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PROVING INVARIANCE PROPERTIES OF PARALLEL
PROGRAMS BY BACKWARD INDUCTION

Radhia Cousct

ABSTRACT

We discuss induction principles for proving invariance (safety) properties
of programs. We next show that a sound and complete invariance proo+ method
can be mathematically constructed cut of an operational semantics, an induction
principle, an assertion language and its semantics.

This approach is applied to the constructicn of invariance proof methods
by backward induction for parallel processes with shared variables and synchro-
nized by conditional critical sections. For partial correctness, we obtain a
generalization of Morris & Wegbreit's subgoal induction. For freedom from dead-
lcck, mutual exclusion, non-termiration, ... this introduces backward proof
methods by reductic ad absurdum. Backward invariance prcot methods are finally
compared with the classical forward ones a la Lamport-Owicki & Gries-.

RESUME

Nous présentons divers principes d'induction permettant de démontrer des
propriétés d'invariance des programmes. Nous montrons ensuite comment const-
ruire formellement une méthode de preuve d'invariance étant donnés une séman-
tigue opérationnelle, un principe d’induction, un langage d'assertions et sa
sémantique.

Nous appliquons ensuite cette approche & la caonstruction de méthodes de
preuve d'invariance par induction en arriére pour des programmes composés de
processus paralléles partageant des données communes et synchronisés au moyen
de sections critiques conditionnelles. Dans le cas de la correction partielle
ceci nous conduit & généraliser la méthode de Morris & Wegbreit ('subgoal
induction'). Pour 1l'absence d'interblccages globaux permanents, 1’exclusion
mutuelle, la non-terminaison, ... cette approche nous permet d'introduire des
méthodes de preuve par 1'absurde et en arriere. Nous comparons finalement les
méthodes de preuve d’'invariance en arriere aux méthodes & la Lamport-Owicki &
Gries qui procedent en avant.



PROVING INVARIANCE PROPERTIES OF PARALLEL

PROGRAMS BY BACKWARD INDUCTION

*
Radhia Cousot

1. INTRODUCTION

Invariance properties of parallel programs include partial correctness,
non-termination, clean—-behavior (absence of run-time errors), jreedom jrom
deadlock, mutual exclusion. Floyd[671-Naurl66i-Hoarel[€9]'s method for
proving invariance properties of sequential programs has been generalized to
the case of parallel programs by Ashcroft[75], Keller[763, Newtonl[75], Owicki
& Griesl76al, Lamport(771; Hoarel[75], Owicki & Griesl76bl; Apt,Francez &
de Roever[ 801, Cousot & Cousot[80], Levinl781., ... . All these proof methods
use a forward induction step (in the direction of the program’s control flow).

We introduce Zmvariance proof methods using a backward induction step
(in the opposite direction of the program's control flow]). Therefore we
generalize subgoal induction (Mannal703, Morris & Wegbreitl771, Kingi781) and
contrapositive induction (Kingl781) to the case of parallel processes sharing
global variables and synchronized by conditional critical sections.

Most proof methods have been empirically designed and some of them have
been a posteriori shown to be sound and complete. In contrast we have been
able to mathematically construct the prooj methods which will be introduced.
This systematic construction a priori ensures their soundness and completeness.

This approach is explained in the first part of the paper. We show that
an invariance proof method for a programming language 1s determined by the
choice of

- an operational semantics,
- an induction principle,
- an assertion language and its semantics.

Then the design of the corresponding verification conditions amounts to formal

x Attaché ce Rec. :rche au CNRS. CRIN-LA  °2B2.
x* This work was supported by ATP-CNRS "Intelligence Artificielle”




calculus and mainly involves algebraic simplifications.

This approach is applied in the second part to the systematic design of
backward invariance proof methods. Examples illustrate these proof methods.
Finally forward and backward inductions are compared from a methodological

point of view.

2. SYSTEMATIC DESIGN OF INVARIANCE PROOF METHODS

2.1 OPERATIONAL SEMANTICS

A programming language can be formally defined by an operaticnal semantics
which associates to each syntactically correct program P a set of states SIP]
and a (non-deterministic) transition relation tlLPJl between a state and its
possible successors. The style of such a formal definition is not relevant
to our discussion. Therefore the purpose of this paragraph is only to give
one possible operational semantics of the programming language which is used

throughout the paper.

2.1.1 Sequential Programs
2.1.1.1 Syntax

A seguential program consists of a list of sequentially executed commands.
Commands can be null, assignment, conditional or iteration commands. Each
command is preceded and followed by unigue labels the only purpose of which is
to designate program points.

Let L, V, E and B be respectively given sets of labels, variables, expre-
ssions and boolean expressions. The following context-free grammar then
defines the sets CL of command lists and ¢ of commands

Gl &= Ll:Cl;...;Lm:Cm;Lm (m=1)
G, = EEEEJV::E|if_B then CLl else CL2 _ii]&ﬂ}}E_B do CL od

+1°

Given a terminal string N deriving from the non-terminal N we write

NZa N "'anNnan+1 to state that there exist maybe empty terminal strings ui
11
and non-empty terminal strings N, such that N is of the form a;N,...a N a
i . 1l Jonnl
and each N. derives from the non-terminal ¥, (i.e. NV>o N ...a NV o -
i i 11 n nn+i

a N ... N o
n nn

=NJ .
11 1

e



This notation will be used to express context-sensitive properties of
programs such as, for example. that labels can only appear once in a program

¥V CLeCL, (CL=Zaby:BLy:y) => (Lizly)

2.1.1.2 Semantics

- A state of a sequential program consists in a pair <control state,memory
state>. The control state is similar to a program location counter. It is a
label which designates & program point. The memory state is a function which
associates a value to variables. The domain M of values of the variables 1is
left unspecified.

Formally, the set SHCLIl of states of program CL is
sCcLD = {LeLlCL=aL:B}Ix(V >M)

- The transition relation ts{ CLJl between a state <L,M> of program CL and
its only (if any) successor <L',M'> will be considered as a binary function
on states with boolean result

ts[CLT e (SICLIxSICLI) > {tt,ff}
tslCLIN(<L,M>,<L’,M’>) = [condlCLTI(L,L" M) A M'=succllCLII(LIM) ]

<L',M'> is a successor state of <L,!"> if and only if when executing the

command designated by label L in memory state M, control goes to the program
point designated by label L' (i.e. cond[ICLI(L,L")(M) holds) and memory state
is changed to [1'=succ[CLI(LIM].

Memory states can only be changed by assignment commands

succ[CLT(LIM) = if (CL=al:V:=E;B) then assignllV:=EI(M) else M
Let Ee(E~(V>M)~>¥)) be a given semantic function, such that ELEZI(M) is the
value of expression E in memory state M. The effect of an assignment V:=E 1is
to evaluate expression E and assign its value to variable V. No other variable
is modified since side-effects are disallowed

assign[lV:=EQ (M) = M’
where M’ (V)= E(E)XM) and M’ (W)=M(W) when We (V-{V}).

Tn order to define the control flow we assume we are given a semantic
function Be(B~ (F>M) > {tt,ff}) such that BIBI(M) is the value of boolean
expression B in memory state M. Both ETET and BIBL are partial functions
because of possible run-time errors. We denote by dom(ETET]) and dom( BLBi)

their respective domains.




The transition relation cond[lCLLi(L,L")(M) between a control state L and
its successor L' in memory state M is defined by cases as follows
condl CLOCL,L")M) =
L
L, CL=al:skip;L':B
CL=al:glse CL® fi;L'":8
Cizal o fisL" B
CL=aL:V:=E;L':B A Medom(ELET)

<

[( CLZalL:if B then L':B

V —_—

y CLEaL:while B do L'":B

) CL=awhile B gg.L':Cl;,,.;Lm:Cm;L:gg;B
A Medom(BILBI) A BOEBI(M)=tt

[( CL=aL:if B then CL' else L':B

z CL=al:while B do CL’ od;L':8
) CL=owhile B do Li:Cise..slp:Cpsliodsl’ B
A Medom(BIBI) A BIBICD=FF
]
]

For example, if control is at point L before executing a while loop or
after executing its body then control goes to point L' designating the first
command of its body if the test is well-defined and true, control exits the
loop if the test is well-defined and false and the program stops (at L which
has no possible successor) if the test ill-defined (so that its evaluation

causes a run-time error).

2.1.2 Parallel Programs

A parallel program consists of sequential processes executed concurrently.
The processes share global variables. They can be synchronized using condi-

tional critical sections.

2.1.2.1 Syntax

Ly:cobegin CLil| ... ||ICLy coend;Do:
= await B then (L end

1

Conditional critical sections cannot be nested (i.e. whenever P=

gawait B then CL end B then not CLZa'await B' then CL' end B').




2.1.2.2 Semantics

- A state i1s a pair <control state,memory state>
SCPT = CLPI x (V1)

If PEEﬁE?EEE}D,CLI\l"'.1CLi‘l"'l1CLn EEEDE}E: then a control state is
the entry label L (the program is not yet started), the exit label L (the
program has finished]) or a tuple [Ll,...,Ln] of labels (the program 1s execu-
ting and each label L; designates the current position of process CLji)

TP T = {L} v T (Lallcy D) v (T}

i=
where

IalcL T = {Lel|(CLEal:B) A-(CLE0await B then BL:y end )}

- The transition relation
tIP T e (SIPI x SIPI) » {tt,ffh

is defined by cases

All processes of a parallel program start simultaneocusly

£ e o 2 %)
tPI<L, 1>, <(L1seeesbplil’>) =
[P=L:cobegin Ly:agll -« 0l Ly:a, coend B A M =11]

Parallel execution of processes 1is modelized by non-deterministic inter-
leaving of atomic actions. A program step consists in the indivisible execu-
tion of an atomic step of some process CL; while the other processes CLj, j=zi
do not evolve. The indivisible step either corresponds to the evaluation of
an assignment or a test (as previously defined for sequential programs by ts)
or to a conditional critical section. It has already been observed that this
atomicity condition on tests and assignments .can be lifted when memory
reference is indivisible and tests and assignments at most refer once to at
most one variable which can be changed by another process (Owicki & Griesl.76al).
The evaluation of a conditional critical section is delayed until the condition

is true in which case the body is executed in mutual exclusion. Fairness

conditions on the scheduler are irrelevant to invariance properties.

