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1. Motivation
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Motivation

— We look for a formalism to specify abstract program
semantics

from definitional semantics
to static program analysis algorithms

handling the many different styles of presentations found
in the literature (rules, fixpoint, equations, constraints,
.) in a uniform way

— A simple generalization of inductive definitions from
sets to posets seems adequate.
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On the importance of defining both finite and infinite
behaviors

— Example of the choice operator Eq | B where:

F{—a F9— b termination
or EFi— | Fy— 1 non-termination

— The finite behavior of Eq | Ey is:
alb=a alb=1b
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— But for the case | | I = 1, the infinite behaviors of
FE1 | Eo depend on the choice method:

Non-deter-| Parallel Bager Mixed left-| Mixed right-
ministic to-right to-left

1l|b=b |L|b=1b 1L |b=1b

l]b= 1 lljpb=1| L|b=1 | L|b= 1
a|l=ala|l=a a| l =a
a|l =1 a|l=1a|ll=1] a|ll=_L1

— Nondeterministic: an internal choice is made initially to evaluate E; or to evaluate Ey;

— Parallel: evaluate E; and E5 concurrently, with an unspecified scheduling, and return the first available result
a or b;

— Mixed left-to-right: evaluate E; and then either return its result a or evaluate EFy and return its result b;
— Mixed right-to-left: evaluate E5 and then either return its result b or evaluate E; and return its result a;

— FEager: evaluate both E; and E» and return either results if both terminate.
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2. oemantics of the Eager A-calculus

[1] P. Cousot & R. Cousot. Bi-inductive Structural Semantics. SOS 2007, July 9, 2007, Wroclaw, Poland.
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http://www.cse.unsw.edu.au/~rvg/SOS2007/4/main.pdf
http://www.cse.unsw.edu.au/~rvg/SOS2007/

Syntax
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Syntax of the Eager A-calculus

X,y¥,2,... € X variables
c € C constants (XN C = @)
cu=0]1]
v € V values
vi=c| Ax-a
e € |E €ITOrS
e =calea
a,a’ aj,...,b,,... € T terms
au=x|v|aad
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Trace Semantics
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Example I: Finite Computation

function argument

(Ax=xx) (Ay-y)) (Az-2) 0)

— evaluate function
((Ayry) (Ay-y)) (Az-z) 0)

— evaluate function, cont’d
(Ay-y) (Az-2) 0)

— evaluate argument
(Ay-y) 0

— apply function to
0 a value! argument
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Example II: Infinite Computation

function argument
(Ax=xx) (Ax=x x)

— apply function to argument
(Ax=x x) (Ax+xx)

— apply function to argument
(Ax=x x) (Ax+xx)

— apply function to argument

non termination!
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Example III: Erroneous Computation

function argument

((Ax+xx) ((Az-2) 0)) ((Ay-y) 0)

— evaluate argument
((Ax=xx) ((Az=2)0))0

— evaluate function
((Ax=xx)0)0

— evaluate function, cont’d

(0 0) 0

a runtime error!
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Finite, Infinite and Erroneous Trace Semantics

ﬂ/.\—o/_‘w
W‘y

-0

Error
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Traces

— T* (resp. TT, T T* and T°) be the set of finite
(resp. nonempty finite, infinite, finite or infinite, and
nonempty finite or infinite) sequences of terms

— € 1s the empty sequence ee 0 = 0 e € = 0.
— |o| € NU{w} is the length of o € T. |e| = 0.
— IfUET+ then ‘0" >Oand0:00.01.....0‘(,’_1.

