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origin (abridged)



Before starting (1972-73): formal syntax

e Radhia Rezig: works on precedence parsing (R.W.
Floyd, N. Wirth and H. Weber, etc.) for Algol 68

= Pre-processing (by static analysis and
transformation) of the grammar before building the
bottom-up parser

e Patrick Cousot: works on context-free grammar
parsing (J. Earley and F. De Remer)

= Pre-processing (by static analysis and
transformation) of the grammar before building the
top-down parser

e Radhia Rezig. Application de la méthode de précédence totale a ['analyse d’Algol 68, Master thesis, Université
Joseph Fourier, Grenoble, France, September 1972.

e Patrick Cousot. Un analyseur syntaxique pour grammaires hors contexte ascendant sélectif et général. In Congrés
AFCET 72, Brochure 1, pages 106-130, Grenoble, France, 6-9 November 1972.
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Before starting (1972-73): formal semantics

e Patrick Cousot: works on the operational semantics of
programming languages and the derivation of
implementations from the formal definition

= Static analysis of the formal definition and

transformation to get the implementation by “pre-
evaluation” (similar to the more recent “partial

evaluation”)

e Patrick Cousot. Définition interprétative et implantation de languages de programmation. Thése de Docteur
Ingénieur en Informatique, Université Joseph Fourier, Grenoble, France, 14 Décembre 1974 (submitted in 1973

but defended after finishing military service with J.D. Ichbiah at ClI).
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Vision (1973

Intervals —

Assertions —

Static analysis —

N40Al, 2017/01/21, Paris, France

pas le niveau de '"compréhension" des programmes. Les langages actuels ne
sont pas faits pour 1'optimisation. Entre autres, il y a certains faits sur
un programme qui sont connus du programmeur et qul ne sont pas explicites
dans le programme. On pourrait y remédier en incluant des assertioms, tout

comme on insére des déclarations de type pour les variables.

Exemple :

(1) - pour 1 de O 4 10 faire a[i] := 1 ; fin ;

(2) - pour i de 11 3 10000 fainEr RSN I 1

(3) - al(alil + 1) % a T3 ¥ THINCEEE

(#) - si alj x J +2x 3 + 11 % alj] aller 3 étiquette ;

Pour un tel programme, il est important de savoir que
1€ §< 99 (3 charge éventuellement au systéme de le déduire a partir

d'autres assertions), parce qu'on peut alors remplacer (4) par (4")

(4') si § < 10 aller 3 étiquette ;

Cette insertion d'assertions peut donc servir de guide a une
analyse automatique des programmes essentielle pour 1l'optimisation (mais
également pour la mise au point, la documentation automatique, la décompi-
lation, 1'adaptation & un changement d'environnement d'exécution...).

Dans tous les exemples que nous avons pris, (équivalence de définitions de
données, équivalence de définition d'opérateurs) nous avons condult cette
analyse sémantique & la main.

La possibilité de son automation, nous semble conditionner les progrds
dans le domaine de l'optimisation de 1'implantation automatisée d'un

- -~ rd - . - . -
langage étant donnée sa définition, aussi bien que dans celui de 1l'optimi-

sation des programmes [u41].
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An important encounter
e | do my military service as a scientist l - |

with Jean Ichbiah A |
e Work on the revision of LIS . \[
(ancestor of Green — ADA)

e Will always be a very strong support
on our work
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1973: Dijkstra’s handmade proofs

® Radhia Rezig: attends Marktoberdorf summer
school, July 25—-Aug. 4, 1973

)

Dijkstra shows program proofs (inventing
elegant backward invariants)

= Radhia has the idea of automatically inferring
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the 1nvariants by a backward calculus to
determine intervals



1974: origin

e Radhia Rezig shows her interval analysis
1deas to Patrick Cousot

= Patrick very critical on going backwards

from [-00, 4+o00] and claims that going
forward would be much better

= Patrick also very skeptical on forward
termination for loops

e Radhia comes back with the i1dea of

extrapolating bounds to 0o for the forward
analysis

e We discover widening = induction in the
abstract and that the i1dea i1s very general
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rﬂz %3 )

Notes of Radhia Rezig
on forward 1teration

from

= 1) versus

backward 1teration

from [-00, +oo] (?)

(1) 1.e. forward least fixed point

(2) i.e. backward greatest fixed point

© P. Cousot



First seminar in Grenoble: a warm welcome

e “Not all functions are increasing, for example, sin”

e “This is woolly” (fumeux)

e ‘““T'his will have applications in hundred years”
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The IRIA-SESORI contract (1975-76)

e The project evaluator (Bernard Lohro) points us to the

literature on constant propagation in data flow analysis
(Kildall thesis).

o It appears that it is completely related to some of ours
1deas, but a.o.

- We are not syntactic (as in boolean DFA)

- We have no need for some hypotheses (e.g.
distributivity not even satisfied by constant
propagation!)

— We have no restriction to finite lattices (or ACC)

— We have no need of an a-posteriori proof of correctness
(e.g. with respect to the MOP as in DFA)
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The IRIA-SESORI contract (1975-76)

e New general 1deas

The formal notions of abstraction/approximation
The formal notion of abstract induction (widening) to
handle infiniteness and/or complexity

The systematic correct design with respect to a formal
semantics
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The IRIA-SESORI contract

e The first contract report:

VERIFICATION STATIQUE DE LA COHERENCE

DYNAMIQUE DES PROGRAMMES

(1) Patyick COUSOT
{2) Radhia COUSOT

(1) - Attaché de Recherche au CNRS
(2) - Chercheur sous contrat IRIA-SESORI N° 75-035

