFUX PG JUFSBUFTX 1 IBT UIF GPSN⊥ · [ℓ11,h11] · [ℓ21,h21] · . . . · [ℓn1 ,hn1 ]XIFO
n > 0 BOE X = ⊥ · [ℓ11,h11] · [ℓ21,h21] · . . . · [ℓn−11 ,hn−11 ] PS n = 0 TP X 1 = ⊥ XJUI X = !
JT UIF FNQUZ TFRVFODF BOE ⊥ ⊕ [2, 2] = ⊥#

� αD
(
X 2 · (n = 0 ? ⊥ : ([ℓn1 + 2,hn1 + 2]) )

)
"GBDUPSJOH X 2 BOE EFG� ⊕ GPS JOUFSWBMT#

� αD(X 2) (2D (n = 0 ? ⟨⊥D, ⊥D⟩ : ([ℓn1 + 2,hn1 + 2]) )
)

"EFG� αD BOE ⊕D PO DD#
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� (αD(X 2) (2D ⟨ℓ1 ⊕D 2, h1 ⊕D 2⟩ / ⟨ℓ1, h1⟩ = αD(X 1) ))
"TJODF JG n = 0 UIFO X 1 JT ⊥ IFODF αD

(
X 1

)
= ⟨⊥D, ⊥D⟩ TP ⟨l1, h1⟩ = ⟨⊥D, ⊥D⟩ BOE UIFSFGPSF

⟨ℓ1 ⊕D 2, h1 ⊕D 2⟩ = ⟨⊥D ⊕D 2, ⊥D ⊕D 2⟩⟨⊥D, ⊥D⟩ TJODF ⊥D JT BCTPSCFOU GPS ⊕D#
� ( ⟨ℓ2, h2⟩ (2D ⟨ℓ1 ⊕D 2, h1 ⊕D 2⟩ / ⟨ℓ1, h1⟩ = αD(X 1), ⟨ℓ2, h2⟩ = αD(X 2) ))

"EFG� MFU DPOTUSVDU#
� ( ⟨l2 (D (l1 ⊕c 2), h2 (D (h1 ⊕c 2)⟩ / ⟨ℓ1, h1⟩ = αD(X 1), ⟨ℓ2, h2⟩ = αD(X 2) )

"QBJSXJTF EFG� (2D JO (DD)2#
� F D

2(αD
(
X 1

)
,αD

(
X 2

)
) "EFG� F D

2 JO 	�
#

(SPVQJOH UIF UXP UFSNT XF IBWF QSPWFE UIF TFNJ�DPNNVUBUJPO α2
D (F (X )) /⊑2D F D(α2

D (X ))� #Z य़F�
PSFN "�� XF DPODMVEF UIBU MGQ!QG

2

⟨⊥, ⊥⟩ F !QG
2 α2

D (MGQ
/⊑2D
⟨⟨⊥D , ⊥D⟩, ⟨⊥D , ⊥D⟩⟩ F

D)� !

"�� 1SPPG PG 5IFPSFN ���
1ॸॵॵ६� #Z 	B
 x0 ⊑ γ 0(X 0)� #Z SFDVSSFODF f k (x0) ⊑ γ k (X k ) GPS BMM JUFSBUFT k TJODF f k+1(x0) =

f (f k (x0)) ⊑ f (γ k (X k )) ⊑ γ k+1(Fk (X k )) = γ k+1(X k+1) CZ EFG� JUFSBUFT NPOPUPOZ 	C
 JOEVDUJPO
IZQPUIFTJT BOE TFNJ�DPNNVUBUJPO 	D
�

	B
 *G ∃n ∈ N . c(f n(x0)) MFU n0 CF UIF TNBMMFTU POF� य़FSF BSF UXP TVCDBTFT�
	B�B
 *G ∃k ∈ N .Ck (X k )� य़FSF BSF UXP TVCDBTFT�
	B�B�B
 *Gn0 # k UIFOx0 ⊑ γ k (X k ) CZ 	E
� "TTVNF f n(x0) ⊑ γ k (X k ) GPSn < n0�य़FO f n+1(x0) =

f (f n(x0)) ⊑ f (γ k (X k )) ⊑ γ k+1(Fk (X k )) = γ k+1(X k ) = γ k (X k ) CZ EFG� JUFSBUFT NPOPUPOZ 	C