(2.1.2.2-2)
EMPT(<(Lysenrrlpn) M>u<lLy,eee,LA),M>) =
[3ie[1,n]|P=L:cobegin CLyll.. |ICLy Il 1ICL 9_0_@3;?:

A (Mjel1,n]-{1i}, Lj=Lj]
A ((tscLiT(<Ly,Mm>,<L"1.M'>)
v(CLiZalj:await B then CL end;li:B A M cdom(BILBI) A BILBLM)I=tt
A CL=Lp:ysTo: A tsECLI](<£J,M>,<L2,M'>D
)




(The reflexive transitive closure of a relation § 1is denoted e*].

The parallel program ends only when its constituent processes have all

finished
(2:Y 2 2-8)
ELPT<(Lyseexsly) M, <L, 1) =
[P=acobegin al;Ll:ll...H@n;Ln:EEEDg;EE A M=M]

2.2 INDUCTION PRINCIPLES

2.2.1 Invariance Properties

A property ¥ is invariant for a program P if and only if it holds for
any pair [g}gl of states such that the final state s is a possible descendant
of the initial state s when executing P.

More formally, let ee(SIPI-{tt,ff}) and Gge(SIPU ~{tt,ff}) be charac-
teristic predicates of respectively initial and final states.

Ve (STPTIxSIPT) ~ {tt,ff}) is an invariant property of program P with respect
to conditions € and o if and only if

V(s,3) e SIPT?, [el(s) AtLPI(s,5) A0(s)]=> ¥(s,8)

Example : Non-termination is an invariance property : a program does not
terminate if and only if no possible descendant of the entry states is an
exit state. Formally one can define

e(s) = [dLeL,Me(V >M) | s=<L,M> APZL:0]
gls) = tt _ _ o
¥(s,8] = [ (P=a;L:)=>(YMe (V>M),5=<L,M>) ] [

2.2.2 Forward Positive Induction 1

In order to prove that ¥ is invariant for a program P, the fundamental
forward proof method consists in inventing an induction hypothesis I(s.s)
which relates the current state s to the initial state s and such that

I holds when the current state is an initial state,
assuming that I is true for some current state s, then I remains true for
all possible successors s' of s,

. when the current state is a final state then I implies v.




THEOREM 2.2.2.1 : Forward Positive Induction 1

[3Ie(SOPD2 > {tt,Ff}) | ¥(s,s,5',5)eSIPT",

(al , els) = I(s.s)

(b) p [e(s) A I(s,5] AtlPI(s,s')] = I(s.,s")

(c) " [e(s) AI(5,5) AG(E)] = ¥(s,5) ]
<=>

[¥(5,8)eSTPT?, [els) AtPL (5,8) A0(E)] = ¥(s.5)]

The soundness proof consists in showing that ¥Ynz0, e(s)AtIPI N (s,8) =>
I(s,s). This is done by induction on n, using (a) for the basis n=0 ancd (D)
for the induction step. Then (c) implies that ¥ is invariant. The complete-

ness proof consists in remarking that I(s,s) can be chosen as tD;Pﬂ*(EJBJ.

This induction principle was used by Mannal70]. Floyd[67], Naur[681,
Hoare[69] and their followers do not relate the current and initial states

but only use a predicate on the current state

COROLLARY 2.2.2-2 : Forwvard Positive Induction A

[Jie(STPD~{tt,Ff}) | Y(s,s,s’,8)eSOTPI",

(a) , els) = Lig)

(b) N [i(s) AtlPO(s,s"')] => i(s"]

(c) [i(8) Ac(s)] = y(s) ]
<=>

[V(s,5)esTPD?, [e(s) AthPT (8,5) a0(3)] = p(8)]

The proof consists in defining W[g,gdzw[gd, I(s,s)=e(s)nril(s) and applying
theorem 2.2.2-1. In fact, when Y does not depend upon the initial state, these
twa proof methods are eguivalent in the sense that a proof by either of these

fwo methods can be used to produce a proof by the other

THEOREM 2.2.2-3 : I E4

If ¥(s,s)=Y(s) then conditions 2.2.2-1(al)-(c]) and 2.2.2-2(a)-(c) are
equivalent by defining
I(s,s) = e€(s) Alls])
i(s) = (3seSOPI | els) AI(s,s))

2.2.3 Backward Positive Induction i

In order to prove that ¥ is invariant for a program P, the backward proof
method consists in inventing an induction hypothesis J(s,s) which relates the

current state s to the final state s and such that
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J holds when the current state is a final state.
assuming that J is true for some current state s’ then J remains true for
all possible predecessors s of s',

when the current state is an initial state, J implies Y.

- 3 . . e ]'
THEOREM 2.2.3-1 : Backward Positive Induction 1

[3Je(SIPT% »{tt,ff}) | V(s,s,s8',T)eSIPT",

(a) & o(s) => J(s,s)

(b) A[t[Pﬂw,§]AJ(§,§JA0@j]:>J[&g]

(c) [els) AJ(s,s) A0(3)] = ¥(s,s) ]
K=y

— * . _
[V(s,5)eSOIPD?, [els) AtIPT (5,8) Ac(s)] = ¥(s,5)]
~1
The proof consists in applying forward induction I to the inverses Y
-1
and tLPT of ¥ and tIPI respectively, using 0 as initial and € as final
-1
conditions. One then applies the definition 6 (s;,s2)=0(s2,81), remarks that
- 1% *-1

0 =0 , renames the dummy variables s, s, s', s respectively as 5, s', s, 8

and finally defines J(si,s,) as I(sz,s1].

Theorem 2.2.3-1 can also be proved with respect to 2.2.2-1 using the
following theorem which also shows that forward and backward inductions are
formally equivalent

-1
THEOREM 2.2.3-2 i I1=1

The conditions 2.2.2-1(a)-(c) and 2.2.3-1(a)-(c) are equivalent by
defining :
I(s,s) = [¥seSIPT, (J(s,8) A0(S)N = ¥(s,5)]
J(s.8) = [¥seSIPT, (els) AIls,s))=> ¥(s,8)]

In the proof 2.2.3-1(a) follows from 2.2.2-1(c), 2.2.3-1(b) follows from
5.2.2-1(b), 2.2.3-1(c) follows from 2.2.2-1(a) and reciprocally by simple

formal calculus.

The backward induction principle I—l is involved in subgoal induction.
Morris & Wegbreit[77] have also shown that subgoal induction is eguivalent to
Floyd's inductive assertion method for the partial correctness proof of
terminating while loops. Theorem 2.2.3-2 generalizes this result indepen-

dently of a particular invariance property and a particular class of programs.




wWhen ¥ does not depend upon the final states, one can use a particular
-1 -1 -1
case A of induction principle I which is equivalent to I

THEOREM 2.2.3-3 : Backward Positive Induction L_1

[3jersOPT~>{tt,ff}) | ¥(s,s,s',8)esSUPT",

(a) i o(s) = j(s)
(b) A[thﬂ(as')Aj(ﬁ]]*é Jjls)
(c) [e(s) Ajls)l = ¥(s) 1

=2
[¥(s,5)eSIPD2 [els) AtIPD (s,8) AG(E) ] = ¥(s)]

THEOREM 2.2.3-4 : I =4

If ¥(s,8)=¥Y(s) then conditions 2.2.3-1(a)-(c) and 2.2.3-8(al-(e) are
equivalent by defining
jls) = [dsesPd | J(s,8) Ac(s)]
J(s,s) = [j(s) Ac(s)]

2.2.4 Backward Contrapositive Induction T

Invariance properties can be proved by reductio ad absurdum : In order
to prove that final values satisfy some assertion ¥, the cantrary is assumed.
Examining the necessary behavior of the program leading to such final states
not satisfying ¥, one invents an induction hypothesis T which is first shown
to be satisfied by the final states not satisfying Y, and using an inductiaon
step, is next shown to be satisfied by all possible ascendants of the final
states not satisfying ¥. It is finally shown that the initial states do not
satisfy T. Therefore assuming that the initial states are possible ascendants
of the final states, we get a contradiction and ¥ must be achieved by final

states. Formally speaking, we have

THEOREM 2.2.4-1 : Backward Contrapositive Induction 1

[JTe(sIPD? »{tt,ffH) | V(s,s,s',8)eSPIY,

(a) , [e(s) Ao(8) A~¥(s,8)] = I(s,8) _

(b) [e(s) AtlPI(s,s') AT(s,s")1 => I(s,s)

(c) gls) => =I(&,s) ]
=5

[V(s,5)eSIPT?, [els) AtlPT (,5) AG(E)] = ¥(s,8)]

The proof consists in using theorem 2.2.2-1 where I=—-I and the tautology
P—Q if and only if "@=>"P. As aconseguence T is the contrapositive version

of T
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THEOREM 2.2.4-2 : I

__ Conditions 2.2.1-1(a)-(c) and 2.2.4-1(c)-(a) are equivalent by defining
I=—I and I="1I.

THEOREM 2.2.4-3 z Backward Contrapositive Induction AL
[3ie(SOPD~ {tt,ff}) | V(s,s,s'.B)eSPT",
(a) Lo(s) A=Y(8) ] => T(s)
(6} . [tlPD(s,s") AT(s')] = 1i(s)
(c) e(s) => ~i(s) J
<=5

[¥(s,5)eSLPT2, [els) AtEPT (s,5) AGE)] => Y(B)]

This theorem either results from theorem 2.2.4-1 or theorem 2.2.2-2 and

as a carollary we get

L

THEOREM 2.2.4-4 : 14

If Y(s,s)=y(s) then conditions 2.2.4-3(a)-(c) are eguivalent to conditions
2.2.4-1(a)-(c) by defining
T(s.s) = [el(s) Al(s)]
T(s) = [35eSEPT | e(s) AT(s,s)]
and to conditions 2.2.2(c)-(a) by defining i=-1 and I=-i.