— If 0 € T% then |o| =w and 0 = 0ge...e0pe....
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Operations on Traces

— For a € T and 0 € T®, we define a@o to be ¢’ € T®

such that Vi < |o| : 07 = a 0; ®
_ o9 01 0y O3 o;
o = o @ o @ - @
_ a0pg a0y a0y ao3 a o,
a@o- T o @ @ @ - @ L
Departmental Seminar, Imperial College, July 4%, 2007 dd@®@<- 16 -7 [W->&>p

(© P. Cousot "u‘:‘?ﬁ



Example

—a=(Ay-y)
— 0= ((Az-2)0)0
— a@o =

(Ay y)Q((Az-2) 0)«0 =
((Ay-y) (Az-2) 0))e((Ay-y) 0)

-
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Operations on Traces (Cont’d)

— Similarly for a € T and 0 € T®, 0c@a is ¢’ where

Vi<l|o|:o=0;a ®
_ 00 01 02 03 0y
O = ° ° ° ° oy °
_ opa O01a O9a 034 o, a
O-@a - . . . . "= = = Z.
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Example

=0 = ((Ax=xx) (Ay-y)) e (Ay-y) (Ay-y))e(Ay-y)
-~ b=((Az-2)0)
— (o@b)

(((Ax=xx) (Ay-y)) e ((Ay-y) (Ay-y)) e (Ay-y)Q((Az-2) 0))

(((Ax=xx) (Ay-y)) (Az-2) 0))o(((Ay-y) (Ay-y)) (Az-2) 0))s
((Ay-y) ((Az-2) 0))

-
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Finite and Infinite Trace Semantics
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Bifinitary Trace Semantics S of the Eager A-calculus® [CC92]

. alx «—v]ec €8
vedS, veV —C,vevV
(Ax+a)vealx <—v]|eog €S

O'GSW UOVES+, (av)-a/ES
—LC,acV —LC, v;aeV
aQo € S (a@c)e(av)eo' €S
ogcSY cevEST, (vb)eo €S
—C — L, vev
c@b e S (0@b)e(vb)eco' €S

1 Note: a[x < b] is the capture-avoiding substitution of b for all free occurences of x within a. We let FV(a)

be the free variables of a. We define the call-by-value semantics of closed terms (without free variables)
T2{acT|FV(a) =2}
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Bifinitary Trace Semantics S of the Eager A-calculus® [CC92]

- alx «—v]ec €S
veS vev _CoveV
(Ax+a)vealx <—v]|eog €S

ogesY cevEST, (av)ed €S
—LC,acV —LC, v;aeV
aQo € 5 (a@c)e(av)eo' €S
ogcSY cevEST, (vb)eo €S
—C — L, vev
c@b e S (0@b)e(vb)eco' €S

1 Note: a[x < b] is the capture-avoiding substitution of b for all free occurences of x within a. We let FV(a)

be the free variables of a. We define the call-by-value semantics of closed terms (without free variables)
T2{acT|FV(a) =2}
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Bifinitary Trace Semantics S of the Eager A-calculus® [CC92]

- alx «—v]ec €8
veS vev _CoveV
(Ax+a)vealx <—v]|eog €S

O'GSW UOVES+, (av)-a/ES
—LC,acV —LC, v;aeV
aQo € S (a@c)e(av)eo' €S
ogesY cevEST, (vb)ea' €S
—C — L, vev
c@b €S (c@b)e(vb)ecd' €S

1 Note: a[x < b] is the capture-avoiding substitution of b for all free occurences of x within a. We let FV(a)

be the free variables of a. We define the call-by-value semantics of closed terms (without free variables)
T2{acT|FV(a) =2}

Departmental Seminar, Imperial College, July 4", 2007 dLe<d- 23 -7[m->& > p ©) P. Cousot ﬂ



Bifinitary Trace Semantics S of the Eager M-calculus® [CC92]

- a[X%V]oO'Eg
vesS, vevV —LC,veV
(Ax-a)vealx <~ Vv]eog €S

UESw UOVES+, (aV)oO'/ES
—LC,acV —LC, v;aeV
aQo € 5 (a@c)e(av)eo' €S
ogc S ceveST, (vb)eo' €S
—C —— L veV
c@b €S (c@b)e(vb)ec' €S

1 Note: a[x < b] is the capture-avoiding substitution of b for all free occurences of x within a. We let FV(a)

be the free variables of a. We define the call-by-value semantics of closed terms (without free variables)
T2{acT|FV(a) =2}
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Non-Standard Meaning of the Rules

The rules
R = {ﬁz 1 € A}
=1G-
define
[
Ifp” F|R]|
where the consequence operator 1s
P
FIR|(T) = {C | PCTAZCE 72}

and ...
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The Computational Lattice