TFNJ�DPNNVUBUJPO 	D
 BOE TUBCJMJUZ 	E
� #Z SFDVSSFODF XF DPODMVEF S$P% = f n0 (x0) ⊑ γ k (X k )�
	B�B�C
 0UIFSXJTF n0 < k TP CZ 	F
 S$P% = f n0 (x0) ⊑ f k (x0) ⊑ γ k (X k )�
	B�C
 0UIFSXJTF ∀k ∈ N . ¬Ck (X k )� 8F IBWF TIPXO ∀k ∈ N . f k (x0) ⊑ γ k (X k ) TP S$P% =

f n0 (x0) ⊑ f ω (∏k ∈N f k (x0)) ⊑ γω (Fω (∏n∈NX
k )) CZ 	
 BOE 	H
�

	C
 0UIFSXJTF ∀n ∈ N . ¬c(f n(x0))� य़FSF BSF UXP TVCDBTFT�
	C�B
 *G ∃k ∈ N . Ck (X k )� -FU VT QSPWF UIBU ∀n ∈ N . f n(x0) ⊑ γ k (X k )� 'PS UIF CBTJT XF IBWF

TIPXO UIBU ∀n $ k . f n(x0) ⊑ f k (x0) ⊑ γ k (X k )� 'PS UIF JOEVDUJPO TUFQ f n+1(x0) = f (f n(x0)) ⊑
f (γ k (X k )) ⊑ γ k+1(Fk (X k )) = γ k+1(X k ) = γ k (X k ) CZ EFG� JUFSBUFT JOE� IZQ� NPOPUPOZ 	C
 TFNJ�
DPNNVUBUJPO 	D
 BOE 	E
� 4P CZ 	I
 S$P% = f ω (∏n∈N f n(x0)) ⊑ γ k (X k )�

	C�C
 0UIFSXJTF ∀k ∈ N . ¬Ck (X k )� 8F IBWF TIPXO ∀l ∈ N . f k (x0) ⊑ γ k (X k ) TP CZ 	H

S$P% = f ω (∏n∈N f n(x0)) ⊑ γω (Fω (∏n∈NX

k ))� !

"�� 1SPPG PG 	��


1ॸॵॵ६� -FU ⟨X k , k ∈ N ∪ {ω}⟩ CF UIF JUFSBUFT PG UIF BCTUSBDU JOUFSQSFUFS 	�
� -FU ⟨X k
, k ∈

N ∪ {ω,ω + 1}⟩ CF UIF USBOTOJUF JUFSBUFT PG FQG(X 0) JO 	��
�
8F PCTFSWF UIBU ⟨DQG(X 0)(X 0), ⊆, {X 0}, ∪⟩ JT B DQP BOE UIBU FQG(X 0) JT ⊆�NPOPUPOF� #Z

EFOJUJPO PG UIF JUFSBUFT BOE SFDVSSFODF UIF ⊆�JODSFBTJOH JUFSBUFT PG FQG(X 0) BSF X
0
= {X 0}

X
1
= {X 0,X 0 ·X 1}X 2

= {X 0,X 0 ·X 1,X 0 ·X 1 ·X 2} ۪X k
= {X 0,X 0 ·X 1, . . . ,X 0 ·X 1· ··· ·X k }�

1BTTJOH UP UIF MJNJU XF HFU Xω
=
⋃

k ∈NX
k
= {X 0,X 0 · X 1,X 0 · X 1 · X 2, . . . ,X 0 · X 1 · X 2· ···

·X k · X k+1, . . .}� य़F OFYU JUFSBUF Xω+1
= FQG(X 0) Xω JODPSQPSBUFT X 0 · . . . · X k · ··· ·Xω UP HFU

SQG$A%X 0 	�
� य़F OFYU JUFSBUF JT Xω+2
= FQG(X 0) Xω+1

= X
ω+1 XIJDI JT B YQPJOU PG FQG(X 0)� #Z

UIFPSFN "�� Xω+1 JT MGQ⊆FQG(X 0)� !
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"�� 1SPPG PG 	��


1ॸॵॵ६� -FU ⟨X k , k ∈ N ∪ {ω}⟩ CF UIF JUFSBUFT PG UIF BCTUSBDU JOUFSQSFUFS 	�
� -FU ⟨X k
, k ∈

N ∪ {ω,ω + 1}⟩ CF UIF USBOTOJUF JUFSBUFT PG FQG(X 0) JO 	��
�
8F PCTFSWF UIBU ⟨DQG(X 0)(X 0), ⊆, {X 0}, ∪⟩ JT B DQP BOE UIBU FQG(X 0) JT ⊆�NPOPUPOF� #Z