2.2.5 Forward Contrapositive Induction I_1

il
A last series of theorems is obtained by constructing I which is shown
= 1 e | —E)
to be equivalent to I therefore to I. (1) turns out to be I . The

=1 o1 i
variants « = () are also easily constructed. We will only give one

THECREM 2.2.5-1 : Forward Contrapositive Induction 1!

[3Je(SOIPT? > {tt,ff}) | ¥Y(s,s,s',5)eSIPI",

(a) , [els) Ao(3) A=¥(s,8)] => T(s,5)

(b) [J(s,8) AtlIPI(s,s') AC(s)] = T(s',3)

(c) 6(3) = —I(3.53) ]
<=

[V(s,5)eSIPD?, [els) AtIPT (5,8 A0(E)] => ¥(s,8)]

2.2.6 Invariance Proof Methods

To sum up, we can distinguish between the cases when the invariant

property is a relation or an assertion




— |
—il
11
=9 9.9.6.1 VY is a relation between initial and final states
= We can choose an induction hypothesis which relates the current state
to either the initial or the final states. Independently we can choose gither
a forward or a backward induction. Then the corresponding induction principle
is given by the following table
— The induction hypothesis relates
§ | the current state to
the initial states the final states
N i e
-1
1 Forward Induction I I
7 ~3
i Backward Induction I i
These invariance proof methods are eguivalent 151—15151_1:1_1 in the
sense that a proof by either of these methods can immediately be rephrased
as an eguivalent proof by any of the other methods. In practice however,
[P— )
choosing the right method can sometimes make both the discovery of an induc-
- tion hypothesis and the subseguent proof simpler.
[ ]
- 9.9.6.2 Y {s an assertion upon either initial or final states
—

i The choice of cne of the above proof methods is still possible but for
simplicity the induction hypothesis can be taken to be an assertion on the
current state, the choice beeing between forward and backward induction

The invariant property Y is

F - an assertion upon
r initial states final states
| I

=1 ,
L ‘ Forward Induction A e

=1 iy
F—3 Backward Induction L AL

. =1 -]
Again these proof methods are formally equivalent £ =4 and £ =4
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2.3 ASSERTION LANGUAGE

Assume ¥ has to be proved <nvariant for a program P with respect to

initial and final conditions & and 0. This proof can be done using one of the
invariance proof methods discussed at paragraph 2.2. These proof methods all
have the same form. First, an induction hypothesis I has to be invented. This

induction hypothesis I belongs to an assertion language denoted ACPT (i.e. 1
ig either a relation and AH}DEZESD]3EZ*>{tt,?F}J or I is an assertion and
ALPT=(sPD~>{tt,ff}N. MNext, I must be shown to satisfy some verification
condition C depending upon P, ¢, 0 and ¥. Formally speaking all invariance
proof methods have the form
(Z2:8-%)

[3T ¢ ADPT | COPI(e,0)(¥AI)]

Moreover these proof methods are sound and complete so that
(Z2.3=2)
[dIeAl P | COPI(e,0)(¥UII]

i L!
[V(s,8)eSIPD?, (e(s) AtIPT (s,8) AC(EN = ¥(s,5)] i

In practice using the assertion language AlLPT may not be convenient
because a single assertion or relation has to be used in order to describe the
possible behavicr of program P. For example, when proving the partial correct-
ness of a seguential program, local assertions on memory states attached to
each program point are often much more simple to use than a single global
assertion on a program location counter and memory states. Therefore, practi-
cal invariance proof methods have the form
(Z 3-8

[3TATPT | COPD(e,0)¥XT)]

where ALPI is the assertion language snd COPT the verifisation condition.
For example, in the case of seguential programs, the assertions of AILPT can
be chosen as a vector of predicates on memory states, each element of this

yvector carresponding to a program point (or to a loop cut-point) .

2.4 CONSTRUCTION OF AN INVARIANCE PROOF METHOD

We show in this paragraph that once an assertion language KD}DE has been

chosen to express induction hypothesis T, the verification condition cord



%3

can be mathematically constructed, this contruction involving mainly algebraic

simplifications.

First of all, the invariance procf method which is designed must be

correets 1«8

[3TACPT | CEPD(e,0)¥NI)]

—=>

[V(s,5)eSIPI?, (e(s) AtIPD (5,5) AO(EN = ¥(s.5)]
By 2.3=2 this. is equivalent to

[3TATPT | COPT(e,0)¥XTI)] = [4TeAllPT | CLPIi(e,0)(¥)(T) ]
or

[VIATPT, COPI(e,0)¥)I) = [3IcADPD | COPI(e,0)¥)T) ]
or using a Skolem function p[LPIl

(2.4-1)
[3pMPTe (ALPT »~ALPT |
VIATPT, COPT(e,0)¥)T) = CIPI(e,0)(¥IPIPT(IN]

Therefore in order to design a variant 2.3-3 of 2.3-1 one must first choose
an assertion language ALPT and define its semantics oIPIL in term of ALPL.
This variant is sound if and only if the verification condition EU}DE
applied toc an invariant E implies the verification condition CIPI applied
to the meaning EU}DEKE] of T. This leads to a mathematical construction of
CIPT by formal calculus of COPT(e,0)(¥)opIPTi. Moreover algebraic simpli-
fications are possible because implication by and not equality with

SOPT(e,0)(¥) is required.

Once a sound invariance proof method has been designed it is desirable
to check its completeness that is
[V(s,5)eSIPT2 (e(s) AtIPI (s,5) AC(EN = ¥(s,5)]
=>
[3TcADPT | CIPI(e,0)¥NI)]
by, 2.3=2 this, is equivalent to
[3TeATPT | COPI(e,0)¥X1)] = [ITATPT | ELPI(e,0)(¥XD)]

or as above
(2.4-2)
[3pPTe(ALPT ~ALPT) |
YIeAlPT, CEPI(e,0)(¥Y)I) => COPI(e,0)(¥pIPI(IN]

Hence the completeness check consists in first defining pPd (i.e. how an

assertion I of A[LPT can be coded by an assertion pPI(I) of AODPI) and
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next proving that the verification condition CILP.1 applied to an invariant
T implies the verification condition CIPT applied to the coding el P I(I)
of I.

3. CONSTRUCTION OF A PARTIAL CORRECTNESS PROOF METHOD FOR
PARALLEL PROGRAMS BY BACKWARD INDUCTION I

Let ¢pe((V~>M) > {tt,ff}) and e (V>M)% > {tt,ff}) be input and output
specifications of a program P. The sets of entry or exit states are respec-
tively characterized by

e(s)=[4LeL,Me (VM) |s=<L,M> APEL:a A QM) ]

5(5)=[ILel,Me (V> M) |'5=<L,M> APZa;L: ]
Define

¥(s,5)-03(L.Tyel?, (MMeV>M?| s=<L,11> rs=<L,1> AYM,M) ]
Then P is partially correct for ¢ and ¥ if and only if ¥ is invariant for P
with respect to € and 0. Informally when P is executed starting with initial
values M of the variables satisfying ¢ and this execution terminates with

final values M of the variables then V(1,M) must hold.

We will now design a partial correctness proof method for parallel pro-
grams as defined at paragraph 2.1. We will use the induction principle I—l
so that

AIPT = (SOTPD?~{tt,ff})
COPI(e,0)¥Y)I) :[ClﬂPE[OMI]ACZEPﬂ[OHI]AC3EPIH€.OMWMIJJ

where
C,IPT (o)1) = [¥seSLPI,0(s) = I(s,s)]
C,IPT(c)I) = [V(s,s',5)eSIPD?, (tMPI(s,5')AI(s’,5)A0(s) => I(s,5)]

C,IPT(e,0)(¥)I) = [¥(s,5)eSIPT?, (e(8)AI(s,5)AG(s)) => ¥(s,s)]

3.1 SEQUENTIAL PROGRAMS

We first consider sequential programs and subgoal induction. This
example is simple enough to illustrate our approach for designing invariance

proof methods and has almost no other interest.




15

3.1.1 Choice of an Assertion Language and its Semantics

We choose

ACLT = T (VM) %> {tt,FF})
LeLallCLT
in order to be able to associate a relation on memory states to each program

point. The meaning of such a vector of relations is formally defined by the
semantic function

o[CLT e (ATCLD~ALCLI)

SICLI(TY = A(<L,M>,<C,M>) .LI(LIM,M)]
Intuitively when control is at L, the relation E[L} is true between the
current memory state M and the (ultimate) memory state M (when the program

halts at L).