N40Al, 2017/01/21, Paris, France

23 Septembre 1975

13

VERIFICATION STATIQUE DE LA COHERENCE
DYNAMIQUE DES PROGRAMMES

el e

1°) - PRESENTATION DU PROBLEME -

La notion de type ou mode dans les langages de programmation, permet générale
ment une vérification statique (3 la compilation), de la cohérence dynamique
(3 1'exdcution) des programmes. Toute valeur a un mode unique, qui caractéris
les actions qui peuvent &tre exécutées sur ou avec elle. En ALGOL 68 par

exemple, les déclarations :

struct (int jour, string mois, int an) t = (11, "juillet", 1971) ;

struct (long bits c) u

permettent au compilateur de détecter que les écritures
mois of u
ou

cof t

‘'sont erronées.

i

Pour certains types toutefols, certaines opérations sur des objets de ce type
ne sont pas définies pour certaines valeurs ayant ce type. Par exemple, en
PASCAL [1] on peut déclarer :

type personne = record
nom : alfa ;
pére, mére : t personne ;
end ;
var x, y, z : t personne ;
mais 1'opération x t * nom n'est définie que si x $ nil. Les technigues de
compilation actuelles ne permettent pas de déterminer que x n'est pas nil
quand on accdde 3 un champ de 1l'enregistrement repéré par x. De ce fait,
certains compilateurs* ins@rent des tests dans le code généré pour détecter

ce genre d'erreur 3 1'exécution du programme.

* La plupart des compilateurs utilisent le mécanisme de protection mémoire
(3 un coilit pratiquement nul), mais cette technique n'est pas utilisable pour

des langages d'implémentation de systdme, comme LIS.

1975-76
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The first reports (1975

= G7.c

. UNIVERSITE SCIENTIFIQUE ET MEDICALE
(11 prostoune toeeeprétatton shatratte (graghe = (A x (1, Ny Wy o Ny ooty {0 D)} et INSTITUT NATIONAL POLYTECHNIQUE

£
a4 : e
P de GRENOB
2] pour. chague arc de A faire contexte local (arc) := ¢ refairz ; SSne 5
I3} chemins & exécuter := {arc initial (graphe)} ; jonctions :z § ;

{51 tantque (chemins d exéeyter $ @) faire

()] tantque (chemins 3 exécuter § §) faivre $sélectionner un arc 3
traverserf
[7] arc :¥ choix (chemins & exécuter) ;
(81 _ chemins 3 exécuter := chemins & exécuter -{arc} ;
s} noeud traité := extrémité-finale (arc) ;
(203 £as ;
{11} noeud tralté e N >
{12} calcul contexte sortie {arc sortie(noeud traité),
ga(nqeud traité, contexte local{arc))) ;
{13} noeud traité € Nt Ed
[18] (V, F) := gt(noeud traité, contexte local(are)) ;
{15} calcul contexte sortie (arc sortie vral (noeud traité), V) ;
(6] . & calcul contexte sortie (arg sortie Faux (noeud traité), F) 3
{173 noeud traité € (Nj u Nj‘ } - jonctions u := {noeud traité} ;
[18) : noeud traité ¢ N3 3 B
(19] finezs
[20] refaire 3
{213 pour chaque noeud de jonctions faire
{221 contexte sortie := U contexte local {prédécesseur)
prédécesseur  arcs d'entrée (noeud)
[23] si -(contexte sortie £ contexte local (arc sertie(noeud)} alors
[243 cas
{25% . noeud € N, -
s
f28) calcul contexte sortie (arc sortie (noeud),
127} contexte sortie)
I2a} : noeud € N, -
b
{29} calecul contexte sortie (arc sortie{noceud),
{3} | contexte local (arc sortie(noeud)) § contexte sortie) ; STATIC VERIFICATION OF DYNAMIC
fa13 fincas TYPE PROPERTIES OF VARIABLES
tazt finst 5 =i
3] Hlcraine 4 Patrick COUSOT and Radhia COUSOT
[3u] : jonetion 3= § 3 RR. 25 Novembre 1975
[35]  refaire 3
£36] proc: ¢ calcul contexte sortie (arc, contexte) ;
{371 déhur
fag} 3i = (contexte E contexte local (arc)) alors
{a9] contexte local (arc) := contexte ;
{uo} chering 4 exdeuter v iz {arc)
[u1) finsi 5
E“: Hos RAPPORT DE RECHERCHE
43] fir

The first abstract The first research

interpreter with report
widening Nov. 1975)

as of 23 Sep. 1975
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The first publication (1976

e The first publication (ISOP II, Apr. 76

o . -
) . STATIC DETERMINATION OF DYNAMIC
rogramindatiion exorprs o socans
Proceedings

of the 2™ international symposium on Programming
edited by B. Robinet

Paris Université Scientifique et Médicale de Grenoble
April, 13-15 1976

Patrick COUSOT* and Radhia COUSOT™*

Actes du 2° collogue international sur la programmation

direction B. Robinet
Paris
13-15 avril 1976 1 - INTRODUCTION -

In high level languages, compile time type verifications are usualy incomplete,
and dynamic coherence checks must be inserted in object code. For example, in
PASCAL one must dynamically verify that the values assigned to subrange type
variables, or index expressions lie betwsen two bounds, or that pointers are not
nil, ... We present here a gan:rél algorithm allowing most of these certifica-
tions to be done at compile time. The static analysis of programs we do consists
of .an abstract evaluation of these programs, similar to those used by NAUR for
verifying the type of expressipns..in ALGOL 60 [6] , by SINTZOFF for verifying
that. a module corresponds to its logical specification [9] ., by KILDALL for global
program optimization [5] , by WEGBREIT for extracting properties of programs.,

[9] , by KARR for finding affine relationships among veriables of a program [4] .
by SCHWARTZ for automatic data structure choice in SETL [8] ....

