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Abstract Interpreters
• Transitional abstract interpreters: proceed by induction 

on program steps

• Structural abstract interpreters: proceed by induction 
on the program syntax

• Main problem: over/under-approximate fixpoints in 
non-Noetherian abstract domains
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Fixpoints
• Poset <D, ⊑, ⊥, ⊔>

• Transformer: F ∈ D ⟼ D

• Least fixpoint: lfp⊑ F = ⨆n∈ℕ Fn(⊥) (under appropriate 
hypotheses)
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Convergence acceleration with widening
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Infinite iteration Accelerated iteration with widening
(e.g. with a widening based on the derivative 

as in Newton-Raphson method(*))

F

l fp F

F

l fp F x

F(x)6x

(*) Javier Esparza, Stefan Kiefer, Michael Luttenberger: Newtonian program analysis. J. ACM 57(6): 33 
(2010)
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Extrapolation by Widening
• X0 = ⊥                    (increasing iterates with widening)

Xn+1 = Xn ∇ F(Xn)     when F(Xn) ⊑ Xn

Xn+1 = Xn                  when F(Xn) ⊑ Xn

• Widening ∇:

• Y ⊑ X ∇  Y                                      (extrapolation)

• Enforces convergence of increasing iterates with 
widening, limit Xℓ
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Example of widenings (cont’d)
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[1]  Patrick Cousot, Radhia Cousot: Vérification statique de la cohérence dynamique des programmes, Rapport du contrat IRIA-SESORI No  75-032, 23 septembre 1975. 
[2] Patrick Cousot, Radhia Cousot: Abstract Interpretation: A Unified Lattice Model for Static Analysis of Programs by Construction or Approximation of Fixpoints. POPL 1977: 238-252

• Primitive widening [1,2]

• Widening with thresholds [3]

[1]  Patrick Cousot, Semantic foundations of program analysis, Ch. 10 of Program flow analysis: theory and practice, N. Jones & S. Muchnich (eds), Prentice Hall, 1981.[3]
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Extrapolation with widening
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Interpolation with narrowing
• Y0 = Xℓ                (decreasing iterates with narrowing)

Yn+1 = Yn ∆ F(Yn)       when F(Yn) ⊏ Yn

Yn+1 = Yn                   when F(Yn) = Yn

• Narrowing ∆:

• Y ⊑ X   ⟹   Y ⊑ X ∆  Y ⊑ X             (interpolation)

• Enforces convergence of decreasing iterates with 
narrowing, Yλ
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• [2]

Example of narrowing
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[1]  Patrick Cousot, Radhia Cousot: Vérification statique de la cohérence dynamique des programmes, Rapport du contrat IRIA-SESORI No  75-032, 23 septembre 1975. 
[2] Patrick Cousot, Radhia Cousot: Abstract Interpretation: A Unified Lattice Model for Static Analysis of Programs by Construction or Approximation of Fixpoints. POPL 1977: 238-252
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Interpolation with narrowing
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Duality
•  

• Extrapolators:

• Interpolators:
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or under-approximate the limit of increasing or decreasing �xpoint iterations, so that
the various possibilities of using the convergence acceleration operators of Table � are
illustrated in Fig. �. In [�], the approximation properties of extrapolation operators

Convergence above the limit Convergence below the limit

Increasing iteration Widening
`

Dual-narrowing Ha
Decreasing iteration Narrowing

a
Dual widening H̀

Table �. Extrapolators (
`

, H̀ ) and interpolators (
a

, Ha)

applying the function as in Def. 2, its derivative is used to accelerate conver-
gence and ultimately reach a post-fixpoint which over-approximates the least
fixpoint [36]. A similar widening is implicitly used in [18].

The extrapolation operators used in abstract interpretation are the widening
[6], the narrowing [7] and their duals [11]. In [5], the approximation proper-
ties of extrapolation operators are considered separately from their convergence
properties. Their approximation properties are useful to approximate missing or
costly lattice operations. Independently, their convergence properties are useful
to ensure termination of iterations for fixpoint approximation. The objective is
to over-approximate or under-approximate the limit of increasing or decreasing
fixpoint iterations, so that the various possibilities are as follows

Convergence above the limit Convergence below the limit

Increasing iteration Widening � Dual narrowing ��

Decreasing iteration Narrowing � Dual widening ��

as illustrated in Fig. 2.� � � X � F (X) F (X) � X X ���� F (X) co-in-
duction
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[Semi-]dual abstract induction methods
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(separate from termination conditions)

F(X) � X
X � F(X)

� �FF

�
� FF
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X �� F(X)��

co-in-
duction

induct-
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}
}

~ ~
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Examples of widening/narrowing

