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e (eneralization from set based to order-theoretic formal specification
methods;

e Preservation of these various specification styles by abstract inter-
pretation:;
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CLASSICAL SET-BASED INDUCTIVE FORMAL
SPECIFICATION METHODS |[1]

_ Reference

[1] P. Aczel. An introduction to inductive definitions. In J. Barwise, editor, Handbook of Math-

ematical Logic, volume 90 of Studies in Logic and the Foundations of Mathematics, pages
739-782. Elsevier Science Publishers B.V. (North-Holland), Amsterdam, 1977.
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FORMAL SPECIFICATION

e Objective: specify a subset S of a set U, called the universe (ex-
ample: a programming language is a subset of the finite character

strings);
e Methods:
- Fixpoint specifications,
- Inductive specifications by rule-based formal systems.

e The two methods (and many others) are equivalent.
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FIXPOINT SPECIFICATION

The set S is specified as the smallest solution of an equation:
X = F(X)
where:
F e plU) — p(U)

is upper-continuous on the complete lattice (p(U), C, (), U, U, N), hence:

S =1lipF

such that S = F(S) and if X = F(X) then S C X.
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EXAMPLE : FIXPOINT SPECIFICATION OF THE EVEN NATURAL

f NUMBERS
N & {0,1,2,3,4,5,...} Universe (natural numbers)
E < {0,2,4,6,...} Even natural numbers
= lfpAX{0}U{n+2|ne X}.
so that: 0 _ g
X' = {0}
X = 10,2}
X" = {0,2,4,...,2n — 2}
X" =10 u{k+2|ke€{0,2,4,....2n}}
~ {0,2,4,...,2n— 2}
ipAX-{0}U{n+2[ne X} =] X" = {0,2,4,....2n,...}
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RULE-BASED SPECIFICATION

S is the smallest subset of the universe U defined by:
- axioms':
a, a € U;

the element of U defined by the axioms belong to S :
- inference rules :

P
—, PCU&celU:
c

if all elements of the premiss P belong to S then the conclu-
sion ¢ belongs to E:

1 The axioms a are particular cases of inference rules of the form — where () is the empty set.
a
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FORMAL PROOF

e S is the set of elements of U which are provable by a formal prootf;

e A formal proof ot e € U is a finite sequence:

€1,y €y, Cp

such that #°? :

2 The axioms a are assumed to be written as rules —.
a

3 Fori= 1, {e1,..., ei_1} = ) hence e; must be an axiom.
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EXAMPLE : RULE-BASED SPECIFICATION OF THE EVEN
NATURAL NUMBERS

n ek

n+2eclk
with is an abridged notation for the formal system:

ﬂ(a) W} (b) ) (c) ﬁ(d) 13 (e) {;‘I}(f)

0 cE,

0 2 3 4 5 6
The proof that 6 is an even natural number is
1y 0 by (a)
(2) 2 by (1) and (b)
3) 4 by (2) and (d)
(4) 6 by (3) and (f)
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(FENERALIZATION FROM SET-THEORETIC TO

ORDER-THEORETIC FORMAL INDUCTIVE

SPECIFICATION METHODS [2], [3]

__ References

2] P. Cousot and R. Cousot. Inductive definitions, semantics and abstract interpretation. In Conf.
Rec. 19th Annual ACM SIGPLAN-SIGACT Symposium on Principles of Programming
Languages, pages 83-94, Albuquerque, New Mexico, 1992. ACM Press.

3] P. Cousot and R. Cousot. Compositional and inductive semantic definitions in fixpoint, equa-
tional, constraint, closure-condition, rule-based and game-theoretic form, invited paper. In P.
Wolper, editor, Proc. 7th Int. Conf. on Computer Aided Verification, CAV 95, Liege, Bel-
gium, LNCS 939, pages 293-308. Springer-Verlag, 3-5 July 1995.
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FORMAL SPECIFICATION

e We consider equivalent formal specifications of S € D where (D, C,
L, T, U, ) is a complete lattice;

e This is a generalization of the set-based formal specicifications where
(D, C) = (p(U), C) and U is the universe.
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FIXPOINT SPECIFICATION

Given the monotonic operator:

FeD——D

S is defined as the least fixpoint *

S = lfpE F

4 By Tarski’s fixpoint theorem lpr F exists since (D, C) is a complete lattice and F' is monotonic.

P. Cousot — 12/77T — <« D> > ASFDP’98, Valencia, June 15", 1998



EQUATIONAL SPECIFICATION

Given the monotonic operator:

FeD——D

S 1s defined as the C-least element of D which is a solution to the

equation :

X = F(X)

D By Tarski’s fixpoint theorem this C-least solution exists and is precisely lfp- F = M{X | X =F(X)}.
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CONSTRAINT-BASED SPECIFICATION

Given the monotonic operator:
FeD—D
S is defined as the C-least element of D satisfying the constraint °:

FX)C X

6 By Tarski’s fixpoint theorem this C-least solution exists and is precisely lfp~ F = M{X | F(X)C X}.
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CLOSURE-CONDITION SPECIFICATION

e Given a complete lattice (D, C), a closure-condition is:
C € p(DxD)
which is monotonic in its second component, that is, Vo, X, Y € L:
Cle, X\)NXCY = C(x,Y)
where C(z, X) is true if and only if (z, X) € C;

o A closure-specification has the form:

S is the C-least element X of D satistying:
VeeL:Clz,X)—=a2C X
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EXAMPLE: INFORMAL CLOSURE-CONDITION SPECIFICATION
OF THE SYNTAX OF REGULAR EXPRESSIONS

1. €is a regular expression; empty
2. If a € A then a is a regular expression: letter
3. If p; and p9 are regular expressions then:
3.1 p1lp2 alternative
3.2 p1p2 concatenation
are regular expressions;
4. It p is a regular expression then:
4.1 p* repetition, 0 or more times
4.2 (p) parenthesized expression

are regular expressions.

P. Cousot — 16/77T — <« D> > ASFDP’98, Valencia, June 15", 1998



CORRESPONDING FORMAL DEFINITION
The closure-condition is C' € p(A%) x p(A*) — {it, f}

r={e})V

O, X) =
(x={a} Na€e A)V
(x={p1lp2} ANp1 € X Npp € X) V
(
(
(

r={pip2} Ap1 € X Apy € X)V
r={p}Ap€EX)V
T =

{(p)} ApeX)
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PRESENTATION OF A CLOSURE-CONDITION IN FIXPOINT FORM

The C-least element X of D satistying:
VeeD:Clz,X)=2C X

1S:
C
lfp~ F

where:

FZMX| fzeD|Clx, X)}
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PRESENTATION OF A FIXPOINT SPECIFICATION AS A
CLOSURE-SPECIFICATION

If
e (D, C, 1 || isacomplete lattice, and
e FeD+—1D

then the closure-specification with condition
Clz,X) =2 C F(X)

defines -
lip~ F'.
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PRINCIPLE OF THE GENERALIZATION OF RULE-BASED
SPECIFICATIONS

Inference rules:

P
—, PCU&celU:

can also be written:

{i)}, PCU&{c CU.
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RULE-BASED SPECIFICATION

e An element S of the complete lattice (D, £) can be defined by the

rule instances:
P
R = { 1 € A}
C;

such that for all2 € A: P, € D and C; € D;
e By definition, this denotes:

C
fp Dp
where the R-operator &pis ™

AX-| [{C;i|3ien: BT X}

def

Op =

"o r 1s monotonic hence the rule-based specification is well-defined.
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RULE-BASED PRESENTATION OF A FIXPOINT SPECIFICATION

e let F € L — L be a monotonic map on the complete lattice
<L7 E? J‘? |_|>7

o 1fpE is defined by the rule instances:

R:{g|C,PEL/\CEF(P)} (1)
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DERIVATION ®

P
ieA}
C;
and CIDRd:ef)\X°|_|{CZ- | di € A P EX};

e A derivation of an element x of the complete lattice (D, C) is a
transfinite sequence xx, £k < A, A € O such that:

° LetR—{

- L0 = J—7
- 25 C Pp(Uger2p) for all 0 < k < A,
- Ty =4

8 This generalizes the notion of proof in formal systems.
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DERIVABLE ELEMENTS

e An element x of the complete lattice (D, C) is said to be derivable
whenever it has a derivation;

e An element x € D is deriwvable it and only if x C 1fpE O p;
e [t follows that:

H“pE bp =| [{x € D| x is derivable}
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(GAME-THEORETIC SPECIFICATION

Given a complete lattice (L, C), a game is defined by rules R C
L x L. The corresponding R-operator ® is:

= \X:| [{C|3(C, P)e R: PC X}

The game G(R, a) with rules R starting from initial position a € L
is played by two players I and II.