3.1.2 Construction of Sound Verification Conditions

We have to construct the verification condition EB}ZLD such that
CMeLT(e,o)¥AT) => CLCLI (e, 0)(¥ )P CLI (I
Since CILCLT isa conjunction of three conditions, we choose COCLI to be also
a conjunction of three conditions, each one satisfying the above soundness

eriterion.

- (2.1.2-1) Finalization

c,TcLI (o) pICLT (I

= [¥sesCLT, o(s) => plcLli(Is,s)]

= [vleZallCLT, WMe(V M), o(<L,T>) => p[[CLT(I)(<L,M>,<L,M>)]1 (Def. of S[LCLT)
= [WLel,VMe (V>M), (CLZa;L:)=>T(L)(,M] (Def. of o and pLCLI)

= [VMe(V>#), T(LIM,M  where CLZa;L]

= C,[CLT (o))

Intuitively this verification condition states that the last assertion

T(Eﬂ encountered at program exit in any terminating execution must be true.

= [3:1:2=2) Induction

C,[CLT (0PI CLT (I
- [V(s,s',5)eSTCLT®, (tsLCLD(s,s" )APTCLT (T)(s",5)A0(8) = DL CLT(T)(s,5) ]



[VlLeL|CLZal:B, Y(M,Me(V )2,
[3L'epleond oL T(L, L IMIAT (L W sucell CLT (LI, T 1=> T(L)(M, M) 1]
(Def. of SICLT, o, oICLT and tsCLI)

C,0CLT(o)T)

Intuitively this verification condition states that if an atomic program
step starting from program point L with memory state M can go to an
immediately following program point L’ with memory state M' such that
M*=succ[[CLT(L)M) then the subgoal assertion I(L')M',M) after this
step must imply the subgoal assertion E(L]Uﬂjﬁ]be?ore this step.
Nctice that EQD:CLB[OJ(E] is a conjunction of verification conditions,
one for each program label L. Depending upon the nature of the command
which is designated by L and using the definitions of condllCL D and
succllCLT we can detail the verification condition
[4L'eL|condM LT (L, L IMIAT (L' W sueel CL I (LICM), M) 1=> TCLXM. D)
into subcases. For example, when L designates a while loop we get
[CLZoL:while Bdo L':8 AMedom(BIBT) A BLBI(M=tt A T(L' M. ]
= T(LIM,M)
and
[(CL=alL:while Bdo CL’ QQ;L':B/\Medom(ﬂBEB]])A E[[Bﬂ[MJZfF,AEfL'J(M.MJ]
=> T(LIM,M)

- (3.1.2-3) 1Initialization

C,ICLT(e,0)(¥IPOICLT(IY

- [¥(s,5)eSICLD?, (e(s) APICLT(TNE, ) Ao(s) = ¥(e,8)]
= V(L D) eL?, ¥ (M, MeV>M)2,

(CLEL:a A T(LIM, T A CLEBL:) => (9 (M) => w (1,1 ]

(Def. of SOcLD, e, pCLT, ¢ and Y¥)

L(o(M) AT(LIM M =>(M,M)  where CLEL:o]
TSIl (e, o)y )T

Intuitively, the input specification and the subgoal assertion on program

1

entry must imply the output specification.

3.1.3 Completeness Check

Let us define pﬂIlﬁDe[AECL]]»?ﬁ[CLﬂ] which specifies how any induction

hypothesis IcA[LCLJl can be coded by a vector of invariants T(L) associated

with each point L of program CL
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o CLI(I) = AL.LACM.M).[¥LeL, (CLZasL:)=> I(<L,M>,<L,M>)]
Since we have chosen EU:CLE[E,O]UP]: ClICcLT(e,0)(¥)epllCLI thecompleteness
check 2.4-2 is
VIE/\HPD,EEPB(E,O‘][‘W(Q[[Pﬂ[I]):C[[PD[E,O][W][BEPE(Q[PE[I]N@”‘C[[Pﬂ[E,G)[‘i][ll
since CIPT(e,0)(¥) is isotone and I=>pIPI(pAPI(IN.
This result disproves Misral78]1's statement that "subgoal induction is not

guaranteed to prove a correct program correct”.

3.1.4 Summary of the Verification Conditions for the Partial
Correctness Proof of a Sequential Program by Backward
Induction

We use informal mnemonic notations. 5_[;5 is the vector of initial (final)

program variables and P; the assertion associated with program point 1i'

- Finalizatiocn

iyt ¥x, Py Ix,x)

- Induction
Null command
al,:skipsl,:8 Py =R,
. Assignment command
al,:V:i=E;1,:8 P,{E/N]=P,
Conditional command

ol,:if B then

1o
B
eli?g ((P, A BIV(P, A-B)) => P,
—hi’;: P6:t> [P?)/\PS]
Y
s
£

16:6
Iteration command

al,:while B do

1,:
B ((P,A BIV(P, ATBY) => (PyA Pj)
13
od;
1,y
- Initialization
1,:0 Vg,;} (p(xIA Pl(if;d]=%)w(§f;J
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3.1.5 Proving Other Invariance Properties of Sequential
Programs by Backward Induction

Morris & Wegbreitl77] assert that "a drawback of subgoal induction is
that it cannot be used to prove invariants about non-terminating programs”.
The problem is to prove that when execution of a program P is started with
an initial memory state M satisfying some input specification ¢ and reaches
any program point L with memory state M then the invariant Y(LI(M) must hold.
Formally it must be proved that

[V(s,5)eSICLI? (e(s) AtslCLT (s,5) AC(5)) => ¥(s,5]]
where

el(s) = [dLel, Me(V+M) | s=<L,M> ACLEL:a A G (M) ]

ols] ‘= £k

Y(s.5) = [ILeL, Me(V>M) | 5=<L,M> AP (L)M)]
The above definitions of ¢ and ¥ differ from the case of partial correctness
hence of subgoal induction, so that Morris & Wegbreit 's remark is justified

for subgoal induction but not for all backward proof methods.

In order to be complete, let us design a backward method for proving

invariants about programs. ¥ is now an assertion upon final states ("final”

" "

meaning "any"” in that case). According to paragraph2.2.6-2we see that the
contrapositive backward induction principle Z should be used. The construc-
tion of the proof method follows the previous lines except that one now
associates a (contrapositive) assertion on the current memory state with each
program point (and no longer a relation between the current and exit memory
states). The verification conditicons remain similar to the ones of paragraph
3.1.4 for the induction step 2.2.4-3(b) whereas 2.2.4-3(a) and 2.2.4-3(c)

lead to
- Finalization
al;:B i => Py

(14 is any label of the program)

- Initialization

11:06 (b:>_'P1

Example : Let us illustrate this method using Morris & Wegbreitl77] simple
{(counter) example, which consists in proving that x is positive in the follow-

ing procgram
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1
11 x3="13
2* while true do
Ls s x:=x+1;
Ly oichs
ls: —
We choose ¢(x)=tt, Y;(x)=tt, pilx)=[x>0], i=2,...,5. The verification

conditions are

- Finalization
ﬂwif€>Pi 1=]; snuns
- Induction

P,[1/x]=>P,
[(P3 A truelv(Ps A —truel)]=> (P, A P
PL;[X+’|/X]:>P3

- Initialization

¢ =>-P

These verification conditions are obviously verified by Pizﬂwi, i=4, seus8s U

3.2 PARALLEL PROGRAMS

3.2.1 Choice of an Assertion Language and its Semantics

In order to express a relationship between current and final states, we
associate a relation with each program point not within a conditional critical
section. At entry and exit program points it is a relation between the
current and final memory states. At each program point of each process it is
a relationship between the current values of the program location counters of
the other processes, the current memory state and the final memory state.
Therefore for a program

P = L:cobegin ClLy|f...lICLIl.-.lICLy coend;L:
we choose
ACPT = {TI[TWelv>m?>{tt,fFFH]
AlVYiel1.n], YieLsOCLy I,
T T LA Ly DIV >Mx (Y M) > {68, 76}
j#
AT (Dyev »m® > {tt, #7113}

The meaning of such a vector T of relationships is formally defined by

the semantic function SDHDE. We have 5H}3EEE]=I where by cases

T(<L,M>,<0,M>)= (LI,
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s g n ~ e
T(<Ly,eensby S0, <EM2) = A TUL)Ly s e o by biny o e e e L I

T(<L,M>,<L,M>) = T(LI(M, M)
[QD}DE[Ed[S,Ej need not be defined when s is not a final state).

3.2.2 Construction of Sound Verification Conditions

The finalization and initialization conditions are similar to 3.1.2-1 and
3.1.2-2 and present no difficulties. The main point consists in finding
C,IPI such that

C,IPT(o)T)=> C,MPL ()R P T(IN
where :
C,IPT(o)BIPIT)
_ [Vis.s' . 5)eSTPTI(tIPT(s,s') APIPT(T)s’,5) Ac(s) = pIPI(INs,s)]
(84 2.2-%)
= [V(s,s")eSOPI?, Me(V>M),
(tDPT(s,s') APIPT(TIs’,<L,/>) A PZ0;L:) = pLPIT(I)s,<L,T>)]
(Cef. of SLPI and o)
We split this verification condition intc a conjunction of cases according to

the possible forms of s which are defined by SILPT

Case 1 - @ s=<L, > where PZL:a and Me (V =)

Then according to the definition (2.1.2.2-1) of t[[P1, s' is necessarily
of the form <(L;,...,Ly),M> where P=L:cobegin Lytog e lilpion coend;L: so
that by definition of SUHDE the verification condition 3.2.2-1 is in that case

equal to

n = I i o=
igll[LiJ[L1,...,Li_l,Li+1,...,Lm,m,m)‘> LM, M)
Intuitively, the conjunction of entry assertions of each process must imply

the entry assertion of the program.