Given S, T € p(T*), we define

- STE28NTT finite traces
- SYES5NTv infinite traces
- SCTE=S8STCTTASYDTY computational order
— {p(T*), C, T, T, U, M) is a complete lattice
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Bifinitary Trace Semantics S of the Eager A-calculus® [CC92]

- alx < v]ecg €S
vesS veV _C,oveV
(Ax-a)vealx <~ Vv]ed €S

ogc S cevEST, (av)eod €S

—LC,acV — L, v;aeVe
a@o € 5 (a@a).(a V)QO'IES
ogcSY cevEST, (vb)eo €S

—C — L, vev
c@b e S (0@b)e(vb)eco' €S

1 Note: a[x < b] is the capture-avoiding substitution of b for all free occurences of x within a. We let FV(a)
be the free variables of a. We define the call-by-value semantics of closed terms (without free variables)

T2{acT|FV(a) =2}
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Example

oV & §+, o / - g
T eV (av)/a_) C vacV.
(a@c)e(av)eo €S
—cev=((Az-2)0)e0 € 8§t
—(av)eo'=(Ay-y)0.0€S
— (a@c) e (a v)e o’
(Ay-y)@((Az-2z)0)e 0)e0
(Ay-y) (Az+2) 0) e (Ay-y) 0.0 €S
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Bifinitary Trace Semantics S of the Eager A-calculus® [CC92]

alx «—v]ec €S

veS veV _C veV
(Ax-a)vealx <~ Vv]ed €S
U€§w UQVE§+, (av).alég
—LC,acV —LC, v;aeV
aQo € 5 (a@c)e(av)eo' €S
occS¥ cgeveST, (vb)eo' €8
—C — L, veV &
U@bES (U@b)o(Vb)oOJES

1 Note: a[x < b] is the capture-avoiding substitution of b for all free occurences of x within a. We let FV(a)
be the free variables of a. We define the call-by-value semantics of closed terms (without free variables)

T2{acT|FV(a) =2}
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Example

ceveST, (vb)eo' €8 ]
(c@b)e(vb)ec' €S

—gev=((Ax=xx) (Ay+y)) s (Ay-y) (Ay-y))s(Ay-y) €ST

—-(vb)ed'=(Ay-y) (Az:2) 0)e(Ay-y) 0.0€S§

— (c@b) e (v b)eo’

vev

(Ax-x%) Ay=y)) e (Ay-y) Ay-y)@((Az-2) 0)) «
(Ay-y) (Az-2) 0)) e (Ay-y) 00

&AX'X x) (Ay-y)) (Az-2) 0) o« (Ay-y) (Ay-y)) (Az-2)0)
e (Ay-y) (Az-2) 0) e (Ay-y)0.0€S
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Relational Semantics
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Trace Semantics

s(t)
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Relational Semantics = a(Trace Semantics)
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Relational Semantics

Departmental Seminar, Imperial College, July 4, 2007 d<Le@<d- 34 -7[m->& > p ©) P. Cousot i@i



Abstraction to the Bifinitary Relational Semantics of
the Bager A-calculus

remember the input/output behaviors,
forget about the intermediate computation steps

a(T) = {a(o) | o € T}

def
O((O'OOO']_Q...OO'n) = <0'O, O'n>

) def

OL(O'OO...OO'no... — <0'0, J_>
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Bifinitary Relational Semantics of the Eager A-calculus

v=v, vevy

a— | b= L
C C, aeV
ab= 1 ab= 1

alx —v|]=r

C, veV, reVu{l}
(Ax-a) v=r

a—vV, vb=r

T

, veV, reVu{l}
ab=r

b—v, av=r

acV,veV, reVu{l}.