Player I must start by choosing xg = a.

If player I chooses x, in the n-th move, then player II must respond

by X, € (L) such that x, E O(| | Xy).
For the next move, player I must choose some x,,11 € Xj,.
A player who is blocked has lost.

If the game goes on forever then player II has lost.
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INITIAL WINNING POSITIONS

e We define W(R) as the set of initial winning positions for player II:

W(R) £ {a € L | player II has a winning strategy
in game G(R, a)}

e Ifpd =| |[W(R).
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FIXPOINT SPECIFICATION
IN EQUIVALENT GAME-THEORETIC FORM

e Let (L, C) be acpoand F € L — L be monotonic;
o IfpF =||W(R)
for the game with rules:

R={(C, P)|PeLACL F(P)}

P. Cousot —27/7TT — <A< D> > ASFDP’98, Valencia, June 15", 1998



EXAMPLE: TRACE SEMANTIC SPECIFICATION
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MAXIMAL EXECUTION TRACE SEMANTICS

o (3 T) transition system

o 7 partial traces of length n > 0

o T maximal traces of length n > 0

o Ti — U 7 maximal non-empty finitary trace semantics
. n>(0

o TV infinitary trace semantics

o TX = Ti U7 maximal bifinitary trace semantics

Fxample (Prolog): 30 set of subgoals with substitutions, 7: replacement of a subgoal
in the set by a resolvent for a clause selected in the program.
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JUNCTION OF STATE SEQUENCES

e Joinable nonempty finite state sequences:

ag...op_1 7 By O U ap_y = Dy

e Their join is:
g ... Op_1q

_ Bo B1 ... Bm=1

ag...op_1 Py PBm—1 =g .o ap_1 P1 - P
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e Joinable infinite state sequences:

ag...ap... 7 By...0Bm_1 Istrue
ag...ap... 7 By...0Bm ... 1s true
/| @ﬁoﬁm 1ff Ozg_lzﬁ()

Q) .

e Their join is:

ag...qp... By Bm_1 =y ... Qp
. def
ag...ap... By .Bm... =ap ... ay
agng ... Oy
Bo B1--- Bm--.
. def
ag...ap_1 Bo---Bm-.. =ay ... ap_1 81 ... Bm--.
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JUNCTION OF SETS OF BIFINITARY STATE SEQUENCES

—

e For sets A and B € p(A™) of sequences, we have:

A"BE{a " pBlacANBeBAaT [} set junction
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FIXPOINT SPECIFICATION OF THE MAXIMAL FINITARY TRACE
SEMANTICS OF TRANSITION SYSTEMS

N C

= = C 5
Th = Ifp, Fr=gfp _F" (2)
) aa

where the set of finite traces transformer F* is:

—

Fi(X) U=
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SKETCH OF PROOF
UT—lfp@ P Fi(X)d—efT Ui~ X
ieN

X -
- {a)
- {0, olso!}

X' - {0, olro; olrelvsl

n
X - {@, ’l>©7 ...... ,:l»:. i»’l’,r?l}
Xw: {Mcol»@ ‘ TL}O}
0 1 T-1 n
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7-4;‘: U 7 = ﬂ (6 T?UTH—T_l/\Z—T:) :gfpgqu
> Y+

1742()()d:ef7'fLJT§ X

x'= {®; o—w; - @ @ @@y e }
Xl_ {@7 ‘L"y """ 7Ot>0 ! @irii@— @y nrmnn }
X2_ {@7 M7 ...... 7‘t>‘t>‘ ?‘--.‘_?‘7 ...... }
Xg_ {@7 i’@) QLPQLP@7 ...... 7‘t>‘t>‘t>‘ ? @ =iy " }
X'- {0 oloe, ieis ol olrolrs,

