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1. Motivation and Objective
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Motivation

— Static analysis requires the definition of the seman-
tics of programming languages (i.e. models of runtime
computations of programs) at various levels of abstrac-
tion:

- finite — erroneous — infinite computations
- traces — sets of states — input/output relations

- small-step — big-step



Objective

— We look for a formalism to specify abstract semantics

— Handling uniformly the many different styles of pre-
sentations found in the literature (rules, fixpoints, equa-
tions, constraints, ...)

— A non-monotone generalization of inductive definitions
from sets to posets seems adequate

— Illustrated on the eager A-calculus
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_ Reference

2.

Abstraction

[1] P. Cousot. Méthodes itératives de construction et d’approximation de points fixes d’opérateurs monotones sur un treillis, analyse

sémantique de programmes. Theése és sciences mathématiques, University of Grenoble, March 1978.
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Bifinitary Trace Semantics
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Traces

— T of states (e.g. terms)

— T, set of nonempty finite sequences of states

— T, set of infinite sequences of states

— T £ T+ U TY, nonempty finite or infinite sequences
— € 1s the empty sequence ee 0 = 0ec =0

— |o| € NU{w} is the length of o with || =0

~If 0 € TT then lo| > 0 and 0 =00e01e...00|5_1

—If o € T¥ then |o| =w and 0 = 0ge...e0p ...



Trace to Bifinitary Relational
Semantics Abstraction
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Bifinitary Relational Semantics = o(Trace Semantics)

s(t)
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Abstraction to the Bifinitary Relational Semantics

remember the input/output behaviors,
forget about the intermediate computation steps

AT) 2 {a(o)|oeT}
a(ogeTie...e0n) = 0g= On

OC(O'OO...OO'no...) = 09— L
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Bifinitary Relational Semantics
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Bifinitary to Finitary Relational
Semantics Abstraction
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Finitary Relational Semantics = a(Relational Semantics)
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Abstraction to the Finitary Relational Semantics

remember the finite input/output behaviors,
forget about non-termination

(T) £ | {a(o) [0 € T}

a(og = op) = {00 = on}

alocg= 1) = o
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Trace to small-Step Operational
Semantics Abstraction
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Transition Semantics = a(Trace Semantics)
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Abstraction to the Transition Semantics

remember execution steps,
forget about their sequencing
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Bi-inductive Structural .

nitions

Over-simplified for the presentation!
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Inductive definitions

Set-theoretic [Acz77]

(), C) universe

§ ceR (Pepl),cel) rules
F(X)= {c ‘ 3§ cER:PC X} transformer
Ifp F € p(U) fixpoint def.
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Inductive definitions

Set-theoretic [Acz77] Order-theoretic [CC92]
(pU), C) (D, C) universe
§€R (Pepl),ccl) gER (P,C €D) rules

P P
F(X)= {C‘HFER:PQX} F(X)éU{C’HEER:PEX} transformer

Ifp F € p(U) fp FeD fixpoint def.
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Inductive definitions

Set-theoretic [Acz77] Order-theoretic [CC92]
(pU), C) (D, C) universe
§€R (Pepl),ccl) gER (P,C €D) rules

P P
F(X)= {C‘HZER:PQX} F(X)éU{C’HEER:PEX} transformer

Ifp F € p(U) fp FeD fixpoint def.

Existence of F' (| |) and prE F7?
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4,

Semantics of the Eager/Call

by value A-calculus
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Syntax
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Syntax of the Eager A-calculus

X,¥,Z,... € X variables

c € C constants (X NC = )

cu=0]1]

f e ¥ function values

f = Ax-a

v € V values

vi=oc|f

e € E errors

e :=calealae
a,a,a;,...,b,,... € T terms

au=x|v|aad
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Small-Step Operational Semantics
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Transition Semantics of the Eager A-calculus [Plo81]

(Ax+a) v) — alx«v]!, veV

a0 —> 41
C

ag b — a1 b )

bg — b1

c, felF.
f bgp —f by

1 Note: a[x < b] is the capture-avoiding substitution of b for all free occurences of x within a. We let F'V(a)

be the free variables of a. We define the call-by-value semantics of closed terms (without free variables)
T2 {acT|FV(a) = 2}
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Example I: Finite Computation

function argument

((Ax=xx) (Ay-y)) ((Az-z) 0)

—> evaluate function
((Ay-y) (Ay-y)) (Az-z) 0)

—> evaluate function, cont’d
(Ay-y) ((Az-2) 0)