~b

ab=r7r
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Natural Semantics
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Natural Semantics = a(Relational Semantics)

---------------------------- >0
1N
S B
‘. ________________________________
------------------- B0
als
Q- - -
T N = e
w /7
N
N\ " ---eeError
>
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Abstraction to the Natural Big-Step Semantics of the
Eager A-calculus

remember the finite input/output behaviors,
forget about non-termination

o(T) = | {a(o) | o € T}

a((00, on)) = {(00, on)}

a((0p, 1)) € o
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Natural Big-Step Semantics of the Eager A-calculus [Kah88]

v—=>v, vey

alx «—v|=r

c, veV,reV
(Ax=a) v=r

a—vVv, Vb=r

C, veV,reV
ab=r

b—v, av=r

C, aeV,veV, rev.,
ab=r
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Transition Semantics
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Transition Semantics = a(Trace Semantics)

Porserse o,
‘\‘c.\ '0—"‘*»0
NS >
°-

e e et T 2 oo O

‘\‘“oﬂt o0 o0 L %™ oo

% 0—».‘1»‘0—»00—»00——»0 o oo oo >0

° o ,ro o> 00— oo % 0 e
H."..\\:‘\.‘O.:—:PO..::' .\‘.?.mmo - >
o

0&—" / \ ‘\bc ‘O/""'"\::‘O—bc Error
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Abstraction to the Transition Semantics of the Eager
A-calculus

remember execution steps,
forget about their sequencing

o(T) = | {a(o)| o€ T}

def Co
OL(O'()-O'lo...oO'n) = {<0'7;, 0'7;_|_1>‘0<’L/\’L<’n}

def .
a(oge...e0pe...) = {(0;, 0541) | 1> 0}
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Transition Semantics of the Eager A-calculus [Plo81]

((Ax=a) v) — alx « V]|

a0 —> 4]
C
agb—> a1 b
bg — b1
C .
v bg — v by
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Approximation

LN
\"/\ e e et

((Ax=xx) ((Az-2) 0)) (Ay-y) = ((Ax-xx) 0) (Ay-y)
— (00) (Ay+y) an error!
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alx Vim0
visv, vev o ovev
(Axa)vim (Axea)veo
a0 am o, Vb o
© oer © veVoeTt
abis oab b= (o@b).a’
biss o biss oy, avisd
c aeVoel” SaveVoel
a b= atig abi= (ato) .o’

5.4 Abstraction into the big-step relational semantics of the call-by-value A-
caleulus

5.4.1 Relational abstraction of traces
The relational abstraction of sets of traces is
a € olT%) = (T x (TU{1}) )
a(8) 2 {{g0, g1} [0 €S Alo] =n}U{{oa, L} | o€ SA

7 € O(Tx (TU{L}) = o(T~)
AUT) £ 4o €T | (lo| =0 A o0, 0-1) €T)V (Jo| =w A foo, Ly €T)}

so that
(1), C) == T x (TU{L}), ) 5)
Proor
a(S)CT
<= {{on. our) |0 €SAlo|=n}U{lon, L}|oESAlo|=w}CT
{def. af

= Yo eS8 {0y, o) €TV AVT €S (o, L) €T
el €, §* £ 50T and 5% 2 50T

= §*C{ollol = nAloo, 0u) €THAS® € {7 |0l = wA (0w, 1) €T}

18

el €, T+ 2TA(Tx T), and T 270 (0T x {1})§
~(T) 1S=5*US” and def. 1(T)}

5.4.2 Bifinitary relational scmantics
The bifinitary relational semantics § £ a(§) € (T x (TU {L})) is the

relational abstraction of the trace semantics mapping an expression 1o its
final value or L in case of divergence.

5.4.3 Fispoint big-step bifinitary relational semantics

“The bifnitary relational semantics § 2 a(8) = alifp” £) can be dofined in
fixpoint form as tfp” F where the big-step transformer F' € p(Tx(TU{L}))
T x (TU{L}) is

T) 2 {{v, v} [veV}U (6)
{{(Ax=a) v, 1) [vE VA falx —v]. ) € T}U

{lab). 1) [{a. L) e T}u

{{fab). v} [(a.v) e T* Ave VA ((vb), r) € T}U
{{fab). L) [ae¥A( L)eTiu

{{ab). v} [aveVA (D v) eTHA(av), 1) €T}

Lemma 10 o(F(5))

PROOF ais a compl

F(a(s)

Fmorphism, so we calculate a(F(S)) by cases.