0 1 n-1

...... olreolpeloe g iinnl
e ‘ " >
X = {M‘oi»@ | n>0 }
0 1 N-1 n
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FIXPOINT SPECIFICATION OF MAXIMAL INFINITARY TRACE
SEMANTICS OF TRANSITION SYSTEMS

C

W W
TV = gfpzﬁ F (3)
where the set of infinite traces transformer F¥ is:

FOX) Y7~ X
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SKETCH OF PROOF

. 5 = C = = o '*A
TV = (] 7" XY =glp__ F¥ F9X) <2~ X
neN ! 2
X ® ® ® ® ® ° ® P P
! ! .
X ‘t» . . . . :b ; ‘ llllll
5 ' \
X Ct”t” ® ® ® :. + @—— srnma
LT
X olpelpelpelpe ot»t» o -rum-
W
X Btﬂtﬂt%t”...‘t»t»t»t> ......
ni n
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COALESCED POWERPRODUCT

o [f
- {L", L™} is a partition of L (ie. L=L*UL and L* N L~ = ());
- (p(L7), EF, L5 T 0t M) and (p(L7), E7, L7, T, 07,

M7) are posets (respectively cpos, complete lattices);

then the coalesced powerproduct (p(L), T, 1, T, L, M)
is a poset (respectively a cpo, a complete lattice), where:

- XTEXNLtand X € XNL- projections
- XLCYiff XTCTY"TAX CTY™ ordering
- 1€ ful infimum
ST ETIUT supremum
def _ _ ..
LX) Uy join
- I;IXZ- e ITL (X;)" U I‘fl; (X;)~ meet
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COALESCED FIxXPOINTS THEOREM

o [f

- (p(L), C, L, T, U, M) is the coalesced powerproduct of
(p(LT), CF, L7, T7, U, ™) and (p(L™), E—, L=, T,
=, M)

- FreL"+—— LT and FF~ € L™ —— L~ are monotonic
(resp. upper-continuous, a complete join morphism)

then the coalesced fixpoint is defined by:
- F'e L —— L where
F(X)< FHXT) U F (X))

is monotonic (resp. upper-continuous, a complete join mor-
phism);

_|_ _
- lprF — lfpg Ft U lfpg F~ (4)
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FIXPOINT SPECIFICATION OF THE MAXIMAL BIFINITARY
TRACE SEMANTICS OF T'RANSITION SYSTEMS

e The fixpoint characterization of the bifinitary maximal trace seman-
tics of a transition system (3, 7) is:
5 [ > C -,

T = lfp F* = gfp . F™ (5)
ZOC

F* = \X-rluri~ X
XCY=E(XNYCYynIHa(Xnzoyney)
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Proof
o def

o« XUy =y F+Ugfp =1 F+u1fp (FE=1p B
by (2), (3), (4) and:

-~
—

FY(X) = FWXMZ) (XMZ%

(7’ UT%(Xm S U (27 (X N E9))
TVUT. (X NEHUX N
TTUT§”\X

def

o 70U F —gfp F+Ugfp Fw—gfp Fooby()(?))and

the dual of (4).
[]
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RULE-BASED SPECIFICATION OF THE MAXIMAL BIFINITARY
TRACE SEMANTICS OF T'RANSITION SYSTEMS

e By the equivalence (1) of fixpoint and rule-based definitions, we can
define an element S of:

9 0F U, )

)
where X CY S (XNSFCYNISHA(XNIY DY N by

rule-instances:

ieA}

——
DT
In

where P;, C; C ¥ such that:
Sy F o owith  F2OAX| [{Gillie AAPC X}
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SET OF TRACES RULE-BASED SPECIFICATION OF THE

MAXIMAL BIFINITARY TRACE SEMANTICS OF TRANSITION

P. Cousot

SYSTEMS
C where L £ 3% (6)
luUrT
T 8§
- C where T" C 3% (7)
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P

LCXtu| {7 |TC X}

= AX:| {Lu7

—AX{(LUR U X

_AX(LUANTHUE - X NEH U
((LU%)HZ@)M(Ti“XMZQ)