EFOJUJPO PG UIF JUFSBUFT BOE SFDVSSFODF UIF ⊆�JODSFBTJOH JUFSBUFT PG FQG(X 0) BSF X
0
= {X 0}

X
1
= {X 0,X 0 ·X 1}X 2

= {X 0,X 0 ·X 1,X 0 ·X 1 ·X 2} ۪X k
= {X 0,X 0 ·X 1, . . . ,X 0 ·X 1· ··· ·X k }�

1BTTJOH UP UIF MJNJU XF HFU Xω
=
⋃

k ∈NX
k
= {X 0,X 0 · X 1,X 0 · X 1 · X 2, . . . ,X 0 · X 1 · X 2· ···

·X k · X k+1, . . .}� य़F OFYU JUFSBUF Xω+1
= FQG(X 0) Xω JODPSQPSBUFT X 0 · . . . · X k · ··· ·Xω UP HFU

SQG$A%X 0 	�
� य़F OFYU JUFSBUF JT Xω+2
= FQG(X 0) Xω+1

= X
ω+1 XIJDI JT B YQPJOU PG FQG(X 0)� #Z

UIFPSFN "�� Xω+1 JT MGQ⊆FQG(X 0)� !

"�� 1SPPG PG 	��


1ॸॵॵ६� 8F BQQMZ UIFPSFN "��� 'PS BOZ OJUF JUFSBUF X k PGF IFODF PG UIF GPSN X
k
= {X 0,X 0 ·

X 1, . . . ,X 0 · X 1· ··· ·X k } GPS TPNF k ∈ N XF IBWF
αN(F(X 0) ∅)

� αN({X 0}) "EFG� 	��
 PG F(X 0)#
� X 0 "EFOJUJPO PG αN#
XIJDI JT UIF STU JUFSBUF PG MGQ!QG

X0 FN(X 0)�

αN(F(X 0) X k )
� αN({X 0} ∪ {X 0· ··· ·X k ′ · X k ′+1 | X 0· ··· ·X k ′ ∈ X k ∧ X k ′+1 = Fk

′+1(X k ′)})
"EFOJUJPO PG F TJODF UIF UFSN {X 0 · . . . · X k ′· ··· ·Xω | ∀k ′ ∈ N . X 0 · . . . · X k ′ ∈
X
k ∧ Xω = Fω (⟨X k ′, k ′ ∈ N⟩)} JT ∅#

� αN({X 0})" αN({X 0· ··· ·X k ′ · X k ′+1 | X 0· ··· ·X k ′ ∈ X k ∧ X k ′+1 = Fk
′+1(X k ′)})

"αN QSFTFSWFT FYJTUJOH MVCT CZ UIF (BMPJT DPOOFDUJPO ⟨℘(DQG(X 0)), ⊆⟩ −−−−→←−−−−αN

γN ⟨D0,+++ω , !QG⟩#

� X 0"αN({X 0· ··· ·X k ′ ·X k ′+1 | X 0· ··· ·X k ′ ∈ X k ∧X k ′+1 = Fk
′+1(X k ′)}) "EFOJUJPO PG αN#

� X 0 " MFUX 0· ··· ·X k = αN(X
k ) ∈ D0,k+1 JO X 0· ··· ·X k · Fk+1(X k )

"EFOJUJPO PG αN BOE X
k
= {X 0,X 0 · X 1, . . . ,X 0 · X 1· ··· ·X k } TP UIBU X 0· ··· ·X k ∈

D0,k+1 JT UIF MPOHFTU TFRVFODF JO X
k#

� X 0 " MFUX = αN(X
k ) ∈ D0,k+1 JO X ·Fk+1(X k ) "MF॒JOH X = X 0· ··· ·X k TP UIBU X k = X k#