The essential idea is that, whén doing abstract evaluation of a program,
"abstract” values are associated with vartables instead of the "concrete”

valams used while acthally sxecuting. The basic operations of the language are
interpreted accordingly and the abstract interpretation then consists in a
transitive closure mechanism. One mdy consider abstract values belonging to no
finite sets, but the properties of the transitive closure algorithm are chosen
such that the abstract interpretation stabilizes after finitely many steps,

DUNOD

phase recherche | informatique |

%  Attaché de Recherche au CNRS, Laboratoire Associé N°7.
*% This work was supported by IRIA-SESORI under grant 75-035.

cited by 551 Google scholar
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Maturation (1976 — 77): from an
algorithmic to an algebraic point of view

e Narrowing, duality
e Transition systems, traces
e Fixpoints, chaotic/asynchronous iterations, approximation

e Abstraction, formalized by Galois connections, closure
operators, Moore families, ...;

e Numeric and symbolic abstract domains, combinations of
abstract domains

e Recursive procedures, relational analyses, heap analysis

e ctc.
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A Visitor
e Hi, I am Steve Warshall

e The theorem?

® Yes

e Steve Schuman told me you are doing interesting
work

e You should publish in Principles of Programming
Languages.

e Stephen Warshall. A theorem on Boolean matrices. Journal of the ACM, 9(1):11-12 , January 1962.
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POPL'77 FDPC'77 POPL'79

This implies that A-Cont is in fact a complete lat-
tice, but we need only one of the two join and meel
operg_t\i(/ms. The set of context vectors is defined
by A=Cont = Arecs® » A-Cont.

Whatever {Cv', Cv") ¢ AZGoRt? may be, we define

Cv' T OV = kr. Ov'(r) o Cv(r)
Cv' < v = {¥roe Arcs®, Cv'(r) < Cv'(x)}
T=X.7 and I = Ar ..

P

SN ~ ~ ~
<A~Cont, -, £, T, 1> can be shown to be a com-
plete lattice, The [unction :
N

Int : Ares® x A-Conl -+ A-Cont
defines the interpretation of basic imstructions.
If C{q) | q € a—pred(n)} is the set of input con-
texts of node n, then the output context on exit
arc r of n (r e a—succ{n)) is oqual to Int(r, C).
Int is supposed to be order-preserving :

N

Ya ¢ Arcs, ¥(Cv', Cv") ¢ A-Cont?,

{ev' & v}

> {Int(a, Cv') < Int(a, Cv"}}
The local interpretation of clementary program cons—

tructs which s defined by lmt is used to associate
a system of equations with the program. We define

Tt @ {=Cohe ~ A0sme | ThE(ew) = Ar . Int(r, Cv)

It is easy to show that Int is order—preserving.
Hence it has fixpoints, Tarskil 55.. Therefore the
context vector resulting from the abstract inter-
pretation I of program P, which defines the global
properties of P, may be chosen Lo be one of the
extreme solutions to the system of cquations

Cv = TAt(Cv).

5.2 Typology of Abstract

The restriction that "A-Cont" must be a complete
semi-lattice is not drastic since Mac Neillel[37]
showed that any partly ordered set S can be embed—
ded in a complete lattice so that inclusion is nre-
served, together with all greatest lower bounds and
lowest upper hounds existing in 8. Hence in practice
the set of abstract contexts will be a lattice, which
can be considered as a join (U) semi-lattice or a
meet (n) semi-latrice, thus giving rise to two duai
abstract interpretations.

It is a pure coincidence that in most examples (see
5.3.2) the n or ¢ coperator represents the effect of
path converging. The rcal nced for this operator is
to define completeness which ensures THt to have
extreme fixpoints (see 8.4). -

The result of an abstract interprotation was defined
as a solution to forward (+) equations : the outpul
countexts on exit arcs of node n are defined as a

function of the input contexts on entry arcs af node
u. Onc can as well consider a system of backward (<)
equations : a context may be related to its succes-
sors. Both systems (+, ) may also be combined.

Fipally we usually consider a maximal (4) or mini-
mal (+) solution to the system of cquations, (by
agreement, maximal and minimal are related to the
ordering < defimed by (x = y) xuy=y)
<=> (x n y = x)). However known examples such as
Manna and Shamir[75]} show that the suitable solu—
tion may be scmewhere between the extreme oneg,

These choices give risc to the following types of
abstract interpretations :

(v, 4) (N, ¥)
(n,7,t)
‘(J,‘,-') (n,7,4)
(Lyrst) (ry=, 1)

Examples @

Kildall[73] uses (n,,+), Weghreitl75]) uses
Uy v Tenenbaum’ 741 uses both (v,+,v) and
(n,«,t).

5.8 Exogmples

b4.8.1 Statie Semantics of Frogroms

The static senmanticsof programs we defined in sec—
tlon 4 is an abstracl interpretation :

= «Contexts, u, <, Env, §, n—context>

Tss
where Contexts, u, <, Env, @, n-context, Context—
vectors, U, F=Cont respegtively correspond to

— PP e N4
A-Cont, o, T, L, Int, A-Cont, o, =, Int.

b5.3.% Data

Data flow analysis problems (sce references in
Ullmani75]) may be formalized as abstract inter—
pretations of programs.

"available expressions” give a classical example.
An expression is available on arc r, if whenever
contral reaches r, the value of the expression fas
been previously computed, and since the last com-
putation of the cxpression, no argument of the ex
pression has had its valuc changed.

let Exprp be the set of expressivns occuring in a
program P. Abstract contexts will be sets of
available expressions, represented by boolean vec-—
tors

B-vect : Exprp ~ {rrue, false}
B-vect is clearly a complete hoolean lattice. The
interpretation of basic nodes is defined hy :

avail(r, Bv)

Tet v be origin(r) within

Tcase n in I
Entries => Ac . false
Assignments u Tests U Junetions ===
Ae.(genexated(n)e) or d Bv(p) (e}
- - pred(n)

and transparent(n)(a)

esac

(Nothing is available on entry arcs. An expression
e is available on arc r (exit of node n) if either
the expression ¢ is generated by nor forall prede-
cessors p of n, e is available on p and n does not

modify argumeats of e).