• Abstract induction for intervals:

• a widening [1,2]

• a narrowing [2]
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[1]  Patrick Cousot, Radhia Cousot: Vérification statique de la cohérence dynamique des programmes, Rapport du contrat IRIA-SESORI No  75-032, 23 septembre 1975. 
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On widening/narrowing/and their duals

• Because the abstract domain is non-Noetherian, any 
widening/narrowing/duals can be strictly improved 
infinitely many times (i.e. no best widening)
E.g. widening with thresholds [1]

• Any terminating widening is not increasing (in its 1st 
parameter)

• Any abstraction done with Galois connections can be 
done with widenings (i.e. a widening calculus)

103
[1]  Patrick Cousot, Semantic foundations of program analysis, Ch. 10 of Program flow analysis: theory and practice, N. Jones & S. Muchnich (eds), Prentice Hall, 1981.
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Infinitary static analysis 
with abstract induction
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Fig. 2. Fixpoint iteration approximation put arrows

induct-
ion F � F � F �� F �� The term extrapolation is used for

widening and its dual since we want to find properties outside the range of
known properties. The term interpolation is used for narrowing and its dual
since we want to find properties within the range of known properties.

applying the function as in Def. 2, its derivative is used to accelerate conver-
gence and ultimately reach a post-fixpoint which over-approximates the least
fixpoint [36]. A similar widening is implicitly used in [18].

The extrapolation operators used in abstract interpretation are the widening
[6], the narrowing [7] and their duals [11]. In [5], the approximation proper-
ties of extrapolation operators are considered separately from their convergence
properties. Their approximation properties are useful to approximate missing or
costly lattice operations. Independently, their convergence properties are useful
to ensure termination of iterations for fixpoint approximation. The objective is
to over-approximate or under-approximate the limit of increasing or decreasing
fixpoint iterations, so that the various possibilities are as follows

Convergence above the limit Convergence below the limit

Increasing iteration Widening � Dual narrowing ��

Decreasing iteration Narrowing � Dual widening ��

as illustrated in Fig. 2.� � � X � F (X) F (X) � X X ���� F (X) co-in-
duction
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[Semi-]dual abstract induction methods
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Fig. �. Fixpoint iteration approximation

are considered separately from their convergence properties. For example, their ap-
proximation properties are useful to approximate missing or costly la�ice join/meet
operations. Independently, their convergence properties are useful to ensure termina-
tion of iterations for �xpoint approximation.

�.� Terminating (dual) widenings are not monotone

An iteration sequence with widening in a poset hD, vi has the form X

0 , D, where
D 2 D is some initial approximation, and X

k+1 , X

k `
F (X k ), k 2 N where F can be

assumed to be extensive on the iterates3. It follows that the iterates hX k
, k 2 Ni form

a v-increasing chain.
�e widening

`
2 D⇥ D 7! D should have the following properties.

(
`

.a) 8X ,Y 2 D : Y v X

`
Y .

Requiring the widening to be extensive in its second parameter, ensures that F (X k ) v
X

k+1, which guarantees convergence to an over-approximation of the limit lim
k!+1

F

k (D)
of the exact iterates F 0(X ) = X and F

n+1(X ) = F (Fn(X )).

3 i.e. 8k 2 N : X

k v F (Xk ). �is is also the case when D v F (D) and F is increasing i.e.
8X ,Y 2 D : (X v Y ) =) F (X ) v F (Y ). It is also possible to use �X

.
X t F (X ) when the

join t exists in the abstract domain D or �X

.
X

`
F (X ) otherwise.
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Extrapolators, Interpolators, and Duals

12
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Interpolation with dual narrowing

13

• Z0 = ⊥         (increasing iterates with dual-narrowing)

Zn+1 = F(Zn) ∆ Yλ       when F(Zn) ⊑ Zn

Zn+1 = Zn                   when F(Zn) ⊑ Zn

• Dual-narrowing ∆:

• X ⊑ Y   ⟹   X ⊑ X ∆  Y ⊑ Y            (interpolation)

• Enforces convergence of increasing iterates with 
dual-narrowing

/

~

~

~
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Example of dual-narrowing
•  

•  

• The first method we tried in the end 70’s with Radhia

• Slow

• Does not easily generalize (e.g. to polyhedra) 

14

Let the abstract domain hD, vi be a poset, the concretization � 2 D 7! D be in-
creasing, the abstract transformer be F 2 D 7! D,

a
2 D⇥ D 7! D be a narrowing

satisfying Hyp. �� (a) (or Hyp. �� (a0)) and
a
2 }(D) 7! D satis�es Hyp. �� (b) for

X = {X � | � 2 O}, where the abstract iterates are the trans�nite sequence hX � 2 D,

� 2 Oi such that D ✓ � (X 0), X �+1 , X

� a
F (X � ), X � ,

a
�<�

X

�
for limit ordinals �, do

satisfy the semi-commutation condition 8� 2 O : F � � (X � ) ✓ �

�
F (X � ).