— AX-%u(rf“XmZ*t)u(rf“szﬂ)

= )\X°7V'UT§/\X

[
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TRACE RULE-BASED SPECIFICATION

e [t is more intuitive to reason on a single trace;

e We can define an element .S of:

(p(X%), C, ©¥, ©F, 1, n)

def

where: XCY X (XN CYnNnIHA(XNI®DYy Ny

&
&

c;, € x>, with rule-instances:

by rule-schemata:

ieA}

where P; C ¥

)

P )
{ - szw}
{ci|lie ANP, C P}
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TRACES RULE-BASED SPECIFICATION OF THE MAXIMAL
BIFINITARY TRACE SEMANTICS OF TRANSITION SYSTEMS

e The rule schemata:

1. {0} 2 _ 3

0 y
— 0 €T . oceT geX™
%

stand for the rule-instances:

{ P 0 5 }
o o€ T N
{ol|octeryu{o® "o |’ c PN {oc} CP} | pcy=
P 5 5 .
:{ o-ET /\PQZOO}
FUG2 P

P. Cousot — 4677 — <« D> > ASFDP’98, Valencia, June 15", 1998



e The rule schemata specity:
L 5
lfp~ U = 7
SINCeE:

U=AX:| {fuc® " Ploler?APC X}

—AX-FUT X by C-monotonicity
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ABSTRACT INTERPRETATION OF ORDER-THEORETIC

FORMAL INDUCTIVE SPECIFICATIONS
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PRINCIPLE OF ABSTRACT INTERPRETATION

e Establish a correspondance {«, ) between a concrete/exact /refined
semantics and an abstract /approximate semantics:

- Abstract semantics = «(concrete semantics) or
- Concrete semantics = y(abstract semantics)

e Derive a specification of the abstract semantics from the given spec-
ification of the concrete semantics (or inversely).
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KLEENIAN FIXPOINT ABSTRACTION

If(l?h o8 LM}iszmcpo,(Z?W Eﬁ)isz%px&em Ff e D Dl
Fte D DE and

Floa = ao F"

87

then

y

:
a(lip- FYY = 1fp- F (8)
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TARSKIAN FIXPOINT ABSTRACTION

If <Dh, coo8 |_|h> and <Dﬁ, 18 |_|ﬁ> are complete lattices, F7 €
DI Du, F? e D 2 DF are monotonic and

— « is a complete M-morphism (a)
FloaClao F (b)
Wy eD Py Cly—= Tz eD a@) =yAFi@) C2z (o

then

y

f
oz(lfpE FY = 1fpE F (9)
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EXAMPLE: RELATIONAL AND DENOTATIONAL
SEMANTIC SPECIFICATIONS
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FINITARY RELATIONAL ABSTRACTION

Replace finite execution traces ogoq . . . 0,—1 by their initial /final states
<007 0-?1—1>:
e 0t EXT — (T x X))

def
0" (o) ™ {0y, 7 1),
neNy oeX”

e o (X)={e"(0) |0 € X}
YY) E {0 | e(0) €Y}

. (p(E7), C) =

s (X x X)), C) Galois connection

at
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MAXIMAL FINITARY /ANGELIC RELATIONAL/BIG-STEP
SEMANTICS OF A TRANSITION SYSTEM

e Transition system (X, 7)
e [ixpoint specification:
C do - C -
T E ot (r) = oﬁ(lfp@ F)
e By the Kleenian fixpoint abstraction th. (8) °, we get the fixpoint
specification:

Fep FYOFRX) ¥ FuTe X (10)
(s, s)ex |V en (st )}

9 the Tarskian fixpoint abstraction does not apply since a* is not co-continuous
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INFINITARY RELATIONAL ABSTRACTION

Replace infinite execution traces ogoyq...op ... by their initial state
{00, L), marking nontermination by Scott’s L:

e QY Y —— U x {1}"
1 & non-termination notation
@“(0) £ (0g, L), 0 € ¥

e 0¥(X) = {@(0) | o € X}

(V)2 (o] 0%(0) € V)
o (p(X¥), C) + : s (p(X x {L1}), ©) Galois connection
&w

10 61 isomorphically a® € p(2%) — o(3).
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INFINITARY RELATIONAL SEMANTICS OF A TRANSITION
SYSTEM

e Transition system (X, 7)

e [nfinitary relational semantics:

w def

™ = (1Y) = oz“’(gfp; ) = oz“’(lfp; )

e By the Tarskian fixpoint abstraction th. (9), we get the fixpoint
specification