The available expressions are determined by the ma—
ximal solution (for ordering Ae . false ¥Ae . true)

of the system of equations

—~
Bv = avall (bv)

On this page: dual,

conjugate and

inversion:lfp/gfp wp/sp
i.e. pre/post) wp/sp

Cited by 6381
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Formal Descriptions of Programming Concepts, E.J. Neuhold (ed.)
North~Holland Publishing Company, (1978)

STATIC DETERMINATION OF DYNAMIC PROPERTIES
OF RECURSIVE PROCEDURES

Patrick Cousot” and Radhia Cousot™™

Laboratoire d'Informatique, U.S.M.G.,BP.53

38041 Grenoble cedex, France

1. INTRODUCTION

We present a general technique for determining properties of recursive proce-
dures. For example, a mechanized analysis of the procedure reverse can show that
whenever L is a non-empty linked linear list then reverse(lL) is a non-empty linked
linear list which shares no elements with L. This information about reverse appro-
ximates the fact that reverse(lL) is a reversed copy of L.

In section 2, we introduce lJ-topological lattices that is complete lattices
endowed with a LI-topology. The continuity of functions is characterized in this
topology and fixed point theorems are recalled in this context.

The semantics of recursive procedures is defined by a predicate transformer
associated with the procedure. This predicate transformer is the least fixed point
of a system of functional equations (§3.2) associated with the procedure by a syn-
tactic algorithm (§3.1).

In section 4, we study the mechanized discovery of approximate properties of
recursive procedures. The notion of approximation of a semantic property is intro-
duced by means of a closure operator on the U-topological lattice of predicates.
Several characterizations of closure operations are given which can be used in
practice to define the approximate properties of interest (§4.1.1). The lattice
of closure operators induces a hierarchy of program analyses according to their
fineness. Combinations of different analyses of programs are studied (§4.1.2). A

closure operator defined on the semantic Li-topological space induces a relative

*  Attaché de Recherche au C.N.R.S., Laboratoire Associé n® 7

** This work was supported by I.R.I.A.- S.E.S.0.R.I. under grant 76-160.

Topology, higher-order
fixpoints, operational/
summary/... analysis

Cited by 225
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THEOREM B.4.0.2

(1) -Let I be a principal idesl and J be a dual semi-
ideal of & complete lattice Lf=,.,7,0,M. If
In] is nonvoid then In] is a complete and convex
sub~-join-semilattice of L.

[2) - Every complete and convex sub-join-semilattice
C of L can be exprassed in this form with
I={xeL : x5 (UC)} and {xel : {}yeC :ysx}}cl.

THEDOREM 6.4.0.3

I Let {I5eA} be a family of principal ideals of
ithe complete lattice L(E,1,7,0,/1) containing L. Then
xi{nIy : 1eh A xeIg} is an upper closure operatar
on L.
Example 6.4.0.4

The following lattice 1 be used for s
analysis of the signs of values of numerical a=

bles :

(where 1, =, +, =, #0, ¥, T ly stand for
@, Axax<0, Axax>D, Awax=0, do,wx0, Ax.xz0,
Axetrue)s A further approximation can be defined by
the following family of principal ideals :

n st

which induces an upper clo

and the space of approximate assertions [used in ex-
ampla 5,

e

End of Example.

7. DESIGN OF THE APPROXIMATE PREDICATE TRANSFORMER
INDUCED BY A SPACE OF APPROXIMATE ASSERTIONS

TIn addition to A and ¥ the specification of a
m analysis framework also includes the chi
an approximate predicate transformer te L+ ta+an
{or & monoid of maps on A pl a rule for associa-
ting maps to program statements [e.g. Roserl 78]
show that in fact this i1s not indispens
since there exists a best corract choice of T which
is induced by A and the formel semantics of the con-
sidered programming language.

Wa

7.1 A Reasonable Definition of Correct Approximate
Predicate Transformers

At paragraph 3, given (V,A, 1) the minimal
is invariant
specitication

Tipl (4]

imal approximate invariant
least upper approximation of Py in & that is :
:‘..'Pi] = pf v Tipdign
pcpathii)

> agt of Fini paths the
machine-implemantable
e computation se-

Even when path(i] is a
evaluation of Tip)(d)
i path p 1
=T(Cla, 1) (%),
rily only involw
nd te(l + »
T Xy=tlcia, NX,1,
0f Xgaeas

m

The choice of t and

is an upper approxi
only if @

(v T = opr v

s path(i) p ¢ pat

and program
Similarly i
| to be & o

- + A

2ot upper approzimatio

11 in Asa(A)

This global correctness condition for t is wvery
1t to check since for any program T and any
program point 1 all paths i) must be consi-
However it is pos use in
valent local co tion which
type of statements :

Galois connections,

closure operators, Moore

families,

Cited by 1638

1deals,...

Google scholar
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And a bit of mathematics...

PACIFIC JOURNAL OF MATHEMATICS
Vol. 82, No. 1, 1979

CONSTRUCTIVE VERSIONS OF TARSKI'S
FIXED POINT THEOREMS

PaTrick CousoT AND RADHIA COUSOT

Let F' be a monotone operator on the complete lattice
L into itself. Tarski’s lattice theoretical fixed peint theorem
states that the set of fixed points of F is a nonempty complete
lattice for the ordering of L. We give a constructive proof
of this theorem showing that the set of fixed points of I is
the image of I by a lower and an upper preclosure operator.
These preclosure operators are the composition of lower and
upper clesure operators which are defined by means of limits
of stationary transfinite iteration sequences for F. In the
same way we give a constructive characterization of the set
of common fixed points of a family of commuting operators.
Finally we examine some consequences of additional semi-
continuity hypotheses.

1. Introduction. Let I(Z, L, T, U, N) be a nonempty complete
lattice with partial ordering <, least wpper bound U, greatest
lower bound N. The infimum 1 of L is NL, the supremum T of
L is UL. (Birkhoff’s standard reference book [3] provides the
necessary background material.) Set inclusion, union and intersection
are respectively denoted by =, U and N.