If the abstract transformer F 2 D 7! D is reductive on the abstract iterates hX �
,

� 2 Oi (i.e. 8� 2 O : F (X � ) v X

� ) then their concretization h� (X � ), � 2 Oi is decreasing
and ultimately stationary with limit � (X � ) such that 8� 2 O : gfp✓

D
F = X

� ✓ � (X � ) ✓
� (X � ). ut
Lemma ��. �e more traditional hypothesis that (P v Q) =) (P v P

a
Q v Q),

8i 2 � : (P v Qi ) =) (P v
a

j 2�
Q j v Qi ), F (X

0) v X

0
, and F is increasing imply that

F is reductive on the iterates. ut
�. Over-approximating bounded increasing abstract iterates by

interpolation with dual-narrowing
Because the over-approximation of decreasing abstract iterates by narrowing inter-
polation in Sect. �. yields an abstract �xpoint, it is no longer possible to improve this
abstract �xpoint by successive application of the abstract transformer F . However,
because this is an upper-bound of the concrete least �xpoint, it can be improve by
computing increasing abstract iterates with dual-narrowing interpolation.
�.� Dual-narrowing
�e dual-narrowing Ha satisfy the order dual of Hyp. �� hence the dual of �. �� re-
formulating [�, Ch. �, �. �.�.�.�.��].

Example �� (Interval dual-narrowing). If [a,b] ✓ [c,d] then c 6 a 6 b 6 d so we can
de�ne [a,b] Ha [c,d] , [(c = �1 ? a : b(a + c)/2c ), (d = 1 ? b : d(b + d)/2e )] where
bxc is the largest integer not greater than real x and dxe is the smallest integer not less
than real x since c 6 b(a + c)/2c 6 a 6 b 6 d(b + d)/2e 6 d and therefore [a,b] ✓ ([a,
b] Ha [c,d]) ✓ [c,d]. ut
Example �� (Craig interpolation). Craig’s interpolation theorem [��] implies that for
all �rst-order formulae � and� such that ¬(� ^� ) there exist a �rst-order formula �,
called an interpolant, such that� =) �, ¬(�^� ), and VarsJ�K ✓ (VarsJ�K\VarsJ� K).
Le�ing � 0 , ¬� this means that if � =) �

0 then there exists an interpolant � such
that � =) � =) �

0. So a dual-narrowing can be de�ned as � Ha
� , � on the

poset of �rst-order formulæ partially ordered by implication =) . �e interpolant
is in general not unique, may contain exponentially more logical connectives than
�, and successive interpolations may not terminate. So arbitrary choices have to be
done, for example, to compute quanti�er-free interpolants with a minimal number of
components and symbols [��].
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��

�.� Decreasing iteration with narrowing
We have the following reformulation of [�, Ch. �, �. �.�.�.�.��].

�eorem �� (Over-approximation of decreasing iterates with narrowing). By the
dual of Def. �, let hX � , � 2 Oi be the greatest lower bound iterates of the increasing
transformer F 2 D 7! D on a concrete poset hD, ✓i from D 2 D such that F (D) ✓ D.
By the dual of Lem. � (b), hX � , � 2 Oi is therefore decreasing and ultimately stationary
at X � = gfp✓

D
F .

Let the abstract domain hD, vi be a poset, the concretization � 2 D 7! D be in-
creasing, the abstract transformer be F 2 D 7! D,

a
2 D⇥ D 7! D be a narrowing

satisfying Hyp. �� (a) (or Hyp. �� (a0)) and
a
2 }(D) 7! D satis�es Hyp. �� (b) for

X = {X � | � < � ^ � 2 O is a limit ordinal}, where the abstract iterates are the trans�-
nite sequence hX � 2 D, � 2 Oi such that D ✓ � (X 0),X �+1 , X

� a
F (X � ),X � ,

a
�<�

X

�

for limit ordinals �, do satisfy the semi-commutation condition 8� 2 O : F � � (X � ) ✓
�

�
F (X � ).
If the abstract transformer F 2 D 7! D is reductive on the abstract iterates hX �

,

� 2 Oi (i.e. 8� 2 O : F (X � ) v X

� ) then their concretization h� (X � ), � 2 Oi is decreasing
and ultimately stationary with limit � (X � ) such that 8� 2 O : gfp✓