Case 2 ~ : 5=<E}ﬁ> where PEa;E} and ME[V“*M]

Since an exit state has no possible successor, tU}Dﬂ[<E,?b,s’] is false

for any s'eSIPI and condition 3.2.2-1 is trivially verified in that case.

Case 3 : §=<(Ly,eenslpn),M>
where P=L:cobegin Clg ] wm e HELy coend;L:, LieLa[[CLiﬂ and Me (V1)

We distinguish two subcases according as the possible form of s’ (by

definition of tlPI, s' cannot be an entry state).
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Case 8.1 & s'=<L,M>
According to the definition (2.1.2.2-3) of tlP1 we necessarily have M=1
and P=L:cobegin aysli:ll .. Hum;Lm:gggﬂg}E: so that by definition of ED}DHEE]

the verification condition 3.2.2-1 is in that case equal to

N
NRICHTE N N N(ED (EPRPPE RS R F R ces Ly MM

Intuitively the exit assertion of the program must imply the exit assertion

of each constituent process.

Case 3.2 :  s'=<(Ll,...,L2),1M"> where LieLallCLyT and M'e(V~>#).
According to the definition (2.1.2.2-2) of tI P we split this case into
a conjunction of two subcases according as the transitien from s to s' corres-

ponds to the execution of an await command or not.

Case 3.2:.1 : Transition not corresponding to an gﬂgij_command.
By definition of t{PT and pPI, formula 3.2.2-1 equals
[[3iel1,n]IP=L:cobegin CLyll...lICLyll...lICL, coend;L:
A (Viel1,n1-{i}, L'j=L3) AtsCLyT(<Ly,M>,<L’3,M">]

n ~ o
A j/z\ll[L'j)(L'l R T B T L DN
n ~ o
= K/:\II(LK][Ll,...,LK_l,LKH,...,Ln,M,M]]

This condition can be split into a conjunction of verification conditions

corresponding to each process CLy, 1=, ....n
[[EE@E[ICLiﬂ[Li,L'i][M]
A EEL'iJ(Ll,...,Li_l,Liﬂ,...,Ln,succ[[CLi]j(LiJ[mﬂ]
n ~ - = gz
A j/:\II[Lj)[Ll,...,Lj_"l,l_'j_,l_j_+1,.-.,Lj—l,\_j+1,.:-,Ln,SUCC[LCLi_U[Li][M],U}J
J=zi
1= ~ M
= K/:\l:[[LK)[Ll’""LK"I’LK+1’""LH’M’M}-‘

Again we split this condition into subcases depending on Kk

Case 3.2.1.1 Sequential proof (k=i)
[CcondlCLy T(Ly,L"43(M) AI[L'iNLl,...,Li_l,Li+1,...,Ln,sucqﬂCLi][Li]UH,W]
A context(i,i]]=€>I[Li][Ll,...,Li_l,Li+1,...,Ln.M,M]
where
context(i, k) =
n ~ _ _—
/:\ I[Lj][Ll’""Li‘l’l"'i’]—i"'l ,,,,, Lj_l'Lj"'l’.'-'LH’E}_J.[EE.[CL:L—Q[L]:][”]'M]

3=t
J=i J=zKk
This verification condition corresponds to the case of sequential proofs (see

3.1.2-2) except for the term Egptext[i,i]. It means that if the assertion
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T(L',) is true after going from Ly to L', the assertion I(Li) had to be

true before going from Ly to L'4- Moreover, the term Egﬂ}gzgﬁi,i] states
that in the proof we can use all information available about the cther
processes CLj, j#zi before the transition. In order to have sequential proofs
which are similar in the case of sequential or parallel programs we can
neglect the term context(i,1i) and choose the stronger verification cundition
L

[cond[[CLy T(Ly L )0 A TCL )Ly e oL ,Ln.aucchLiyaLiMMJ,ﬁ)]]

i-1°bqs1r

= Tl HL1ssnnrbg 1obiaysenslpMalt)
Notice that this simplification is sound since the above verification condi-
tion implies the original one. The completeness proof will show that this
is also complete, since intuitively the information context(i,i) can be,

if necessary, incorporated in each E(L'i] at each point L' of each process

CLj-

Cage 3.2:1:2 @ Interference freeness check (k#i)
For kel1,n1-{i}, we must prove

[[condCLy O(Li,L"4I(M)

A TOL 4 Lysens LioyoLiays-eerbpssucel CLTICL; XM .M
A T[LKJ(LI,...,Li_l,L'i,Li+l,...,LK_l,LK+1,...,Ln,succﬂyzLﬂzLiJmn.Fh
& et ok =5 THLi ML L g v r e b L, e - b o FPE 2

Intuitively the assertions E[Lklin a process Cly must not be invalidated by
execution of commands in other processes Cli, izk. As above, it is sound

(and complete) to neglect the term context(i,k).

We could further detail the above verification conditions depending
upon the nature of the command designated by Li. Since this i1s simple, we

aonly give the result at paragraph 3.2.4.

(A Bl v B 50 Transition corresponding to an await command .

Formula 3.2.2-1 states that whenever
P=L:cobegin CLll]...HCLil\...\lCLnVEEEDQ;E:
CLiE@Li:Eﬂﬂiﬁ B then CL end;L’4:B
CL=L, #yshy:

we must prove

await—proo?[tsﬂiCL]*[<£l,M>}<EQ,M’>D

where
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await-proof(P]) =

[[Medom(BLBI) ABIBIMI=tt AP AT(L 1)Ly, uennli-ysbyieg s L 17,0
n ~

R L R T R R LU LM M
Jei

e n g T -

= AT L e Lol e e LMD

As it is the case for all inveriance proofs, it is not always necessary
to exactly characterize the relationship tsD:ELﬂ*[<£j,M>,<Eé,M'>] between the
input and cutput states of the body CL of the critical section. An approxi-
mation ¥ can be used instead because the above formula is equal to

[3¥e(scLd?® » {tt,fFF}) |
. [esCLT™ (<Ly, 1>, <o, M >) => ¥ (<L), M>, <o, 1" >) ]
[await-proof (¥(<Li,M>,<l,,M">)N 1]
Since we have to prove that Y is invariant, we can apply theorem 2.2.3-1 and
we get
[Jye(scLi® > {tt,fF}) |
[3Je(sCLD® » {tt,FF}) |
(WM e (V>M), I (<Ly, 0>, <Lz, M">))
(V(LysLo)elalCLTIZ, ¥IM3,Ma,M eV >M)°,
[ts[[CLD(<L1,M1>,<L2,M2>]AJL<L2,M2>,<E§,M'>H1*>J[<L1,M1>,<12,M'>D

A

A _ —
(VMM Ve (VM) 2, (<L, M, <L, M >) => (<L, M>, <Lz, M > ) ]

A Lawait-proof (¥(<L;,M>,<L,,M*>)]]
Simplifying by elimination of Y we get equivalently
[3] e (SECLTD? > {tt,FF}) |
[VM' e (V M), J(<Lp,M*>,<L,,090>) ]
" [V[LI,LQJE{L!CLEGL:B}Z» V[Ml,Mz,M’Je(V-+M33,
[ts[[CLE[<L1,M1>,<L2,M2>]AJ[<L2,M2>,<IQ,M'>]]:> L < PRI . PSP L= 3
. [await-proof (J(<L;.M>,<Lz,M'>N1]
Applying 3.1:2=1 and 8«1.2-2 this is eguivalent tc

a7 a7 -
[33e 11 cl=zoL gV > {tt, £} |

[VM'e (V+M), J(L2)(M",M") ]
" IvleLlCL=ZaL:B, W(MM)e(V>M2,

[3L7 el condTCLT (L, L IMIAT (L") suee CLILLIM) M) 1=> J(LXM. ') I]
[await-proof (J(Ly)(M,M" ) 1]

Thus the verification condition for gwgi§ commands has been divided into two

A

subproblems. Firstly, the body CL of the conditional critical section has to
be analyzed independently of its context in order to invent at each point L &

relationship J(L)M,M") between the current and final memory states M and M'.
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at paragraph 3.1.4. This is followed by a proof Eﬂg}EjEEQEE(S[EJB[N,M']Jmhere
the await command is considered as atomic and its semantics is defined
by E[EgJ[M,M'J. As for other commands this proof can be divided into
a sequential proof (omitting term gggﬁgﬁiﬁi,iﬂ
[[Medom(BILBTIABLBT M) =£EAT (L1 )M, M IAT(LI N Lrs v e esbymgabynyeresbne iV 1]
S (D (NP I R ) B
and interference freeness checks (omitting term context (i, k)
vk e [1,nl-{1},
[LMidom[]B[B]]J/\BIIB]][M)=tt/\3(£1](M,M']/\E(LiJ[Ll.....Li_l,Li+l....,Ln.{i' M)
A Ty, ...,Liwl,L'i,l_iﬂ,...,I_K_l,LKH,...,Ln,M',ﬁ)]

o LIl g b alupge oL yme e 5 Ly iV

3.2.3 Completeness Check

Let us define QH}DEE[AEPI}»KHJDE] which specifies how any induction
hypothesis TcAlPT can be coded by a vector of invariants T[L] associated with
each point L of program P such that

R E E;cobegim_CLlll...HCLill...HCLn EEEDEJE:
by cases

- pIPT(INL) =AM, .[YleD, (PEa;L) => T(<L, 11>, <L.11>)]