Let F' be a monotone operator on I(Z, 1, T, U, M) into itself
(l.e., VX, Ye L, (XS Y} = {F(X)ZS F(Y)}.

The fundamental theorem of Tarski [19] states that the set fp(F)
of fized points of F (i.e., fo(F) = {XeL: X = F(X)}) is a nonempty
complete lattice with ordering . The proof of this theorem is
based on the definition of the least fixed point Lfp(F') of F by ILfp(F) =
M{XeL: F(X)< X}. The least upper bound of S < fp(F) in fp(F)
is the least fixed point of the restriction of F to the complete lattice
{XeL: (US)S X}. An application of the duality principle completes
the proof.

This definition is not constructive and many applications of
Tarski’s theorem (specially in computer science (Cousot [5]) and
numerical analysis (Amann [2])) use the alternative characterization
of Ifp(F) as U{F'(L):ieN}. This iteration scheme which originates
from Kleene [10]’s first recursion theorem and which was used by
Tarski {19] for complete morphisms, has the drawback to require
the additional assumption that F'is semi-continuous (F(US) = UF(S)
for every increasing nonempty chain S, see e.g., Kolodner [11]).
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A CONSTRUCITVE CHARACTERIZATION OF THE LATTICES
OF ALL RETRACTIONS, PRECLOSURE, QUASI-CLOSURE
AND CLOSURE OPERATORS ON A COMPLETE LATTICE

BY

PATRICK COUSOT axn RADHIA COUSOT #*
Univergité de Metz
Faculté des Sciences
Ile du Saulcy
5700 Metz — Franca

1. Introduction

We give a constructive characterization of the complete lattices
of all retractions, preclosure, quasi-closure and closure operators on
a complete lattice. Our general approach is the following: in order
to study the structure of the set I' = (L — L) of operators p on a
complete lattice L satisfying a given axiom A, we show that p has
property A if and only if it is a fixed point of some mon_otone
operator F on the complete lattice (L — L) proving that T' is 1_':he
set of fixed points of F. Then using Cousot & Cousot’s constructive
version of Tarski’s lattice theoretical fixed point theorem, we
constructively characterize the infimum, supremum, union and
intersection of the complete lattice I' which are defined by means
of limits of stationary transfinite iteration sequences for F. Variants
of this argument are used when I is a clousre operator (in which
case the constructive version of Tarski’s theorem amounts to Ward’s
theorem) or when the operators with property A are the postfixed
points of F or the common fixed points of two functionals. The
reasoning is repeated when I' is characterized by means of more
than one axiom.

This work was supported by GNRS, Laboratoire Associé n.? 7.
(*) Attaché de Recherche au CNRS, CRIN-LA. 262.
Recu Décembre 21, 1978.
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On submitting to POPL
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coples of a two-hands written manuscript of 100
pages. The paper 1s accepted !
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On abstracting: transition system

Reachability semantics 1s an abstraction of the relational semantics
(in PC'’s thesis, 21 march 1978 also § 3 of POPL’79)

3.1.3 L'approche du point fixe 3 1'&tude du comportement d'un systéme

dynamique discret i.e. Dre DEFINITION 3.1.3.0.2 i.e. post transformer
DEFINITION 3.1.3.0.1

(((SxS) +B) » ((S+B)~»(S~+8B)))
AG.{}\B.[Aez.[}eleS : B(al] at 0(31.92]]]}

8p

wp € (((SxS)+B) » ((S+B)+(S+B)))
= A8.{)B.[%e .(Je,eS : Bl ,e,) et Ble,)]]}

Partant du fait que " = eq EE_T*oT = eq gg_ToT*. nous obtiendrons

wp{'l'*] et sp[‘r*] comme points fixes d'une équation.

THEOREME 3.1.3.0.3

(a) - ((SxS)+B)(=>, Ale,,8,).faux, Ale,,e,).vrei, OU, ET, non) est un
treillis booléen complet,

(b) - Soient a, b € ((Sx8)+B) alors da.[a ou beal et Aa.[a ou aeb] sont des . . ey
e fixpoint reflexive transitive closure

morphismes complets pour la disjonction,
(c)} - Solent T e ((SxS)+B) st eq la relation d'égalité BV
*
T = lfp(ha.leq oy aetl) = Zfo(da.[eq ou Toull. abstract transformer concrete transformer

THEﬂREHE 3.1.3-0-6. Pl”?’éve: POSDHS h=K8-[wp[9][B]], f=)\0t.[a _D__L_l_ bou] et
Quels que soient a, be ((SxS)>B) et Be (S+B) nous e g = ro.lwpl(al)(B) ou wp(b)(al)] et montrons que hef = goh.
fixpoint - 7

wp(lfp(Aa.La OU heal))(B)
= 1. [upl Jtslm\b . : . _
a) (B} ou up(b](@ ackward reachability Fixpoint abstraction

= QU wp(b ) (wpla)(B)) .
e under commutativity

P (LD (Aa.ls o aob])) (B) < forward reachability with abstraction b
= Lip(ha.lspla) (B) ou spib)(a)])
_ n < . . : 1
= U sp(b") (splal (B)) ~ 1terative fixpoint computation

new

g 21 © P. Cousot
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On convincing ...

e During PC’s thesis defense, it was suggested that
abstraction/approximation is useless since computers
are finite and executions are timed-out (so, the second
part of the thesis on fixpoint approximation/
widening /narrowing/... is superfluous!)

e Fortunately we do not listen (otherwise we would
have invented enumeration methods that fail to scale)

e On the contrary, in 1978, during a seminar
at Harvard (), G. Birkhoff appears
interested, according to his questions &
feedback, 1n the eflective computational
aspects of lattice fixpoint theory

(1) invited by Ed. Clarke.