—> evaluate argument
(Ay-y) 0

—> apply function to

0 a value! argument
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Example II: Infinite Computation

function argument
(Ax+xx) (Ax=xx)

—> apply function to argument
(Ax=xx) (Ax*xx)

—> apply function to argument
(Ax=xx) (Ax*xx)

—> apply function to argument

non-termination!
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—>

—>

Example III: Erroneous Computation

function argument

(Ax+*xx) ((Az-2) 0))

evaluate argument
((Ax=xx) 0)

apply function to argument

(00)

a runtime error!
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Fixpoint Transition Semantics of the Eager A-calculus

H(X) = {((Ax-a)v) —alx<«<v]|veV}
U{agb—>a;b|ag—a; € X}
U{fbo—)fbl‘fEFAbo—)lnEX}.

— & is C-monotonic on the complete lattice (p(T x T),
C)

— So the transition semantics prg ® 1s well-defined.
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Finitary Relational Semantics
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Finitary Relational Semantics

— Finite behaviors

— No infinite behavior

— No erroneous behavior

— Relation: term — result

— Can be presented in small-step [Plo81]| or big-step [Kah88]
style
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Small-Step Finitary Semantics of the Eager A-calculus

v=v, vevV

b—v
a—b

C
=)

a — V

- f(X)={v=v|veViu{fa=v|b=vcXAa—
b} is C-monotonic on the complete lattice (p(T x V),
C)

C :
— so Ifp f does exist
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Big-Step Finitary Semantics of the Eager A-calculus

v—=v, vevVY

alx «—v| =7

c, v,reV
(Ax-a)v=r

b—v, fv=r

c, f,vreV
fb=r

a—f, fb=r
c, f,reV.

ab=wr
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Big-Step Finitary Semantics of the Eager A-calculus

v=v, veVY

alx«—v| =r

<, v,reV
(Ax-a)v=r

b—v, fv=r

c, f,v,reV
fb=r

a—f, fb=r
c, f,reV.

ab=r
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Big-Step Finitary Semantics of the Eager A-calculus

v=v, veVY

alx «—v| =7

c, v,reV
(Ax-a)v=r

b—v, fv=r

<, fv,reV
fb=r

a—f, fb=r
c, f,reV.

ab=r
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Big-Step Finitary Semantics of the Eager A-calculus

v=v, veVY

alx «—v| =7

c, v,reV
(Ax-a)v=r

b—v, fv=r
C

, f,v,reV
fb=r

a—f, fb=nr

c, f,reV.
ab=r

Letf-to-right: the function is evaluated before the value parameter.
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Big-Step Finitary Semantics of the Eager A-calculus

F(X)= {v=v]|veV}
U{(Axra)v=r]|alx+<v|=7rAv,r €V}
JU{fb=r|b=vAfv=rAf,rveV}

U{ab=r|la=fAfb=rAf,recV}

— I is C-monotonic on the complete lattice (p(T x V),
C)

- .
— so Ifp” F' does exist.
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Adding divergence:

Bifinitary
relational semantics
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Bifinitary Relational Semantics

— Finite behaviors

— Infinite behaviors

— No erroneous behavior

— Relation: term — result or term — L

— Can be presented i1n small-step or big-step style
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The Computational Ordering [CC92]

— The semantic domain p(T x (VU{_L})) is partitionned
into finite (T x V) and infinite p(T x {L}) behaviors

- XT 2 XN (TxV) finite behaviors in X
- XY 2 XN (Tx{L}) infinite behaviors in X

- XCYES(XTCYDA(XYDYY)
computational ordering?

— (p(T x (VU{Ll})), E) is a complete lattice?

2 more finite behaviors and less infinite behaviors, so induction for finite behaviors and co-induction for

infinite behaviors
3 with lub |Lica Xi 2 Uica X;"u Nica X7
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Small-Step Bifinitary Relational Semantics of the Eager A-Calculus

v=v, vevV

b—1r

-, a—b, reVu{l}
a—7T

- f(X)2{v=v|veViu{fa=v|b=vc
X Na — b} is C-monotonic on the complete lattice
(@(T x (VU{L})), E)

— 80 prE f does exist

_ Reference

[2] P. Cousot. Constructive Design of a Hierarchy of Semantics of a Transition System by Abstract Interpretation. Theoretical
Computer Science 277(1-2):47-103, 2002.
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Big-Step Bifinitary Relational Semantics of the Eager A-calculus

v=v, vevVY

a— | b= L
C C, feV
ab= 1 fb= L

alx «—v|=r

C, veV, reVu{l}
(Ax=a)v=r

b—=v, fv=r

~b

fveV, reVu{l}
fb=r7r

a—f, fb=r

1

, feV,reVu{l}.
ab—=r
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Fixpoint Big-Step Bifinitary Semantics of the Eager A-calculus