— allveT™|vev))
v lvevy Ldef. o and v| = 1§

— al{(Axa) vealc —vleo [vE Y Aalx — V.o € S})
= al{(Ax+a) vealx - v]ao [ v € VAalk vl € §*))Ua({(Ax - 3) vealx
Voo |veVnalx .o e s

L U'S* and a preserves lubs§
= {{(Ax-a) v, vae‘//\(a\x»vJ ) €alS) yU{((Ax-a)v, L) [ve
VA (alx —v], 1) € a($)*
1def. af
= {{(Ax=a) v, 1) [veEVA (ax « v] ,)c(.(sn
1def. T (T T)and T £ 7 (T x {1})§

Departmental Seminar, Imperial College, July 4, 2007

— af{oab| o €57

= {{loab). 1) o €5} {def. a and @
{lloub). L) | (o0 L) € a(S)} {def. o
{{ab), 1) | a L) € a(S)} 1SCT®someT)

— a({(eBb). (vb) oo’ [cevE ST AVEVA(vD)ea' € S))
= al{(0Gb)M(vb)eo’ | o € §*AVE VAvb)o € S))Ua({ (0 @b)u(v b)ao’ |
VESTAVEVA(vb) .o’ € 5%))
5= 5% U5 and a preserves lubs§
= {{{owb). ") |owv € S AVE VALV ). 1) € a(S) JU{((o b). L) [owv e
S*AVEVA((Vb). 1) € a($)))

{def. a and @
= {{{oub), 1} | {20, v} € a(S)* AvEVA ((vb), r}) € a(S)}

Qdef. TH2TA(Tx T), 7% £ T (T x {1}), and a§
= {{ab).7) | (a v) €alS)* Ave VA ((vb). r) € a(S)}

ST s0meTs

— a(fato aeVAoeS))
= {ao)) Lylacvaoes?) {def. @ and @3
{{a o). L} [a€ ¥ Aon, L) €a(S)} {def. a and T 2 TN (TU{L))]
{{ab), L) [a€ VA (b, L) €alS)} 1SCT®s0meT}

a({(aBi0)+ (av) .o’ [avEV ATV ES  Aav).o’ € S))
= af ((mn) (av].n [avEVAT.vE S Aav)o’ € §'))Ual{ato).
VEVAT.ES Afav).o €S

5= 5%US* and a preserves lubsj

= {{facv). 7} |a,vEVA g, v) €alS)" A{lav). ) € a(S)"}U{{(a o).
L)laveValo v) €alS) A llav), 1) €a(s)}
{det. o

= {{@b).r)|aveVAl v)ea(s)Alav). ) cals)}
W ATATU{L) and ST s0 0y €T§

Hence, we have the commutation property a(F(S)) = F (a(S)) when defining

Theorem 11 & £ a() = a(ifp” a

PROOF By the fixpoint f\wmn theorem [‘ Th. 9] and the asynchronous fix-
m [5. Th. 3.3.10] for 5 the fixpoint d

be written in the form (5 e (TxT), 5% £ 50(Tx {L}) 50 5° 15" =

20

F* where F')

(S UT) = e  F°

(8]

We have a(8) = a(§* uS )—n( +) =5 and

) Ua(8) and prove that a(
a() =5 s0a(d) =5 US =8

5", we obsen

s cqual to 16"
o by Lem. 10 so a(ifp” F*) = 16"

To prove that a($7) = a(ifp”
Uand ao £t

a prese
7. Th. 3.