� FN(αN(X
k )) "EFOJUJPO PG FN JO DBTF αN(X

k ) ∈ D0,k+1#
'PS UIF OJUF JUFSBUFT ⟨X k

, k ∈ N⟩ PG FBOE ⟨X k
, k ∈ N⟩ PG FN XF IBWF αN(X

0) = αN({X 0}) =
X 0 = X

0 BOE CZ SFDVSSFODF VTJOH UIF DPNNVUBUJPO αN(F(X
k )) = F(αN(X

k )) XF IBWF ∀k ∈
N . αN(X

k ) = X
k �

αN QSFTFSWFT FYJTUJOH MVCT CZ UIF (BMPJT DPOOFDUJPO ⟨℘(DQG(X 0)), ⊆⟩ −−−−→←−−−−αN

γN ⟨D0,+++ω , !QG⟩ TP GPS

UIF MJNJU PG UIF OJUF JUFSBUFT XF IBWF αN(X
ω ) = αN(

⋃
k ∈NX

k ) =
&
k ∈N

αN(X
k ) =

&
k ∈N

X
k
= X

ω �

'PS UIF OFYU USBOTOJUF JUFSBUFT XF IBWF
αN(X

ω+1)
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� αN(F(X 0) Xω ) "EFG� USBOTOJUF JUFSBUFT#
� αN({X 0 · . . . · X k · ··· ·Xω | ∀k ∈ N . X 0 · . . . · X k ∈ Xω ∧ Xω = Fω (⟨X k , k ∈ N⟩)})

"EFG� 	��
 PG F(X 0) BOE Xω
=
⋃

k ∈NX
k#

� MFU∀k ∈ N . X 0 · . . . · X k ∈ Xω
JO X 0 · . . . · X k · ··· ·Fω (⟨X k , k ∈ N⟩) "EFG� αN#

� αN(X
ω ) · Fω (⟨αN(Xω )k , k ∈ N⟩)

"αN(X
ω ) = X

ω
= X 0 · . . . · X k · . . . TP X k = X

ω
k = αN(X

ω )k#
� FN(X 0) (αN(X

ω )) "EFG� �� PG FN(X 0)#
� FN(X 0) Xω "TJODF αN(X

ω ) = X
ω  BT TIPXO BCPWF#

� X
ω+1 "EFG� USBOTOJUF JUFSBUFT#

8F IBWF F(X 0) (Xω+1) = X
ω+1
= MGQ⊆F(X 0) = S$A%X 0� .PSFPWFS FN(X 0) (Xω+1) = X

ω+1
=

MGQ
!QG

X0 FN(X 0)� *U GPMMPXT UIBU αN(S$A%X 0) = MGQ!QG FN(X 0)� !

"�� 1SPPG PG 	��

1ॸॵॵ६� -FU ⟨ /X k ,k ∈ N∪{ω,ω+1}⟩ CF UIF JUFSBUFT PGFQS(X 0) GSPNX 0 BOE ⟨X̂ k ,k ∈ N∪{ω,ω+1}⟩

CF UIF DPMMFDUJOH JUFSBUFT PG T(X 0) GSPN {X 0}� 8F QSPWF UIBU ∀k ∈ N ∪ {ω,ω + 1} . X̂ k = { /X k }�
'PS UIF CBTJT X̂ 0 = {X 0} CZ JOJUJBMJ[BUJPO PG UIF JUFSBUFT�
'PS UIF JOEVDUJPO TUFQ

X̂ k+1

� {FQS(X 0) /X | /X ∈ X̂ k } "EFG� JUFSBUFT#
� {FQS(X 0) /X | /X ∈ { /X k }} "JOEVDUJPO IZQPUIFTJT#
� {FQS(X 0) /X k } "EFG� ∈#
� { /X k+1} "EFG� JUFSBUFT#

'PS UIF MJNJU /Xω = /
&
k ∈N
/X k JT UIF JOOJUF TFRVFODF XIJDI OPO�FNQUZ QSFYFT BSF FYBDUMZ UIF

/X k  k ∈ N� *U GPMMPXT UIBU X̂ω = { /Xω } JT UIF /̃!QS�MVC PG UIF { /X k } k ∈ N�
'PS UIF OFYU USBOTOJUF JUFSBUFT SFBDIJOH UIF YQPJOUT XF IBWF

{ /Xω+1}
� {FQS(X 0) /Xω } "EFG� JUFSBUFT#
� {FQS(X 0) /X | /X ∈ { /Xω }} "EFG� ∈#
� {FQS(X 0) /X | /X ∈ X̂ω } "TJODF X̂ω = { /Xω }#
� TQS(X 0) X̂ω "EFG� 	��
 PG TQS(X 0)#
� X̂ω+1 "EFG� JUFSBUFT#
*ODJEFOUBMMZ PCTFSWF UIBU UIF JUFSBUFT ⟨ /X k , k ∈ N ∪ {ω,ω + 1}⟩ BSF /!QG�JODSFBTJOH BOE TP UIF
DPMMFDUJOH JUFSBUFT ⟨X̂ k , k ∈ N ∪ {ω,ω + 1}⟩ BSF /̃!QS�JODSFBTJOH� !