N40AI, 2017/01/21, Paris, France 22 © P. Cousot



The principles (1977-79) are lasting

e Define the semantics (operational, denotational, axiomatic, ...)

of the programming language (as a ... / trace semantics /
transition system / transformers / ...)

e Define the strongest property of interest (also called the
collecting semantics)

e Express this collecting semantics in fixpoint (constraint, rule-
pased,...) form

e Define the abstraction/concretization compositionally (by

composition of elementary abstractions and abstraction
constructors/functors)

e Design the abstract proof / analysis semantics by calculus using
[structural] abstraction i.e. abstract domain + abstract fixpoint

e Combine abstractions (e.g. reduced product)

N40AI, 2017/01/21, Paris, France 23 © P. Cousot
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Abstract interpretation:
Research takes time

24



e Type checking and inference 1s an abstract

Typing

interpretation:

_ oeAesiead W TER PReTATION".
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e POPL 1997:

N40Al, 2017/01/21, Paris, France

Typing

Types as Abstract Interpretations

(invited paper)

Patrick Cousot
LIENS, Ecole Normale Supérieure
45, rue d’Ulm
75230 Paris cedex 05 (France)

cousot@dmi.ens.fr,

Abstract

Starting from a denotational semantics of the eager untyped
lambda-calculus with explicit runtime errors, the standard
collecting semantics is defined as specifying the strongest
program properties. By a first abstraction, a new sound
type collecting semantics is derived in compositional fix-
point form. Then by successive (semi-dual) Galois con-
nection based abstractions, type systems and/or type in-
ference algorithms are designed as abstract semantics or
abstract interpreters approximating the type collecting se-
mantics. This leads to a hierarchy of type systems, which
is part of the lattice of abstract interpretations of the un-
typed lambda-calculus. This hierarchy includes two new
a la Church/Curry polytype systems. Abstractions of this
polytype semantics lead to classical Milner/Mycroft and
Damas/Milner polymorphic type schemes, Church/Curry
monotypes and Hindley principal typing algorithm. This
shows that types are abstract interpretations.

1 Introduction

The leading idea of abstract interpretation [6, 7, 9, 12] is
that program semantics, proof and static analysis methods
have common structures which can be exhibited by abstrac-
tion of the structure of run-time computations. This leads
to an organization of the more or less approximate or refined
semantics into a lattice of abstract interpretations. This uni-
fying point of view allows for a synthetic understanding of
a wide range of works from theoretical semantical specifica-
tions to practical static analysis algorithms.

It will be shown that this point of view can be applied to
type theory, in particular to type soundness and a la Curry
type inference which, following [17, 29], have been dominat-
ing research themes in programming languages during the
last two decades, at least for functional programming lan-
guages [1, 19, 31]. Traditionally the design of a type system
“involves defining the notion of type error for a given lan-
guage, formalizing the type system by a set of type rules,
and verifying that program execution of well-typed programs
cannot produce type errors. This process, if successful, guar-
antees the type-soundness of a language as a whole. Type-
checking algorithms can then be developed as a separate con-

Permission to make digital/hard copies of all or part of this material for
personnal or classroom use is granted without fee provided that the copies
are not made or distributed for profit or commercial advantage, the copy-
right notice, the title of the publication and its date appear, and notice is
given that copyright is by permission of the ACM, Inc. To copy otherwise,
to republish, to post on servers or to redistribute to lists, requires specific
permission and/or fee.

POPL 97, Paris, France

© 1997 ACM 0-89791-853-3/96/01 ..$3.50
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cern, and their correctness can be verified with respect to a
given type system; this process guarantees that type checkers
satisfy the language definition.” [2]. Abstract interpreta-
tion allows viewing all these different aspects in the more
unifying framework of semantic approximation. Formaliza-
tion of program analysis and type systems within the same
abstract interpretation framework should lead to a better
understanding of the relationship between these seemingly
different approaches to program correctness and optimiza-
tion.

2 Syntax
The syntax of the untyped eager lambda calculus is:
x,f,...€X : program variables
e€E : program expressions

e = x|Ax-el|ei(e) | pf-Ax-e |
1ei—ex|(e1?e2:e3)
Ax - e is the lambda abstraction and ej(e2) the application.

In pf - Ax - e, the function £ with formal parameter x is de-
fined recursively. (e1 ? ez : e3) is the test for zero.

3 Denotational Semantics

The semantic domain S is defined by the following equations
[20]:

W = {w} wrong

zeZ integers
ufpeU=2 W, @Z,®[U—T], values
RER 2 XU environments
oS 2R U semantic domain

where w is the wrong value, L denotes non-termination, D
is the lift of domain D (with up injection t(e) € D — D
and partial down injection {(e) € Dy w» D), D1 @ Ds is
the coalesced sum of domains D; and D> (with left and
right injections e:: Dy € D1 — D1 @ D2 and e:: Dy €
Dy — Dy & Dy), Q £ t(w) =W, and [D) — Ds] is the
domain of continuous, 1-strict, 2-strict functions from D;
into D>. C is the computational ordering on U and U is the
least upper bound (lub) of increasing chains.

In the metalanguage for defining the denotational seman-
tics below, Az+... or Ax €S- ... is the lambda abstraction.
(...7...] ... 7 ... ...) is the conditional expression.

26
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Probabilistic static analysis
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Probabilistic static analysis

e ESOP 2012:

Probabilistic Abstract Interpretation

Patrick Cousot and Michael Monerau

Courant Institute, NYU and Ecole Normale Supérieure, France

Abstract. Abstract interpretation has been widely used for verifying properties of computer
systems. Here, we present a way to extend this framework to the case of probabilistic systems.

The probabilistic abstraction framework that we propose allows us to systematically lift
any classical analysis or verification method to the probabilistic setting by separating in the
program semantics the probabilistic behavior from the (non-)deterministic behavior. This sep-
aration provides new insights for designing novel probabilistic static analyses and verification
methods.