FX)2 {v=v|veV}
U{ab= l|]a= 1lVb= 1}

U{(Axra)v=r|ax<v|=1A
veVAre Vu{

U{fb=r|b=vAfv=1~FA
veVAre Vu{Ll}}

U{ab=r|la=fAfb=r1rA
feVAre Vu{Ll}}

WG 2.3, Cambridge, 7/25/2008 — 42 —
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Which Order for Which Fixpoint?
— F' is C-monotonic on (p(T x (VU {Ll})), C).
— However the definition is problematic, because:

- prg F' exists, but induction yields only finite behav-
iors!

- gfpg F' exists, but co-induction yields spurious finite
behaviors!

- F' 1s not monotonic for the computational ordering
[
[, so the existence of Ifp- F' is questionable!
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Induction Yields Only Finite Behaviors!

— FY = & contains only finite behaviors

— by induction hypothesis F© hence FO+1 £ F(F?) con-

tain only finite behaviors

— by induction hypothesis 9, § < X hence F* £
contain only finite behaviors

C
— so Ifp” F' = F'® contains only finite behaviors!

U5<>\F

P. Cousot



Co-Induction Yields Spurious Finite Behaviors!

— For = Ax-(xx), (xx)[x < 8] =6 0so0(68) — (66)
— FO =T x (VU {L}) contains the behavior (6 §) = 0

— if, by co-induction hypothesis, (8 8) = 0 € FO then
Al X <— V| =T
FOt+1 & F(F9) contains (6 8) = 0 by | | >
(Axa)v=r
— if, by co-induction hypothesis, (8 8) = 0 € F5, 0 < A
then FA £ Ns< F9 contains (8 8) = 0

— 80 gfpg F' = F¢ contains (8 ) = 0!
This is a spurious finite behavior since (6 8) always di-
verges: (0 0) = L.
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Non-monotonicity for the Computational Ordering L

F' is not C-monotonic on the complete lattice (p(T x
(VU{L})), B

— Let 8 = Ax- (x x) such that (8 §) = L

-X2{66 = 1}

- Y= {(Ax-x0) =6, (66) = 1}

- XLY

-~ (Ax*x0)0) = L e F(Y) by

- (Ax*x0)0) = L g F(X)

- so F(X) L F(Y)

(Ax-x0)=16, 66= 1
C
(Ax=x0) 0 = L

Classical fixpoint theorems are inapplicable.
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, C
Existence of Ifp F'?

—Ifp- AX - (F(X™))" is the set of finite computations

— gfpg AY - (F(XTUYY)) is the set of infinite compu-
tations built out of given finite computations in X
— The set of finite and infinite computations is
- AX - (F(XH))T U
gfp- AY - (F(ifp- AX - (F(X )T uy¥)¥

L
— Ifp F

L :
— so Ifp F' does exist

— 47 — P. Cousot



Adequacy of the Small-Step prE f and Big-Step prE F
Bifinitary Relational Semantics

— The small-step prE f and big-step prE F' bifinitary re-
lational semantics are the abstraction of corresponding
small-step prE f and big-step prE F bifinitary trace se-
mantics

— Both small-step prE f and big-step prE F' trace seman-
tics coincide with the traces generated by the transi-
tional semantics

— 48 — P. Cousot



Bifinitary Trace Semantics

WG 2.3, Cambridge, 7/25/2008 — 49 — P. Cousot



The Computational Ordering for Traces

Given X,Y € p(T*), we define
- XTE2XNTt finite traces

- XWwEXNTY infinite traces
- XCYE2XTCYTAXYDYY computational order
— {p(T®), C, T¢, T, U, ) is a complete lattice [3]

_ Reference

[3] P. Cousot and R. Cousot. Inductive Definitions, Semantics and Abstract Interpretation. In Conference Record of the 19®* ACM
SIGACT-SIGMOD-SIGART Symposium on Principles of Programming Languages, pages 83-94, Albuquerque, New Mexico,
1992. ACM Press, New York, U.S.A.
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Small-Step

Bifinitary Trace Semantics
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Small-Step Bifinitary Trace Semantics

v, veEeyvy

beo

a—b
aoboa

- f(X)2{v|veVIU{asbeog|a—>bAbeoc X}
— f is C-monotonic on the complete lattice (p(T), C)
— prE 7 does exist