> w . C §
TV = Hpr{L}F = gprX{L}F (11)
FX) = 70X

11 The Kleene fixpoint abstraction th. (8) does not apply since o is not co-continuous.
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BIFINITARY /NATURAL RELATIONAL ABSTRACTION

def

e 0® € P(X¥) — p(ExX,), U, ¥yu{L
a®(X) E at(XT)Ua¥(X9)

e XT=XN(ExX) finitary projection
XY=XnN(&Ex{Ll}) infinitary projection
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MAXIMAL BIFINITARY /NATURAL RELATIONAL SEMANTICS

s@s/defﬂnENJr JoeY':s=09AVi<n-—1: O; T 0j11

A s’ = O0n_1
s A= =V eX (st )

s 25 L35 e v s=o0gANVieEN:0;, 70,1
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FIXPOINT MAXIMAL BIFINITARY /NATURAL RELATIONAL
SEMANTICS OF A TRANSITION SYSTEM

e Transition system (X, 7)
o 7% Ly
< - B
= lfp@ v)\X‘T Ur7o X U Hpr{L} AXeTo X
_Ifps. F (12)
pLovO
fixpoint specification (by the coalesced fixpoints th. (4)):
FR(X) € AX-7UTo0 X" UToX¥
= AX-TUTo (X" UXY)
= AX-TUTo0X
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We have the bifinitary relational transtormer:

¥ e pExY|)— p(Xx X))

where the semantic domain:

(p(Z x X)), E=, 1 ™)

15 a complete lattice, with

o X CXY

def

XTCYT A XYDYY

o | — ZX{J_}
o |_'|OOAXZ°dZQfLJ)(Z'Jr U mXiw
7 7 1

P. Cousot
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ABSTRACTION BY PARTS

—

50 o1 B oo = %
7 = oa™(lfp . F™) = 1prOVOF
J_OC

e The finitary part transfers through o™ by the Kleenian fixpoint ab-
straction theorem (8) (but the Tarskian one (9) is not applicable);

e The infinitary part transfers through o by the Tarskian fixpoint
abstraction theorem (9) (but the Kleenian one (8) is not applicable);

e The whole transfers through a® by parts using the coalesced fix-
points theorem (4) (although none of the Kleenian (8) and Tarskian
(9) fixpoint abstraction theorems is applicable).
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RELATIONAL TO DENOTATIONAL SEMANTICS ABSTRACTION

The maximal bifinitary/natural relational to denotational semantics
abstraction is the right image isomorphism:

e (0(DxE&), <) semantic domain

7>

o (p(DxE), <)X 5 (D — p(€), <) right-image

o

Galois isomorphism

where:

o”(R) = B> = \a{y | (z, y) € R}
V()= (2, y) |y € fla)}
F<g="(f) <"(9)
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FIXPOINT SPECIFICATION OF THE NATURAL DENOTATIONAL

SEMANTICS
o 71 ® (1) right-image abstraction of
the bifinitary relational semantics
=0
— 1y [
lfpLu F (13)

where

- FE Nse{s |V e a(sT )}

- > S AP{f(s) | s € P}

- E s | sT 8}

- FreD 2Dl FYAHESEFU Y or
IS a Eh—monotone map on the complete lattice

(D", ;h, 14 T4 U5 1% where D

)

def

:ZIHKJ(ZJ_)