- viel1,n], VYielallCL4 1,

AL F DL TR AT T =R g i ¢ 44 Loy Wy g e Lol 14 T) ¥ Lie L
(P T 4 UL E e+ L L G R [0 PR Ll ]

- IPI(IIL) =A (1, M) .LI(<L,M>, <L, P
The completeness proof shows that it is complete to omit the terms pontext[i.i]
in the sequential proof and context (i, k) in the completeness check. It also
shows that completeness checks could have been further simplified by ocmitting
the term E(LKJ on the left hand side of the implication. (However in practice
the term is important since E[L’i] can be given a simpler form].
We have to prove that

VIeAlPT, CIPI(e,o)(¥)I) = COPTIle. o) (¥ pMPI(ID
The proof follows the cases considered at paragraph 3.2.2. We only treat case
3.2.1 (since case 3.2.2 is similar whereas the proof for the remaining cases is

like the one given at paragraph 3 1a2]

The term corresponding to COPT(e,0)¥)plPT(I) in case 3.2.1 is the conjunc-

tion of a seguential proof and interference freeness checks
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[[[condCL; T(Ly, L3 )MA (WEel, (PEosLe)=> T{<{Lyseeebyoy biobyryonnns L)

AKgl[[EgﬂgECLiﬂ[Li,L'iHMJ
kzi
A(vEeL,[qu;tzJf—>1(<(Ll,...,Li_l,L'i.Liﬂ,....Lrg,_s(LJggECLi]][Lijtm>,<f,?‘i>n
AYLEL, (P25 L3> T(<(L1se s Lio s L1 Lyayseeer L) osucelCLy DL MY >, <L IB>D) ]
— (YLeL, (PZa;L:) => T(<(Lyme,Lp) 1>, <L, > 1]
which is implied by
[[condlCLi T(Li,L’1)M)
AYLEL, (P20 L)=>T(< Ly s Limy oL Liey seemLnd s sucslCLy TCL1JMI>. <L, M>D ]
=> (YLeL, (PZai; L1 )=>T (< (Lysmes L) oM, <L, M>0) ]
which is implied by
[VlLel, (PZa;L) =>
[CcondCLy Ty L' JMIAT(S(Lysmmslyogobisliny o o) succlCLy TLyM)>, <L, 7> )]
S T(<(Lysee »Lp),M>,<L,1>3 1]

which is the term of CIPIi(e,0)(¥Y)I) corresponding to the transition considered in

case 3.2.1 of paragraph 3.2.2.

3.2.4 Summary of the Verification Conditions for the Partial
Correctness Proof of a Parallel Program by Backward

Induction

P=1,:cobegin CLl\l...HCLi_lll...Hulij:BllCLi+lH swallChy cosndilys

The entry asserticn Poﬂé,;J relates the initial and final values x and x of
variables.

The assertion Pij(cl,“.,ci_l,ci+1.u.,cn.x,;d associated with point j of
process 1 relates the progrem location counters Ci,-ssCi—1-Ci+1,:Cn of the
other processes, the current value x of the variables and their final value X\

The exit assertion Pl[;};d is on the final value x of the variablec.

- Sequential Proof

The verification conditions are the same than for sequential programs
(3.1.4) plus
Finalization of parallelism

acobegin Brily:]|l«-1lBn;lnicoend:le:

s n —
PF[x,x)::>iglPi[ll,",,li_l,1i+1,”.,1n,x,x)



S -

W b ddddddddddddadad

26
Await command
al, :await B then

11
1 &
12 B
1.
13-

end;
1iq:Y
At each point 1,. of the body 1, :81. :, an assertion P, [(x,x")
ij is is

relates the current value x at 1ij to the final value x' at li of the
3

variables. The corresponding verification conditions are those of
sequential programs (except for the initialization rulel.

[B(x) APi (x,x") APi (@] wers 3 B~y # B eq semea Crya X' aX) J

2 L -
=3 Pi (Cl,---;Ci—l;cii‘l;-")cntxxx]
1
Initialization of parallelism

lo:cobegin 1y:ay || ll1,:0, coend R

- - -
[iélPi(ll,".,li_l,1i+1”",1n,x,x]]:f>Po(x.x)

Interference freeness checks

For each label lKj of each process CLK’ keL1.n]-{1}
« Null command

al, :skip:;l, :PB
iy === Ti3

1 1AP
ER> L Kj/CkJ

1. /c.ly=P .[1. /c.]
i i 1 kj 11 1

kJ
Assignment command

al. :V:=E;1. :P
13 L1y

(P [1Kj/CK’E/V] AP

(1, /c..E/N])=P .[1. /c.]
is i, 1 kj 11 1

KJ
. Conditional command

ol, :if B then

=y 1. :
i
2 B
1.
1s
else
1,
i, .
1. ¢
s 7S
1.
lg
] P 1, ./ AmBAP L1, /c.]l=P .[1.
HPiz[lKj/CKJABAPKj[liz/ci]JV[ iq[ K] CK] KJL i, cl] KJ[ i

= P 1, /
(PiGE1Kj/cK]APKj[1iG/ci]] >(ij[1i3/ci]A kj[ i ci]J

1

/e
o
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. Iteraticn command

al, :while B do

dals. T E 1 S
io’ 8
1. &
od;
1. Yy
1y
((P. [1 ./c 1IaBAP .[1. /c. 1IVvI(P.
47 KJ K kJ 1o 1 1y

=> (P [1, /c.IaP [1, /c. 1)
ki~ dg & KIT dy L

. Awalt command

5

al. :await B then

ig” R

[B(x) AP, (x,x")
iz

AP, (CypsmesCk-ysdkjrCky s Cimy s Cieyome

1y

NP -[Cl""’CK_l’CK“"l ’”"Ci—l’liq’ci"'l'"'

KJ

=y PK;(clpn,cK-l,cK+l”",ci_l,lil,ci+1”u

ol

3.2.5 Examples

Example 3:.2.0.1 & A very simple example taken from Owickil & Gries(76b].

We have to prove that the following program

: cobegin
11: awalt true then
123
end/-13 e
14, ——

21: await true then

221 B
53, x:=x+1;
54, 8045
coend;

is partially correct with respect to
¢ (x)=(x=0)
P x,x)=(x=2)
The verification conditions are the following
- Finalization
P3(x,x)

Pa(x,x) =>[Pys(14,%x,%) AP14(24,%,x)]

1 in— » )
C Kj/CKJA BAPKj[liq/Li]]J

sCpa %’ x]
»Cpa X' ax)]

s Cpys X X
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- Seguential proof for process 2
Powlx’ i %"]
Poalix+], %" )= Pog [ x")
[Pso (X, x"JAP,, (C1, %" x)1=>Poy(Cy,X.x)
- Absence of interference of process 2 with the proof of process 1
[Paz (x,x"APo, (14, X", x)AP14 (24, x",x) 1 => P14 (21,%,x)
[P22 (x,x" AP, 4 (11, ,x)AP11 (24, %" ,x)1=> P11 (21, X, X)
- Likewilse, we have a sequential proof for process 1 and a check that process
process 1 does not interfere with the proof of process 2.
- Initialization
[P11(21,%,x) AP21(11,%,x)1=>Pg (x,x)

[o(x) APG(x,x)]=>W(x,x)

The proof outline is the following

{(x=0 A x=%-2)=(%x=2)}
0: {x=x-2}
cobegin
11: {(c2=21 A x=X-2)V(c2=24 A x=x-1)}
await true then

12: {x=x"-1}
X:=x+1;
13: {x=x'1}
end;

14: {(c,=21 Ax=x-1)IV(c,=24 A x=X)}

21: {(ci1=11 Ax=%X-2)V(c1=14 A x=%X-1)}
await true then

22: {x=x'-1}
X:=x+1;
23: {x=x'}
end;
24: {(c1=11 Ax=%x-1)v(c:=14 A x=X) }

coend;
Seidn=x} N

Exomple 8+2:8:2 °: Factorial

In order to ccmpute f=n! where n>1, one can imagine a program with two
processes, the first process computing the product f;=1%2x3%... of small
integers and the second process computing the product fo=nx(n-1)x(n-2)x...
of large integers. If the two processes stop at some limits 1 and 1+1 respec-
tively, we have f=Ffi*fo,=(1x...x1)*x((1+1)*...*n). Since the relative speed of
the processes is unknown the limit 1 cannot be fixed in advance without risking
that one process be inactive while the other terminates its computation. This

leads to a program such as
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(S

al af wub b wf w

ol

nys=1; Nz2:=n;

cobegin
I f,:=1;while (n;+1)<n, do nyi=ni+1;Ffr:=Fi*ny1; od:
fo:=n;while (n;+1J)<ny do No:=na-1;Ff2:=Fa*nz; od;
coend; o o
Fr=fakts ;

However this program is incorrect since when ni=1 and np=1+2 both processes
might test at the same time that (ni;+1)<n2 which leads to ni=n2=1+1 and f=
nlx(1+1). One solution is to synchronize the processes in order to avoid

this interference, but synchronizations are costly. The other solution is to
take the phenomenon into account, a posteriori correcting its effect when nece-

ssary. This leads to the following asynchronous program

My iy Mg i=nsg

Cobegln’qq:
124 ‘Fliz’l;
43, while (n1+2)<nz do
14: ni:=ni1+1;
coFpyEFasngy
15: ods
16: —
I
é;i foi=n2;
23: while (ni1+2J)<n2 do
54 n2:=nz2-1;
55 fpi=fp¥*ngs
-l % Dd;
coend; Pt