We must prove that a(§<) = a(gfp” F““) is equal to ghp” F~ = §

— To prove that a(gfp” F*) C ghp” F, we feDand X', 5€0
e the respective transfinite itera ~ul < and F* from X° = T+ and X" =
Tx{L}sothat a(X%) € X whence X" C 7(X") by (5). Assume, by induction
Bypetess, that V3 < X7 € o(X'), Welhave 3 <0 (s X7) € 1(X")
whence (Mss X7) € (Npes

) by d. hmlwn of thegreaest lover bound
(&lb) N whenee (N X7) € 9(Mses

Pl X7) €
F(3(Nyes X)) by monotony. Tt muuwx.,. x* 7<r mmx’)) o

(X))
oo by Lem. 10 implies a = I = aey whence
3 by (5). Hence
(") = 3(at” F) and we conclude by ()

since a o F* =

— To prove that gfp '~ < a(atp” F), we show that v 1) ean’ F7
S0 € gfp” g = a. To doso for any {a, 1) € gfp” F, we prove by
transfinite induction on & that

VieD>0:Va L)egn F:3oeTq=anoe )X

Ford =1, Mg X7 = X0 = T2 and a € T

tion hypothesis, hat 39 € T+ -9 =3V € 0:0< 5 <5
We hiave 0 € MyesMacy X7 = Nacs X st show that
30 € T @y = a Ao € X* = P[5 X). Because the iterates X, § € O
are decreasing, this implies 37 € T : 39 = a A 0 € Nyes X,

It remains to show, by structural case analysis on a, that if 0 € § < 09 = a,
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then 30’ € F(S) : ah = a where § = .5 X7.

— IfaeVthen (a, L) #ghp” F

— Ifa=(Ax+a)v,v eV then (a, L) € gip” F (stp” F) so by (6),
(a'lx — V). L) € gfp” F. By induction on 3, we have 3o’ € T : o = a/[x —
VIAG" € Macs X7 so that, by (b). (Ax+a) vea'fx — v]uo” € F(Myos X7) =

— 1= (a' b) then there are four subcases.

— I L) € gfy Nies X7 then, by induction hypothesis on 6, we
have 30’ € 1< £ 0y = & Ao’ € (25 X* 50 that, by (c), a'ab & F(f,05 X7) =
X4 s ouch that o = 3 ) = 3 b defition of

0(S%), v € V, and {(vb), L) € ghp” F'~ then, by induction
hypotheris on 5, we have 30’ € T- £ 7 = (v b) A0 € Mgy X°. By definition
(4) of a, there exists ¢ € T* ¢ € % AL = 1A fs, s01) = (o, v) proving
by dofintion (1) of F_ that 3 = (<0b) ' € F (g X*) = X where, by
definition, < +¢3¢+¢’ £ o', We hav (@bjo = (@b) = (a/b) = a

— Ifa' € Vand (b, 1) € gip" F " then by induction hypothesis on 6, 3o’ €
T 05 = b A g’ € Nyes X proving by definition (c) of F that o = o’ €
FNyes X7) = X7 with 0y = (@60')0 = (@ of) = (3 b) =a.

Ifavev (bves =a() nnd (4: V), u < gp F then, by
induction hypothesis on 3, we have 30’ € T @' v) A’ € Nyes X°. By
dofinition () of o, there exists ¢ € T+ - ¢ N \q = A o uut) = (b,
4} proving by definition (1) of F' that (30¢) 30" € F (Nyos X*) — X* with
7= (@0c)0 = (' ) = (2’ b) = a

544 Rule-based big-step bifinitary relational semantics

The bigsstep bifinitary relational semantics = is defined »
7) € a(S[a]) where a € Tand r € TU{L}. Tt is

ax ==
Vv ovey ETT o veworevufyy
(Axea) v

am L A=y, vb=r
c o veV,revu(i}
ab= L ab=
2
b=l b=y, av=r
 aev 5 aeV,veV, revu(L}
ab=s 1 ab=sr

Again this should neither be understood as a structural induction (since alx —
v] # (Ax+a) v) nor as action induction (because of infinite behaviors). The
abstraction a(T) £ 7 11 (T x T) yields the classical natural semanics [17]
(where all rules with L are eliminated and C becomes C in th i
ones). The abstraction o(7) x{L}) yields the divergence semantics
(keeping only the rules with L, C is 2, and a = L is written a =5 in [18])

Observe that both the maximal trace semantics of Sec. 5.9.1 and the above
iftany rlational emantics of St 5 define the semantic of a tevn that
Cgo0s wrong? 48 mphy.

[l-D>®>
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3.