P. Cousot —63/77T — <« D> ASFDP’98, Valencia, June 15", 1998



RULE-BASED SPECIFICATION OF THE NATURAL
DENOTATIONAL SEMANTICS

e The natural denotational semantics
’

ifp= F
Pl
where
R o e
is also defined by the following rules:
s’ € 7(s) sts', s e f(s) sts',  Le f(s)

s' € f(s) s € f(s) 1 e f(s)
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EXAMPLE: RULE-BASED SPECFICATION OF A
NONDETERMINISTIC DENOTATIONAL SEMANTICS
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SYNTAX OF A NONDETERMINISTIC IMPERATIVE EXPRESSION
LANGUAGE

e pcP programs
p—n|v|?]|p; —po|v:=p]|if p; then py else p;3 |
p1 ; P2 |repeat p; until po
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SEMANTIC DOMAIN

e T € /g values
o pc & = EVi— L) environments
o (1,p) eNEZGXE states
o J_ Q Y ST u{L non-termination
e D'EE—— p(X)) semantic domain
o <D“, ;h, 15 T8 U ) complete lattice
e Slp] € £ —— (X)) bifinitary nondeterministic

denotational semantics
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NUMBERS  S%[n]

e N[nd] = (10 x Nn]) + N[d]
tt

NTnl, p) € S*n]p
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VARIABLES ~ SY[V]

(p(v), p) € S"[v]p
RANDOM  S7[7]

i€z
(i, p) € S p
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SUBSTRACTION  Sle; — e9]

(€, oy € S*pilp
(€2, p') € Spy — palp
(i, p') € S*p1lp, (U p") € S¥polp, i€ Z

) (Q, p") € S*[p1 — palp

, ) eSTelp, G, ") € Silpal’, 05 € Z
(i —j, p") € S[p1 — polp

. LeSimlp

L eS8 p; — palp
(i, p'y € S [plp, LeSplp, i€ Z
1L e 8 p; — polp
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ASSIGNMENT

, (@ ') € S*[plp

(2, o) € S'v:=p]p

(i, p') € S¥plp, i € Z

(i, p'v:=1i]) € S[v:=p]p
. LeSThlp

LeSv = plp
P. Cousot — 77T — QAL >
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CONDITIONAL Su[[if e] then py else pg]]

(Q, p)y € S*[p1]p
(Q, p') € S[if p; then py else psp
0, ') € S*lp1lp, o2 € Spaly/
o9 € S°[if p; then py else ps]p
(i, ') € S p1]p, o3 € S*pslp/, i € Z—{0}
03 € S°[if p; then p, else ps]p

L e Splp
1 e Su[[if p1 then py else p3p
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SEQUENTIAL COMPOSITION  S'[e; : po]

(Q, o) € S*[pilp
(Q, p') € S'py : pofp
(i, p'y € Splp, 02 € Spolp!, i € Z
oy € S'p; ; palp
L€ Spilp

1L e Spy; polp
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12

13

14

15

REPETITION Sb[[repeat p; until po]

L e Sp]p

1 € S'[repeat p; until pofp
(2, p) € Slpilp

(Q, p/) € S*[repeat p; until pyp
(i, p') € Sp1lp, L € S*pals

1 € S%repeat p; until po]p
(i, p') € S'pilp, (2, p") € Spa]p’

(Q, p'y € S%[repeat p; until pofp

12 Body does not terminate.

13 Body is erroneous, return error.

14 Body terminates but test does not.

15 Body terminates, test is erroneous, return error.
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Pl <Z7 10/> = Sb[[pl]]pa <07 p”> S Sb[[pﬂp,
<i, ,0”> S SH[[repeat p; until p2]]p

<i7 p,> = Sb[[pl]]pa
(J, ") € Spalp’, j € Z—{0},
03 € S%[repeat p; until py]p”

17

03 € S[repeat p; until pyjp

16 Body terminates, test is true, return value of the last iteration.

17 Body terminates, test is false, repeat.
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ABSTRACTION TO: NATURAL/BIG STEP STRUCTURED
OPERATIONAL SEMANTICS

e This abstraction, which forgets about nontermination, is:
a € (Er—p(X])) — (€ — p(X))
a(S)p = S(p) — {1}

e To get the rule-based specification:
- Eliminate the infinitary rules (involving L);

- Classical interpretation of the rules (for C).
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CONCLUSION

e Declarative specification methods are fundamental in computer sci-
ence;

e Sct-theoretic rule-based specifications are commonly used (syntax,
semantics, typing, program static analysis, etc.);

e Order-theoretic rule-based specifications are a useful generalization;

= e.g. denotational semantics in rule-based style!
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