I (n1+1)=n; then fi=fixfe: else fi=fixfax(m+1); fi;

The verification conditions are the following

- Finalization
VI, T1,T2,F1,T2.F> Pufﬁ;ﬁiyﬁé»?l»52-?FH»FE:FQJ?1’?2;?]
[(Pu[?l*Fz/¥]A[ﬂ1+1]:ﬂz]V[Pu[Fl*Fz*[ﬂ1+1]/F]A[”1+1)¢”2}]:>P3
Py=>(P,e[16/c11AP16[26/c21]

- Sequential proof of process 2

[(Pas A(np+2)<n2)V(P2s A(np+2) >ny) F>[P2o2 AP35
Posfoxna/f2 F>Pou

Poulno-1/n2 F>P2s

Poolno/f2 F>P2s

- Proof of absence of interference of process 2 with the proof of process 1:

ERE . 50 s smm D
[ (P23[13/c1Ialn1+2)<n2 APlj[23/oﬂ]V[P26[1j/Cl]A(ﬂl*Z]zﬂZ AP14[26/c2])

= [F’IJ[ZZ/CZ]/\Plj[ZB/sz)

[P25[1j/C1 ,Fz*l’]z/'Fz] A Plj[25/@2,+\2*ﬂ2/+ﬂ2]]:>P1j[24/C2]
(P24[1j/C15n2-1/N2] APlj[24/cz,nz-1/nz]]:>P1j[23/oz]
(P,,[13/cy N3/ T2 ] APlj[22/c2,nz/sz]T>P1j[21/c2]

- The seqguential proof of process 1 and proof of abs>"7e of interference of

process 1 with the proof of process 2 are similar.
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an

= Initialization

(P11[21/62] /\Pz][/l'l/clj] => Py
Pl[/}/ﬂl,ﬂ/ﬂzjj”> Po
(n>1 APg) => (f=n! An=n)

In the following proof outline, we have

m(a,bl)=if a<b then ax(a+1)x...*xb else 1 fi
I=(n=n AL{N1+1)=N2 A f=fxfolvn+1)#N2 /\WC:‘Fl*WCZ*[—ﬁl*'q)]])

0: {(n>1)=>(F=n! An=n)}
ny:=1; np:=n; B
1: {(ni<ns)=(1<n-n1<2 Afr=m(ni+1,n1) /\?zzﬂ(ﬁz,ﬂz] AT)}
cobegin

11: {[(coef21.22} An1<n2JV(CZj23/Nn1+2<n2)v[cze{24,25} Anp+1<nz]) Vv

F [Ci=26 /\n1<n2§n1+2]F>[F1=W(n1+’l,31] /\E@l[ﬂl,ﬁz‘2)§ﬁ1<ﬁz ATT}
174>
12: {[(ce{21,22} An1<n2)V(ce=23 Anyp+2<np)Vice{24,25} Ani+1<n2) Vv
(cp=26 A ﬂ1<ﬂ2Sﬂ1+2)]:"‘>[‘F1:191*TF[01+'1,F1‘1] Amax(ni,nz-2)J<ni<nz A 11}

while (n;+2)<n, do o

13: T (c,e{21,22,23} Ani+2<np)Vvicze{24,25,26} Any+1<nz]]
:>[{1:{1*W(H1+1,Hl] /\m[ﬂ1+1,ﬁz—2]{ﬁl<_ﬂ—z A I]}
n;:=ni+l;

14: {[(cpe{21,22,23} An1+1<nz)Vvice{24,25,26} Ani<nz)]
=>[F1=F1*T(n), M) Amax(ny,fp-2) <A <2 A 11}
f1:=f1*n1',

15: {[(cpe{21.22,23} Any+1<nz)Vvicze{24,25,26} Any<nz)]
=>[Fp=f %M (n1+1,71) Amax(ny,f-2) <Ay <Ay A 11}
od;

16: {[’Iﬁﬂz‘ﬂ1§2]:>[Fz‘2§ﬂ1:ﬁl<ﬁz /\‘Flztfgl AN I]}

21: {[(c1e{11,12} Ani<nz)vici=13 Ani+2<n2)V(c1e{14,15F Ani+1<nz] v
(c1=16 A ni<na<ni+2) F>0Fo=m(ny,nz) /\ﬁ1<F2§m_iD(ﬁl+2-ﬂ2) AT}
foi=ha} )
22: {[(816{11,12} A ﬂ1<ﬂ2]v[01i13 /\ﬂ1+2<ﬂ21\/[01€{14,15} Anip+l<ng) Vv
(c1=186 A ﬂ1<ﬂ2Sﬂ1+2]]z>["F2:7T[Hz,ﬂz“'l]*‘F2 ATi<no<min(mi+2,n2) A 1}
while (n;+2)<n, do -
23: T[(c1e111,12,13} An1+2<n;y)vic1e{14,15,16} Any+1<na) ]
=>[Ff,=T(N2,na-1)1*T» /\ﬁ1<7‘|—2§miﬂ[_ﬂ_1+2,ﬂz—’|] A I]}
Np:=np-1; e
24: {[(c,¢{11,12,13} An1+1<ny)v(c1€{14,15,16} An1<nz)]
=>[f,=m(no,n2)*xf2 /\F1-1<_I—W_2Smin[ﬁl+2,n2) AT}
f2:=f2*n2; "
25: {[(c1e{11,12,13} Am+1<ny)Vv(c1e{14,15,16} An1<n2]]
::>[‘F2=TT(F1—2,H2—']]*‘F2 ATi<nz<min(ni+2,n2) A 11}
od; _ s
26: T‘fqﬁﬂz'ﬂ1§2]:‘>[‘{:2:‘f22 AT1<No=n2<T1+2 A 11}
coend; _ -
3 {ﬂlzﬁl Ano=nip Af1=F ANfo=Ffo A I}
if (ny+1)=n, then f:=f1xf,; else fr=fifox(ny+1); fis

4: Tn=m Ani=n1 Ang=ng Af1=Fy AFfp=Fp Af=F} 0

3.2.5.2 Methodological remarks

- The assertions as:ociated with each point of each process are of the form

A=>R where A depends upon the current values of the program location counters

o JJ dJJdJdJdddddddddaddadad
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of the other processes and the current values of the variables and R is &
relationship between the current and final values of the variables. A describes
what has been achieved until now and R describes what remains tc be done. This
would have been even more clear if we had used redcndant assertions which
describe more precisely the behavior of the program such as

4: {[n>1Af=n!TF=>[n=RAn;=T; Any=mp Afi1=F, Afp=F, AF=F]}
23 {[[(61:/}1 Anp= /\r11+2<1'12JV{L11€{/|2,/|3} ANzt Afi=n! A ny+2<ns) VvV
(1=14 An1>1 AFf1=(n1=1)! Ani+1<n2)Vic1e{15,16} Ani>1 AFf=n1!l Anp+i<ny )]
[no<n /\‘FQZW[I‘Q;D]]]'7’>[FZ:T\'[H2.D2‘1]*F2 AH1<HzSM[H1+2,ﬂ2] A I]}

This possibility offered by backward induction should be contrasted with
forward induction (Lamport{77], Owicki & Gries[76al). Using forward induction one
must specify what has been done (i.e. A) but what remains to bedone (i.e. R) cannot
be specified. Therefore in order to understand the program, the reader must
invent what remains to be done from what has been done and the output specifica-
tion.

This observation for the factorial program is in fact general. The proof is
that J=(A=>R) where A(s)=(3seSIPTle(s) AtIPT (s,5)) and R(s,5)=(tIPI" (s,8)Ac(s))
is always an invariant for backward positive induction I-l (i.e. satisfies condi-
tions 2.2.4-1 when Y is invariant for P, € and 0J). Notice that we could have
proved the completeness of forward induction L using A. Therefore using the
backward induction principle I-l one can specify for the program reader the maxi-
mum information A about the current program state which could be specified using

the forward induction principle {, plus some information R on what remains to be

done.

- For completeness, we use program location counters. We could equivalently
have used auxiliary variables, since we have shown using a very general model
(Cousot & Cousot[80]) that both approaches are equivalent. In Owicki & Gries[76a,
76b], auxiliary variables are only used in order to designate program points.

The method consists in implicitly defining a map f from program points to some
finite domain, introducing as many assignments to auxiliary variables as necessary
so that when control is at points 1i,..,1, the auxiliary variables have value
f(l1,m.51,) and using the auxiliary variables in the assertions. Exactly the
same methodology can be applied by defining explicitly the map f and using it

directly in the assertions.
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4, CONSTRUCTION OF A METHOD FOR PROVING FREEDOM FROM
DEADLOCK BY BACKWARD INDUCTION

A program 1s blocked if not all processes have terminated and all of its
processes that have not yet terminated are delayed at an await. Formally if
P=L:cobegin CLyl|...|ICLy coend:L:
then P is blocked in state s if and only if BIOPIi(s) is true, where
BLPI(s) = [dL,elallCLy TieendLpelallCly D, Me (V> M) | 8=<(L} ee0 Ln), M> A
[Lviel1.n], (CLj=olL4:await B theny A Bedom(BLBI) A ~BILBI (1)
V(CLiEu;Li:)]
Aldgel1omd [={CL 2L 320111

A program P if free from deadlock if no execution of P can lead to a

state where P is blocked, that is
W(s,8)eSLPI?, (e(s) AtLPT (5,50 => -BIPI(S) ]

This is an invariance property where 0(8)=tt and ¥(s,s)="BIPI(S) does
not depend upon initial states. According to paragraph 2.2.6 freedom from
deadlock can be proved by backward induction using the contrapositive princi-
ple L.