Defini-

Bi-inductive Structural .
tions

[2] P. Cousot & R. Cousot. Bi-inductive Structural Semantics. SOS 2007, July 9, 2007, Wroclaw, Poland.
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http://www.cse.unsw.edu.au/~rvg/SOS2007/4/main.pdf
http://www.cse.unsw.edu.au/~rvg/SOS2007/

Syntax

- £,41,...,¢n € L language
- ¢ = {1,...,¢, derivation relation

— The “syntactic subcomponent” relation < on L:

<024 == 0q,....0, .. 4n
1S
- 1rreflexive
- finite left images (VL c L : [{{' €L | ¢ < £} € N)
- well-founded
— Example: a, b, ... i=x|Ax-a|abdefinesa < Ax-a,
a<abandb<ab.
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Semantic domains

For each “syntactic component” ¢ € I, we consider a
semantic domain

(Dyg, Ty, Ly, Lp)

which 1s assumed to be a directed complete partial order
(dcpo).
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Variables

— To write definitions we use variables Xy, Yy, ... rang-
ing over the semantic domains D, of syntactic compo-
nents £ € L.
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Transformers

— For derivations ¢ ::= /{q,...,¢, we consider trans-
formers

FZEDKXDgl...XDgnIHDg

When n = 0, we have Fé‘ € Dy+—— Dy

— The transformers are assumed to be L j,-monotone in
their first parameter °

2Vi € Ay b, 08y < 4, X)Y € DXy € Dyyy.... X € Dp: X 5, Y = Fi(X,X1,...,X%,) C,
FiY, X1,...,Xy).
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Alternatives

— For each “syntactic component” £ € L, we let Ay be
indexed sequences (totally ordered sets) of alterna-
tives/definition cases.

— Given a set S,

(z;, 1 € Ay) € Ap— S indexed sequence

H T; € H S cartesian product
=y 1€y

&
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Join
— For each “syntactic component” ¢ € 1., the join
VKE(AZI%DZ)I%DZ

1s used to gather alternatives in formal definitions

— The join operator 1s assumed to be componentwise L -
monotone’

— Ye X; = H X;), for short
1€4y 1€y

— If the order of presentation of the alternatives is irrelevant
Ay 1s a set and the join 1s associative, commutative, and L -
monotone

SV(Xi, 1€ A V(Y i€ Ay (Vie A X T Ya) = Y([ [ %) S Yo([ ] 0.

1€4, 1€4,
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Fixpoint definitions

A fixpoint definition for all £ € L such that £
l1,...,4, has the form

et ;
Sf[[ﬁ]] =1Ifp " AX- YZ FZ(X,Sf[[Zl]],...,Sf[[Zn]]) .
1€ 4y

where prE 1s the partially defined [ -least fixpoint oper-
ator on a poset (P, C).

Lemma 1 V£ € L : S¢[[£] is well defined.

Departmental Seminar, Imperial College, July 4", 2007 dd@<d- 5 -7 \m->&>>p ©) P. Cousot ;«”a



Fixpoint definitions, particular cases

— without fixpoint:

Y, Fi(Sslel, -, Spleal) =t * XX+ Y, F{(Sslel, .., Ssltn)
’iEAg ’iEAg

— and without join:

Fi(Slal, . Selenl) =t * XX+ Y, Ff(S¢lall .., Sslenl).
e}
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Example 1: fixpoint big-step maximal trace semantics

The bifinitary trace semantlcs S € p(T7) is
S £ pr F
where F € p(T ") — p(T ") is

F(S) 2 {veT |veV}iu (a)
{(Ax+a)vealx<v]jeo|vEVAaxvVv]eoce S}U (b)
{c@b| o e S¥}U (c)
{(c@b).(vb)ed'|c£eNTeveE STAVEVA(VD)eo' € S}U (d)
{a@o |a e VAo € SY}U (e)
{(a@o).(av)ed'|a,veEVAT#eANT.vESTA(aV)e0' € S}. (f)

Q)

f

We have L = {e} (no structural induction), A, £ {a,b,c,d, e, f} where F*(S),
1 € A, is defined by equation (z). The join operator is chosen in binary form
as Y, = U.
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Example 2: fixpoint small-step maximal trace semantics