_ Reference

[4] P. Cousot. Constructive Design of a Hierarchy of Semantics of a Transition System by Abstract Interpretation. Theoretical
Computer Science 277(1-2):47-103, 2002.
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Big-Step
Bifinitary Trace Semantics
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Operations on Traces

— For a € T and 0 € T, we define a@Qo to be ¢’ € T®
such that Vi < |o| : 0) = a 0
— The application a@o of term a to trace o is

_ qe 01 02 03 04
O = @ L L L = L
a o a o a o a o a g,
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Operations on Traces (Cont’d)

— Similarly for a € T and o € T®, 0c@a is ¢’ where
Vi< |o|:o;=0;a

— The application c@a trace o to term a is

_ go 01 g2 03 o)
g = o @ @ @ @
sQq — U().a gra 092a 030a g; a
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Big-Step Bifinitary Trace Semantics S of the BElager A-calculus

. alx <~ v]ec €S
veES, veV —C,vev
(AX'B)VQB[X%V]QO’ES
O'ng UOV€§+, (fV)oa'/Eg
—LC, feV —LC, f,veV
fQo € S (fQo)e (fv)eo' €S
occS¥ cef ST, (fb)ec’ €S

—C —0LC, feV
c@b c S (c@b)e (fb)ec’ €S
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Big-Step Bifinitary Trace Semantics S of the BElager A-calculus

. alx <~ v]ec €S
vesS, vevV —C,vev
(AX'B)VOB[X%V]OO’ES
oe S ceveST, (fv)ed' €8
—LC, feV —LC, f,veV
f@UES (f@U)o(f V)OO'/ES
Uegw Uofeg_'_, (fb).alég

—C —0LC, feV
c@b c S (c@b)e (fb)ec’ €S
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Big-Step Bifinitary Trace Semantics S of the BElager A-calculus

. alx <~ v]ec €S
vesS, vevV —C,vev
(AX'B)VOB[X%V]OO’ES
O_ng UOVE§+, (fV)OO'/Eg
—LC, feV —LC, f,veV
fQo € S (fQo)e (fv)eo' €S
oceSY cef ST, (fb)ec’ €S

—C —LC, feV
c@b €S (c@b)e (fb)ec’ €S
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Big-Step Bifinitary Trace Semantics S of the Eager A-calculus

- a[x%v].aeg
vesS, vevV —LC, veV
(Ax-=a)vealx<v|eog €S
O'ng UOV€§+, (fV)oa'/Eg
—LC, feV —LC, f,veV
fQo € S (fQo)e (fv)eo' €S
Uegw Uofeg_'_, (fb).alég

—C —0LC, feV
c@b c S (c@b)e (fb)ec’ €S
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Big-Step Bifinitary Trace Semantics S of the Eager A-calculus

. alx «—v]ecg €S
vVES, veV —LC,veV
()\x-a)v.a[x%v].UES

o e S¥ ceveST, (fv)ecd' €8

—C, feV —LC, f,veV
f@Qo € S (fQo)e (fv)ecd’ €S
occS¥ cef ST, (fb)ec’ €S

C —LC feV

c@beS (c@b) e (f b)ec’ €S
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Big-Step Bifinitary Trace Semantics S of the Eager A-calculus

. alx «—v]ecg €S
vVES, veV —LC,veV
()\x-a)v.a[x%v].UES

Uegw Uov6§+, (fV)oa'/Eg

—LC, feV —°L, f,veV
fQo € S (fQo)e (fv)eo' €S
occS¥ cgef ST, (fb)ec’ €S

C —LC feV

c@beS (c@b) e (f b)ec’ €S
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Fixpoint Big-Step Bifinitary Trace Semantics

F(X) 2 {veT  |veVIU
{(Ax+a)vealx<v]eo |vEVAalx+vjeocec X} U
{c@b|c e X¥} U

{(c@b)e(fb)ed' |c#eNTfEXTAfEVA
(f b)oO'/EX}U

{fQo |feVAreXY}U
{(fQo)e (fV)ed' |fvEVAGT#eNToVE XT A
(f V)OO'/EX} .
F' is C-monotonic on p(T ).
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—

Eixistence of the Fixpoint prE F

—Ifp- F (finite traces) and gfpg F (spurious finite traces)
are inadequate

— F is not [_-monotonic

— Nevertheless prE F does exist

— So the big-step bifinitary trace semantics can be well-
defined as

—

L
Ifp F'