"�� 1SPPG PG 	��


1ॸॵॵ६� -FU ⟨X k
,k ∈ N∪{ω}⟩ CF UIF JUFSBUFT PGTQB GSPN

∏n
i=1 α

0
QB(X 0

i ) TP UIBUX 0
=
∏n

i=1 α
0
QB(X 0

i )
X
k+1
= TQB(X

k ) BOE X
ω
=

⊔
k ∈N

X
k � #Z UIF JUFSBUJWF YQPJOU UIFPSFN "�� UIFJS MJNJU JT Xω

=

MGQ
/⊑∏n
i=1 α

0
QB(X0

i ) TQB�
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-FU ⟨X̂ k , k ∈ N ∪ {ω,ω + 1}⟩ CF UIF DPMMFDUJOH JUFSBUFT PG TQS(X 0) GSPN {X 0} XIJDI MJNJU JT CZ
	��
 X̂ω+1 = CQS$A% X 0 = MGQ /̃!QS

{X0} TQS(X
0)�

-FU ⟨ /X k , k ∈ N ∪ {ω,ω + 1}⟩ CF UIF JUFSBUFT PG FQS(X 0) GSPN X 0� य़F QSPPG PG 	��
 TIPXT UIBU
∀k ∈ N ∪ {ω,ω + 1} . X̂ k = { /X k }�

य़F PCKFDUJWF JT UP TIPX UIBU /αQB(CQS$A%X 0) = /αQB(MGQ /̃!QS

{X0} TQS(X
0)) /⊑ MGQ

/⊑∏n
i=1 α

0
QB(X0

i ) TQB� 8F BQQMZ
UIF BQQSPYJNBUF YQPJOU BCTUSBDUJPO UIFPSFN "�� XIFSF X = {X̂ k | k ∈ N ∪ {ω,ω + 1}}�

य़F JOJUJBMJ[BUJPO DPOEJUJPO JT

/αQB(X̂ 0) =
n∏
i=1

⊔
{α j

QB(X j ) | X ∈ X̂i ∩ D0,k ∧ 0 $ j < k} =

n∏
i=1

α0
QB(X 0

i )

"EFG� /αQB X̂ 0 = {X 0} X 0 ∈ D0,1 EFG� MVC TP ⊔{X } = X#

य़F DPNNVUBUJPO DPOEJUJPO JT
/αQB(TQS(X 0) X̂ k )

� /αQB(TQS(X 0) { /X k }) "BT TIPXO JO UIF QSPPG PG 	��
#
� /αQB({FQS(X 0) /X | /X ∈ { /X k }}) "EFG� 	��
 PG TQS(X 0
#
� /αQB({FQS(X 0) /X k }) "EFG� ∈#

� /αQB({X 0 /"
n∏
i=1

/X k
i · (∃k ′ ∈ N . /X k

i ∈ D0,k ′+1 ? Fk
′+1(

n∏
i=1

/X k
i (k ′))i : Fω (⟨

n∏
i=1

/X k
i (k ′), k ′ ∈ N⟩)i )})

"EFG� 	��
 PG FQS(X 0)#

� /αQB({X 0 /"
n∏
i=1

/X k
i · (k ∈ N ? Fk+1(

n∏
i=1

/X k
i (k))i : Fω (⟨

n∏
i=1

/X k
i (k), k ∈ N⟩)i )})

"UIF k�JUFSBUF /X k PG FQS(X 0) CFMPOHT UP (Dn)0,k+1 TP k ′ = k#

� /αQB({
n∏
i=1

/X k
i · (k ∈ N ? Fk+1(

n∏
i=1

/X k
i (k))i : Fω (⟨

n∏
i=1

/X k
i (k), k ∈ N⟩)i )})

"X 0 JT B QSFY PG /X k TP X 0 /" /X k · ···= /X k · ···#
�

n∏
i=1

⊔
{α j

QB(X (j)) | X ∈ { /X k
i · (k ∈ N ? Fk+1(

n∏
i=1

/X k
i (k))i : Fω (⟨

n∏
i=1

/X k
i (k), k ∈ N⟩)i )} ∩

D0,k ′ ∧ 0 $ j < k ′} "EFG� /αQB(X̂ ) =
n∏
i=1

⊔
{α j

QB(X j ) | X ∈ X̂i ∩ D0,k ′ ∧ 0 $ j < k ′}#

�
n∏
i=1

⊔
{α j

QB( /X k
i · (k ∈ N ? Fk+1(

n∏
i=1

/X k
i (k))i : Fω (⟨

n∏
i=1

/X k
i (k), k ∈ N⟩)i )(j)) | 0 $ j $ 1 + k}

"FJUIFS k ∈ N BOE X ∈ D0,k+2 TP j ∈ [0, 1 + k] PS k = ω BOE X ∈ D0,ω+1 TP j ∈ [0,ω] =
[0, 1 + ω] TP j ∈ [0, 1 + k] JO CPUI DBTFT#