We define the concrete probabilistic semantics and propose different ways to abstract them.
We provide examples illustrating the expressiveness and effectiveness of our approach.
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Termination
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Termination

e POPL 2012:

An Abstract Interpretation Framework for Termination

Patrick Cousot

CNRS, Ecole Normale Supérieure, and INRIA, France
Courant Institute *, NYU, USA

cousot@ens.f, pcousot@cims.nyu.edu

Abstract Proof, verification and analysis methods for termination
all rely on two induction principles: (1) a variant function or induction on
data ensuring progress towards the end and (2) some form of induction
on the program structure.

The abstract interpretation design principle is first illustrated for the
design of new forward and backward proof, verification and analysis
methods for safety. The safety collecting semantics defining the strongest
safety property of programs is first expressed in a constructive fixpoint
form. Safety proof and checking/verification methods then immediately
follow by fixpoint induction. Static analysis of abstract safety properties
such as invariance are constructively designed by fixpoint abstraction
(or approximation) to (automatically) infer safety properties. So far, no
such clear design principle did exist for termination so that the existing
approaches are scattered and largely not comparable with each other.

N40Al, 2017/01/21, Paris, France

Radhia Cousot

CNRS, Ecole Normale Supérieure, and INRIA, France
rcousot@ens.fr

For (1), we show that this design principle applies equally well to po-
tential and definite termination. The trace-based termination collecting
semantics is given a fixpoint definition. Its abstraction yields a fixpoint
definition of the best variant function. By further abstraction of this best
variant function, we derive the Floyd/Turing termination proof method
as well as new static analysis methods to effectively compute approxima-
tions of this best variant function.

For (2), we introduce a generalization of the syntactic notion of struc-
tural induction (as found in Hoare logic) into a semantic structural induc-
tion based on the new semantic concept of inductive trace cover covering
execution traces by segments, a new basis for formulating program prop-
erties. Its abstractions allow for generalized recursive proof, verification
and static analysis methods by induction on both program structure, con-
trol, and data. Examples of particular instances include Floyd’s handling
of loop cut-points as well as nested loops, Burstall’s intermittent asser-
tion total correctness proof method, and Podelski-Rybalchenko transition
invariants.

30 © P. Cousot



Denotational Semantics
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Hierarchy of semantics

e POPL 1992:

LIENS, Ecole Normale Supérieure

Inductive Definitions, Semantics and
Abstract Interpretation®

Patrick Cousot Radhia Cousot

75230 Paris cedex 05 (France)

N40Al, 2017/01/21, Paris, France

cousot@dmi.ens.fr cousot@polytechnique.fr

Abstract

We introduce and illustrate a specification method combin-
ing rule-based inductive definitions, well-founded induc-
tion principles, fixed-point theory and abstract interpre-
tation for general use in computer science. Finite as well
as 1nfinite objects can be specified, at various levels of de-
tails related by abstraction. General proof principles are
applicable to prove properties of the specified objects.

The specification method 1s illustrated by introducing
G®SOS, a structured operational semantics generalizing
Plotkin’s [28] structured operational semantics (SOS) so
as to describe the finite, as well as the infinite behav-
iors of programs in a uniform way and by constructively
deriving inductive presentations of the other (relational,
denotational, predicate transformers, ...) semantics from
G°SOS by abstract interpretation.

32
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Hierarchy of semantics
o T'CS 2002:

Constructive Design of a Hierarchy of Semantics of a Transition System
by Abstract Interpretation

Patrick Cousot®

*Département d’Informatique, Ecole Normale Supérieure, 45 rue d’Ulm, 75230 Paris
cedex 05, France, Patrick.Cousot@ens.fr, http://www.di.ens.fr/ cousot

We construct a hierarchy of semantics by successive abstract interpretations. Starting
from the maximal trace semantics of a transition system, we derive the big-step seman-
tics, termination and nontermination semantics, Plotkin’s natural, Smyth’s demoniac
and Hoare’s angelic relational semantics and equivalent nondeterministic denotational se-
mantics (with alternative powerdomains to the Egli-Milner and Smyth constructions),
D. Scott’s deterministic denotational semantics, the generalized and Dijkstra’s conser-
vative/liberal predicate transformer semantics, the generalized /total and Hoare’s partial
correctness axiomatic semantics and the corresponding proof methods. All the semantics
are presented in a uniform fixpoint form and the correspondences between these seman-
tics are established through composable Galois connections, each semantics being formally
calculated by abstract interpretation of a more concrete one using Kleene and/or Tarski
fixpoint approximation transfer theorems.
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Hierarchy of semantics

e Information and computation 2009:

Bi-inductive Structural Semantics *

Patrick Cousot

Département d’informatique, Ecole normale supérieure, 45 rue d’Ulm,
75230 Paris cedex 05, France

Radhia Cousot

CNRS & Ecole polytechnique, 91128 Palaiseau cedex, France

Abstract

We propose a simple order-theoretic generalization, possibly non monotone, of set-
theoretic inductive definitions. This generalization covers inductive, co-inductive
and bi-inductive definitions and is preserved by abstraction. This allows structural
operational semantics to describe simultaneously the finite/terminating and infi-
nite/diverging behaviors of programs. This is illustrated on grammars and the
structural bifinitary small/big-step trace/relational /operational semantics of the
call-by-value A-calculus (for which co-induction is shown to be inadequate).

Key words: fixpoint definition, inductive definition, co-inductive definition,
bi-inductive definition, non-monotone definition, grammar, structural operational
semantics, SOS, trace semantics, relational semantics, small-step semantics, big-step
semantics, divergence semantics.
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4.3.1.7 Dérivation de conditions de vérificationn correctes

Parallelism

SEMANTIC ANALYSTS OF COMMUNTCATING SEQUENTTAL PROCESSES

(Shortened Version)

r + - * -
Fatrick Cousot’ and Radhia Cousot

I. INTRODUCTION

ared
Hoare[ 781's progra
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t can be useful to both optimizing compilers
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Il Bt2) Il -.. |l Ptm)] where
a single parallel command
isjoint processes).

specifying concurrent exscution
2

PA(1) = D45 A04,1):S04) (1) s .-« Ali,00i0) 28
where g(ilz1 B -
a unigue name ﬂ[il and consists of a sequence of simple
declarations D(i) of local variables].