— b8 — P. Cousot



Characterization of the Small-Step &
Big-Step Bifinitary Trace Semantics




Characterization of the Fixpoint Small-Step and
Big-Step Bifinitary Trace Semantics

— prE f collects the finite and infinite traces generated
by the transitional semantics [5]

C - + -
fp f = {ope01e...00, €T |Viec|0,n—1]:0; — 0511
Nop €V}
U{UOOO’lO...OO’iO...ETw|\V/’I;>0:0'i—>0'i_|_1}

C o C -
—Ifp” f=Ifp F

_ Reference

[6] P. Cousot. Constructive Design of a Hierarchy of Semantics of a Transition System by Abstract Interpretation. Theoretical
Computer Science 277(1-2):47-103, 2002.
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The Hierarchy of Semantics for the Eager A-Calculus

Finite small-step <« Finite big-step

relational relational

Finite big-step «— Finite small-step
traces traces
Finite & infinite «» Finite & infinite

small-step big-step

relational relational \
Finite & infinite «— Finite & infinite Small-step
big-step traces small-step traces transitional
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Conclusion

— In proofs [CC85, CC87| and static analysis (e.g. strict-
ness, [Myc80|, typing [Cou97, Ler06]), both finite and
infinite behaviors have to be taken into account

— Such proof methods and static analyzes must be proved
correct with respect to a semantics chosen at various
levels of abstraction (small-step/big-step — finitary /bi-
finitary — relational /trace)

— Static analyzes use various equivalent presentations
(fixpoints, equational, constraints and inference rules)

— The SOS bifinitary extension should satisfy these needs.
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The End

WG 2.3, Cambridge, 7/25/2008 — 64 — P. Cousot



6. Bibliography

WG 2.3, Cambridge, 7/25/2008 — 65 — P. Cousot



[Acz77]

[CC85]

[CC87]

[CC92]

P. Aczel. An introduction to inductive definitions. In J. Barwise, editor, Handbook
of Mathematical Logic, volume 90 of Studies in Logic and the Foundations of
Mathematics, pages 739-782. Elsevier Science Publishers B.V., Amsterdam, Pays-
Bas, 1977.

P. Cousot and R. Cousot. ‘A la Floyd’ induction principles for proving inevitabil-
ity properties of programs, chapitre invité. In M. Nivat and J. Reynolds, editors,
Algebraic Methods in Semantics, chapter 8, pages 277-312. Cambridge University
Press, Cambridge, Royaume Uni, 1985.

P. Cousot and R. Cousot. Sometime = always + recursion = always: on the equiv-
alence of the intermittent and invariant assertions methods for proving inevitability
properties of programs. Acta Informatica, 24:1-31, 1987.

P. Cousot and R. Cousot. Inductive definitions, semantics and abstract interpre-
tation. In Conference Record of the Ninthteenth Annual ACM SIGPLAN-
SIGACT Symposium on Principles of Programming Languages, pages 83—94,
Albuquerque, Nouveau Mexique, USA, 1992. ACM Press, New York, New York,
USA.

WG 2.3, Cambridge, 7/25/2008 — 66 — P. Cousot



[Cou97]

[Kah88]

[Ler06]

[Myc80]

[Plo81]

P. Cousot. Types as abstract interpretations, papier invité. In Conference Record of
the Twentyfourth Annual ACM SIGPLAN-SIGACT Symposium on Principles
of Programmang Languages, pages 316—331, Paris, janvier 1997. ACM Press, New
York, New York, USA.

G. Kahn. Natural semantics. In K. Fuchi and M. Nivat, editors, Programmaing of
Future Generation Computers, pages 237-258. Elsevier Science Publishers B.V.,
Amsterdam, Pays-Bas, 1988.

X. Leroy. Coinductive big-step operational semantics. In P. Sestoft, editor, Pro-
ceedings of the Fifteenth European Symposium on Programmang Languages and
Systems, ESOP ’2006, Vienne, Autriche, Lecture Notes in Computer Science 3924,
pages 54—68. Springer, Berlin, Allemagne, 27-28 mars 2006.

A. Mycroft. The theory and practice of transforming call-by-need into call-by-
value. In B. Robinet, editor, Proceedings of the Fourth International Symposium
on Programmang, Paris, 22—24 avril 1980, Lecture Notes in Computer Science 83,
pages 270-281. Springer, Berlin, Allemagne, 1980.

G.D. Plotkin. A structural approach to operational semantics. Technical Report
DAIMI FN-19, Aarhus University, Danemark, septembre 1981.

WG 2.3, Cambridge, 7/25/2008 — 67 — P. Cousot