�
n∏
i=1

⊔
{α j

QB( /X k
i (j)) | 0 $ j $ k} ( (k ∈ N ? αk+1QB (Fk+1(

n∏
i=1

/X k
i (k))i ) : αωQB(Fω (⟨

n∏
i=1

/X k
i (k),

k ∈ N⟩)i ) ) "EFG� α j
QB j ∈ [0, 1 + k]#

1SPD� "$. 1SPHSBN� -BOH� 7PM� � /P� 101- "SUJDMF ��� 1VCMJDBUJPO EBUF� +BOVBSZ �����



����� 1BUSJDL $PVTPU 3PCFSUP (JBDPCB[[J BOE 'SBODFTDP 3BO[BUP

�
n∏
i=1

⊔
{α j

QB( /X k
i (j)) | 0 $ j $ k} /( (k ∈ N ?

n∏
i=1

αk+1QB (Fk+1(
n∏
i=1

/X k
i (k))i ) :

n∏
i=1

αωQB(Fω (⟨
n∏
i=1

/X k
i (k), k ∈ N⟩)i ) ) "QPJOUXJTF EFG� /( BOE EFG� DPOEJUJPOBM#

�
n∏
i=1

⊔
{α j

QB( /X k
i (j)) | 0 $ j $ k} /( (k ∈ N ? /αk+1QB (Fk+1(

n∏
i=1

/X k
i (k))) : /αωQB(Fω (⟨

n∏
i=1

/X k
i (k),

k ∈ N⟩)) ) "QPJOUXJTF EFG� /αkQB k ∈ N ∪ {ω} BOE ∏n
i=1Xi = X#

/⊑
n∏
i=1

⊔
{α j

QB( /X k
i (j)) | 0 $ j $ k} /( (k ∈ N ? F (

n∏
i=1

αkQB( /X k
i (k))) :

/⊔
k ∈N

n∏
i=1

αkQB( /X k
i (k)) )

"CZ IZQPUIFTFT∀k ∈ N .∀X ∈ Dk . /αk+1QB (Fk+1(X )) /⊑ F ( /αkQB(X )) BOE∀X ∈ Dω . /αωQB(Fω (⟨X k ,

k ∈ N⟩)) /⊑ /⊔
k ∈N
/αkQB(X k ) QPJOUXJTF EFG� /αkQB k ∈ N BOE UIF MVC /( JT NPOPUPOF#

/⊑ /αQB({ /X k }) /( (k ∈ N ? F ( /αQB({ /X k })) : /αQB({ /X k }) )

" /αQB({ /X k }) =
n∏
i=1

⊔
{α j

QB( /X k
i (j)) | /X k

i ∈ D0,k+1 ∧ 0 $ j $ k}
n∏
i=1

αkQB( /X k
i (k)) /⊑

/αQB({ /X k }) TP /⊔
k ∈N

∏n
i=1 α

k
QB( /X k

i (k)) /⊑ /αQB({ /X k }) BOE F BOE UIF MVC /( BSF NPOPUPOF#

� (k ∈ N ? /αQB({ /X k }) /( F ( /αQB({ /X k })) : /αQB({ /X k }) ) "EFG� DPOEJUJPOBM BOE X /( X = X#
� (k ∈ N ? /αQB(X̂ k ) /( F ( /αQB(X̂ k )) : /αQB(X̂ k ) ) "∀k ∈ N ∪ {ω,ω + 1} . X̂ k = { /X k }#
/⊑ /αQB(X̂ k ) /( F ( /αQB(X̂ k )) "CZ EFG� MVC X /⊑ X /( Y#
� TQB(X̂ k ) "CZ 	��
#

'JOBMMZ XF IBWF UIF (BMPJT DPOOFDUJPO ⟨X, ⊆⟩ −−−−−→−→←−−−−−−
/αQB

/γQB
⟨ /αQB(Dn

QB), /⊑⟩� !
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