The choice of an assertion language and its semantics is similar to the
one for partial correctness (3.2.1) except that at point L4 of process i we
have an assertion of the form

TOLg JCL gimmew Lo 1oLy aems « Lpgal)
instead of
BULA I by amssp b g o g g asis o L I, BT
since it is no longer necessary to relate the current and final states.

The determination of the verification conditions corresponding to 2.2.4-
3(b) is quite similar to paragraphs 3.2.2 and 3.2.3 except that final memory
states are omitted. The remaining cases are

- Initialization
[¥s, e(s)=—plPT(Ti(s)]
= [VL,M, (PEL:a A ¢(MN=>—T(L)M)]

- Finalization
[Vs, BLPI(s)=pIPI(I)(s)]
When § is not of the form <(Lji,..,Ly),M> BIPI(s) is false so that the

condition is trivially verified, otherwise this i1s eguivalent to



[YL, veres Ly,

(Vie[1,nJ, ((CLiZa:L4:)V(CLyZaly:await B theny A Medom (BLBI A
BIBD(M)=tt)]

n ~
==y Kéll(LKMLl“"’LK—I‘LK*'l”"’LD’M)

Informally, for any tuple Li,w..,L-. of labels such that

n

Li designates a conditional critical section Lj:await B then o

(in which case blocked[IPI(i,L{}(M)=[Medom(BI BN A BILBI(M)=tt])

or
Li designates the exit point of process CLi
(in which case blockedPT(i,L;I)(M)=tt)

and such that not all labels designate exit points we must prove that

n . —
A blockedIPT(1,L1)(M) => igl LA e s e e s B
Example 4.1 : Let us consider the following very simple example
COBEEIN 14, while true do 12: P(m); 13: V(m); 14: od; 15:
I 21: while true do 22: P(m); 23: V(ml); 24: od; 25:
coend; —_—— —
where

P{m)zZawait m>0 then m:=m-1 end
V{m)=m:=m+1

The verification conditions are
- Initialization
¢ (m)=>"P4y (m)
= Induction
[Py1(21,m) AP21(11,m) =>Pg (m)
. Sequential proof of process 1

P12(ce,m)=>[P11(cz,m) AP14(c2,m)]
[m>0Am'=m-1AP;3(cp.m’") =>P;,(co,m)]
Piy(co,m+1)=>Py3(cy,m)

Absence of interference of process 1 with the proof of process 2

FOr §=1,e,5,

[P12[2j,m] /\sz[’]Z,m]]:>[P2j[H,m) /\PZJ(14.m]J
[m>0Am'=m-1AP13(2j,m") Ang[13,m]}:>P2j[12,mJ
[qu(2j,m+ﬂ /\sz[14,m+1)]:>f32j(13,m]

. The sequential proof of process 2 and the checks of absence of inter-
ference of process 2 with the proof of process 1 are similar.

N P3[m)=->[P15[25,m] /\P25[’l‘5,m]]
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- Finalization

. Possible deadloek at 12 ang 227
m=0 => [P12[22.m) AP22(12,m]]

. Possible deadlock at 12 and 25
m<0=>[Py,(25,m) AP,5(12.m) ]

« Possible deadlock at 15 and 22
m<0=>[P15(22,m) AP25(15,m) ]

A proof outline is

{m=21="(m<1) }

0: {m<1}
Eobegin 11: {[m<0Acoef{21,22,24}1IvIim<0Ac,=231v[c,=251}
while true do
12 {Im<0 A coe{21,22,24}IvIm<0 Acp=23]vlc,=251}
P(m);
13: {Lm<0 Ac2e{21,22,24}IvIm<-1 A cp=23]vlc,=251}
V(m);
14: {[m<0 Acre{21,22,24}IvIm<0 Ac,=23]v[c,=25]}
od;
15 Tet}
Il
21: {[m<0Aci1e{11,12,14}Iv[m<0 A c1=13]vlc;=151}
while true do
225 [m<0Acye{11,12,14}1vIm<0Ac,=131vlc1=151}
P(m);
23: {lm<0 Ac1e{11,12,14}Ivlm<-1 Ac;=131v[c =151}
V(m);
24: {Im<0Aci1e{11,12,14}IvIm<0 Ac;=13]v[c, =151}
od;
25: {tt}
coend;
3: Ttt]

Informally, at each program point we give a condition on m which is
necessary (but may be not sufficient) for the program to be later blocked.
Since this condition is not satisfied by the entry states when m21 the

program cannot end in deadlock. [

5. CONSTRUCTION OF A METHOD FOR PROVING MUTUAL EXCLUSION
BY BACKWARD INDUCTION

Two program sections are mutually exclusive if they do not contain sta-
tements which can be executed at the same time. Assume csj (c5j] is a charac-
teristic predicate of the set of labels belonging to the critical section in
process CL4 [CLj] of program

P=L:cobegin CLy||+..||CLy coend;L:
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The critical sections are mutually exclusive if and only if
V(s 5)eSIPT?.[e(s) A tPT " (5,5) FomellPA (1, 3)(cs1.c55)(8) ]
where
meLPT(i.j)lesq,e85)s) =
LY (Lyomes L J DM Me (V> MY, (8= (L e L), 12 )=> (53 (L) Acsi(L3D)]
Mutual exclusion is an invariance property which can be proved using the con-
trapositive backward induction Z. The verification conditions are therefore
similar to absence of deadlocks, except for finalization which is

[-melPI(i,3)(css,cs5)(s)=pIPT(TIE)]
= [(csi(Ly) ACSJ[LJJF?>KglifLK][Ll”",Lk_l,LK+1,"uLn,M)]

Informally for all labels Lj of CLj such that csj(Li) and Lj of CLy such that
csjlly) ,

I[Li][cl""’Cj‘lil—j’Cj+1""'ci’llci+l’""Cn’M]
and__

I(Lj](01"",Cj_l,cj+1,""ci_l,Li,ci+1,“”cn,M)

must hold. Moreover for all labels L of process Clk. ke[1,n]-{i.3j}, we must

have

Lems (o) AGaj(Cj]}“5f[LK)[c1”",CK_I,CK+1,""CD,M]

Example 6.1 : The program points 13 and 23 in program 4.1 are mutually

exclusive when m<1. The verification conditions are those of 4.1 except for
Tinalization which is

P,5(23,m)
By (13, m]

The proof outline is

{{mg1)=>=(m>1)}
0: {m>1}

while true do
12: {[m>0 Ac,=23]v[m>1 Ac,e{21,22,24}]}
P(m);
13 1LE,=283v0m>0 A 89e{21:22, 2437}
V(m);
14: {[m>0 Ac,=23]v[m>1 Ac,e{21.22,24}]}
od;
15: {f+}

21: {[m>0Ac,=131v[m>1Arc;e{11,12,14}1}
while true do
225 {Lmsl A ey =131vim=1 A e e{11.12: 14} 1}
P(m);
23 {[c,=13]v[m>0Ac,e{11,12,14}7}
V(m)s
24: od_{[m>o Acy1=13vIm>1 Ac1e{11,12,14} 1}

25: {ff}

coend;
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6. NON-TERMINATION PROOF BY BACKWARD INDUCTION

A program P does not terminate if and ULy AL
[V(s.5)eSIPI?, (e(s) AtLPI (s,50=>¥(5)]
where
Y(s) = =[3LeL,Me (VM) |s=<L,M> A PZa;L: ]
This invariance property can be proved by backward induction Z} The verifi-
cation conditions are those of paragraph 5 except for finalizetiecn which is

VM} T(L)M) where PZa;lL:

Example 6.1 : The verification conditions are those of example 4.1 except
for the finalization condition which is P3(m). The proof outline is
0: {ff}
cobegin

11:{rf}while truedo 12:{ff}P(m);13:{ff}V(m);14:{ff}od;15:{tt}
I 21:{ff}lwhile truedo 22:{ff}P(m);23:{FF}V(m);24:{Fff}0d;25:{tt}
coend; o

3 {xtt g

7. CONCLUSION

We have shown that invariance proof methods can be formally constructed
rather than experimentally invented and later, if ever, proved sound and
complete. This approach was illustrated by the construction of new backward
invariance proof methods for a simple parallel language. Since the construc-
tion of invariance procf methods has been shown to consist in a few human
choices (operational semantics, induction principle, assertion language and
its semantics) and a lot of algebraic manipulations, our approach introduces
the possibility of using interactive mechanical aids. Then complicated langua-
ges could be considered for which the construction of invariance proof methods
would involve symbolic computations that might turn out to be formidable (e.g.

ADA) .

The backward partial correctness proof method which we have introduced
(thus generalizing Morris & Wegbreit's subgoal induction) can be acvantageously
compared with the forward methods & la Lamport-Owicki & Gries. This is because
the assertion A which is used in the forward method at each program point can
be used for the backward method in the form A=>R. When the proof is used as

comments this is useful to the program reader since A describes what has been
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done up to that pcint and R what remains to be done. R must be invented by
the program reader when forward proof methods are used.

An advantage of forward proof methods is that the same assertions can be
used for partial correctness, absence of deadlocks, mutual exclusion, clean
behavior, non-termination, etc. This 1s because in the case of forward
induction, the same induction principle (L)} can be used for all these inva-
riance properties. This is not the case for backward proof methods for which
two induction principles must be used [I_l and ZJ which lead to somewhat dif-
ferent verification conditions.

A successfull compromise might consist in using an intelligent combina-
tion of forward and backward induction principles. This is, for example, what

is implicitly done in the informal proofs given by Ricart & Agrawalal81].
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