1=
)
Q

= Process labels P&(i), iel1,n].

= Variables x(1)(j). iel1.m]. je[1,8(411.

1,711, Jel1,8(111.

"am locations Ali.3), iel1,m], je[1,0(41].

ro
(Each command has been labeled to ease future references).

Simple commands S(i)(jl. iel1,7m], jel1,0(1)] :

« Null commands S(i)(j), i

1,1], JeN(i) : skip
- Assignment commands S(i)(j), iel1,ml, JeAli) &+ x(i)(ald,3D:=gli,j)(x(iD
where ali,3)el1,8(1)]

* Université de Metz, Faculté des Sciences, Ile du Saulcy, 57000 Metz, France.
** CRIN Nancy - Laboratoire Associé au CNRS n°262.
This work was supported by INRIA (SESORI-78208) and by CNRS (ATP Intelligenca Artif.].

- Declarations 0(1i), iel1,m] ¢+ x{i)(1):£08001)5000sx(1) (804N :L(1) (8(4]) where 8(1)21.
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J.P. Verjus
A. Introduction

We proposc a unified approach for the study, comparison and sysiematic construction of program proof
and analysis methods. Our presentation will be mostly informal but the underlying formal theory can be found
in Cousot and Cousot [1980b, 1979], and Cousot, P. [1981].
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Industrialization

e Very first industrial implementation:

The nterval analysis was implemented in the
AdaWorld compiler for IBM PC 80286 by J.D.
Ichbiah and his Alsys SA corporation team in
1980-87.
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Warm welcome

e Real-time software development companies: we
have to pay for this new option of the ADA
compiler, but:

e The machine code size 1s significantly reduced
— we cannot sell as much memory as we did
before;

e Many bugs are found at compile time
— we make less money with our debugging
SErvices.

[, 2017/01/21, Paris, France 39 © P. Cousot
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Abstract interpretation based static analyzers

e Ait www.absint.com/ait/, StackAnalyzer www.absint.com/

stackanalyzer from AbSint

e Polyspace static analysis www.mathworks.com/products/
polyspace.html

e Julia (Java) www.juliasoft.com
e Ikos, NASA ti.arc.nasa.gov/opensource/ikos/

e Clousot for code contract, Microsoft, github.com/Microsoft/
CodeContracts

e Infer (Facebook) http://fbinfer.com
e Zoncolan (Facebook)
e Google
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The future is hard to predict
e From my thesis in 1978:

computer, economical and biological systems
Le concept de systéme dynamique discret est évidemment tras général.

Il s'applique aussi Lbien aux systémes informatigues qu'économiques ou biolo-
giques, & condition gque le modéle du systéme étucié soit & évolution discréte

dens le temps. En particulier, les systémes dynamiques discrets sont des mo-

déles des programmes aussi bien séquentiels que perellédles.
sequential and parallel programs
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The future is hard to predict

e From “30 years of Abstract Interpretation”.

Programming

— The evolution of programming languages and program-
ming assistance systems has greatly helped to consid-
erably speed up the development and scale up the size
of conceivable programs

— Software quality remains much far beyond, essentially
because it is anti-economical

— ... until the next catastrophy, evolution of the stan-
dards, revolution of the customers, or new laws holding
computer scientists accountable for bugs

San Francisco, Jan. 9, 2008 — 73 —

©) P. Cousot % y o X WI NRIA

Abstract interpretation

— Beyond programming, abstraction is the only way to
apprehend complex systems

— Therefore, the scope of application of abstract inter-
pretation ideas is large

— Over 30 years, abstract interpretation theory, prac-
tice and achievements have grown despite trends and
evanescent applications

— Hopefully, abstract interpretation will continue to be
useful in the future

San Francisco, Jan. 9, 2008 — 75 —

© P. Cousot % y . N WI NRIA

Formal methods

— Formal methods might then become profitable at every
stage of program design

— The winners, if any, will definitely have to scale up, at
a reasonable cost

— Up to now, research has mainly concentrated on easy
avenues with short-term rewards

— Small groups cannot make it, large groups fail to share
common interests

— There is still a long long way to go

San Francisco, Jan. 9, 2008 — T4 —

© P Cousoh% A5 I

THE END

Many thanks to all of you
who contributed to abstract interpretation!

San Francisco, Jan. 9, 2008 — 75 —

P~y ~ )
o P (,ousoc% VNI I NR A
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The future i1s hard to predict

e From the Dagstuhl Seminar “Formal Methods —
Just a Euro-Science?” in December 2010:

* More properties:
e Security (not dynamically checkable)
.
e More systems and tools:
* Parallel and distributed systems,
e Cyber-physical (continuous+discrete)
e Biological, financial, ...
 Better practices:
e Verification from design to implementation

N40AI, 2017/01/21, Paris, France 45 © P. Cousot



Hopes (10 years)

e Complex data structures (libraries like for

numerical domains)
e Program security

e Parallel & distributed systems, weak consistency

models
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Dreams (40 years)

1. The semantics 1s specified structurally and
compositionally

2. The abstraction is specified by composition of
Galois connections

POPL 2014:
A Galois Connection Calculus for Abstract Interpretation
Patrick Cousot Radhia Cousot

CIMS*™,NYU, USA pcousot@cims.nyu.edu CNRS Emeritus, ENS, France rcousot@ens.fr

3. The calculational design of the abstract
interpreter 1s supported by libraries and tools

4. All modular and compositional
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Dreams (40 years)

4. The design of static analyzers 1s computer-
assisted by automatic composition of certified
public-domain modules for:

e Abstract domains
e Syntax and semantics to fixpoint equations

e Parallel/distributed fixpoint solvers (direct or
with convergence acceleration)

e User-interface automatic design

e Automatic fixing of errors
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The End
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