. . o0
— The small-step maximal trace semantics —> of a tran-
sition relation — 1s

n A . .
D> 2{occT |lo|=n>0AVi:0<i<n—1:
: : artial traces
05 —> 04415 F
n A n
—> = {0‘ i ‘ On—1 - V} maximal execution traces of length n
t, A n . . .
—> = —> maximal finite execution traces
n>0
w A w : . . :
—> = {0‘ - T ‘ Vz - IN : g, —> O-’i—l—l} infinite execution traces
co. A + w
— = —> UJ — maximal finite and diverging execution traces.
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— Junction g of set of traces:
ST = SwU{O'()o...oO"U‘_2oO'/‘UES+/\
Olg|—1 = 06 Ao’ - T}

— Small-step transformer f € p(TOO) — p(TOO):

fIT) 2 {veT® |veVIuS;T (1)
— Small-step maximal trace semantics => in fixpoint
form: % —1fp f.

— The big-step and small-step trace semantics are the

same ~
S = > .
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Constraint-based definitions

A constraint-based definition has the form:

(Sell], £ € L) 1s the componentwise C;-least
(Xy, £ € L) satisfying the system of con-
straints (inequations)

Y, Fy(Xe, 1y~ Xe) Co Xy
iEAg
{c L
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Rule-based definitions

— A rule-based definition 1s a sequence of rules of the
form

Xy
FZ(XK: H ST[[Z/]])

/<y

&, Lel,re 4y

where the premise and conclusion are elements of the
(Dy, Cy) cpo.

- If Fé‘ does not depend upon the premise Xy, 1t 1s an
axiom
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Rule-based definitions in logical form

XZ Ly Sy [[Z]]

Fi(Xe, [ | Sel€1) Ce S:l4]
'<?

Ly Lell, XypeDy1e

To make thejoin Y, explicit, we can write

Xe T Srldl
. - Ly tel, XpeDy.
Yg FZZ(XZ, H Srl€]) Ee Srl4]
'iEAg <y
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Proofs

— A D € Dy 1s provable if and only if i1t has a proof that
1s a transfinite sequence * Dy,..., D) of elements of
Dy such that

- Dg = 1y, Dy = D and
-forall0 <6 <A, Ds T, Y, Fi(| |, Ds, | | S1€D).

€4y B<o U</
— The meaning of a rule-based definition is

Sr[l] = LIZ{D € Dy | D 1s provable} .

%4 In the classical case [Acz77], the fixpoint operator is continuous whence proofs are finite.
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4. Abstraction
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Kleenian abstraction
- (D, C, 1, L), <D“, ol I_In> dcpos
- FeDw— 7D, Fl € DI — DI monotone
— a € D+ DV strict and continuous on chains of D

—qoF = Flo a, commutation condition

C !
— a(lfp F)=1Ifp F!

OK for abstracting finite behaviors, not infinite ones
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Tarskian abstraction
- (D, C, 1, L), <D“, ol I_In> dcpos
- FeDw— 7D, Fl ¢ DI — DI monotone
~a €D Db preserves meets
- Flog Eu a o F', semi-commutation condition
—Vy e DV (Fly) Tl y) = Bz € D : az) = y A
Flz)Cx

C !
— aifp F)=1Ifp F¥

OK for abstracting infinite behaviors, not finite ones
— abstract by parts.
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5. Conclusion

@ =
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Requirements

— Both convergence/termination and divergence/nonter-
minating behaviors are needed in static strictness anal-
ysis [Myc80], safety & security analysis, typing [Cou97,
Ler06], etc;

— Such static analyzes must be proved correct with re-
spect to a semantics chosen at an appropriate level of
abstraction (small-step/big-step trace/relational /natural
semantics);
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Requirements satisfaction

— The bifinite extension of OS should satisfy the need for
formal finite and infinite semantics, at various levels of
abstraction and using various equivalent presentations

(fixpoints, equational, constraints and inference rules)
needed 1n static program analysis.
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THE END
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THE END, THANK YOU
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