D
F = X

� ✓ � (X � ) ✓
� (X � ). ut

Lemma ��. �e more traditional hypothesis that (P v Q) =) (P v P

a
Q v Q),

8i 2 � : (P v Qi ) =) (P v
a

j 2�
Q j v Qi ), F (X

0) v X

0
, and F is increasing imply that

F is reductive on the iterates. ut

�. Over-approximating bounded increasing abstract iterates by
interpolation with dual-narrowing

When the upper bound � (Xn) of the concrete least �xpoint can no longer be improved
in the decreasing abstract iterates with narrowing interpolation of Sect. �., i.e. F (Xn) ✓
X

n+1
= X

n a
F (Xn) = X

n , the upper bound X

n can still be further improved by
computing increasing abstract iterates with dual-narrowing interpolation bounded by
X

n .

�.� Dual-narrowing

�e dual-narrowing Ha satisfy the order dual of Hyp. �� hence the dual of �. �� refor-
mulating [�, Ch. �, �. �.�.�.�.��].

Example �� (Interval dual-narrowing). If [a,b] ✓ [c,d] then c 6 a 6 b 6 d so we can
de�ne [a,b] Ha [c,d] , [( c = �1 ? a : b(a + c)/2c ),(d = 1 ? b : d(b + d)/2e )] where
bxc is the largest integer not greater than real x and dxe is the smallest integer not less
than real x since c 6 b(a + c)/2c 6 a 6 b 6 d(b + d)/2e 6 d and therefore [a,b] ✓ ([a,
b] Ha [c,d]) ✓ [c,d]. ut
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Interpolation with dual-narrowing

15

X ⊑ F(X)
F(X) ⊑ X

F(X) = X
F

F
F

F ⊤
⊥

∇

∇ ∇

X0
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F

Y0=Xℓ
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∆

∆
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F
F

∆~
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F
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Relationship between narrowing and dual-narrowing

•  ∆  =  ∆-1

• Y ⊑ X   ⟹   Y ⊑ X ∆  Y ⊑ X                     (narrowing)

• Y ⊑ X   ⟹   Y ⊑ Y ∆  X ⊑ X              (dual-narrowing)

• Example: Craig interpolation

• Why not use a bounded widening (bounded by B)?

• F(X) ⊑ B ⟹ F(X) ⊑ F(X) ∆ B ⊑ B       (dual-narrowing) 

• X ⊑ F(X) ⊑ B ⟹ F(X) ⊑ X ∇B F(X) ⊑ B
                                                            (bounded widening)

16

~

~

~
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Example of widenings (cont’d)
• Bounded widening (in [ℓ, h]):

[a,b] ∇[ℓ,h] [c,d] ≜ [c+a-2ℓ, b+d+2h]

17

Let the abstract domain hD, vi be a poset, the concretization � 2 D 7! D be in-
creasing, the abstract transformer be F 2 D 7! D,

a
2 D⇥ D 7! D be a narrowing

satisfying Hyp. �� (a) (or Hyp. �� (a0)) and
a
2 }(D) 7! D satis�es Hyp. �� (b) for

X = {X � | � 2 O}, where the abstract iterates are the trans�nite sequence hX � 2 D,

� 2 Oi such that D ✓ � (X 0), X �+1 , X

� a
F (X � ), X � ,

a
�<�

X

�
for limit ordinals �, do

satisfy the semi-commutation condition 8� 2 O : F � � (X � ) ✓ �

�
F (X � ).

If the abstract transformer F 2 D 7! D is reductive on the abstract iterates hX �
,

� 2 Oi (i.e. 8� 2 O : F (X � ) v X

� ) then their concretization h� (X � ), � 2 Oi is decreasing
and ultimately stationary with limit � (X � ) such that 8� 2 O : gfp✓

D
F = X

� ✓ � (X � ) ✓
� (X � ). ut
Lemma ��. �e more traditional hypothesis that (P v Q) =) (P v P

a
Q v Q),

8i 2 � : (P v Qi ) =) (P v
a

j 2�
Q j v Qi ), F (X

0) v X

0
, and F is increasing imply that

F is reductive on the iterates. ut
�. Over-approximating bounded increasing abstract iterates by

interpolation with dual-narrowing
Because the over-approximation of decreasing abstract iterates by narrowing inter-
polation in Sect. �. yields an abstract �xpoint, it is no longer possible to improve this
abstract �xpoint by successive application of the abstract transformer F . However,
because this is an upper-bound of the concrete least �xpoint, it can be improve by
computing increasing abstract iterates with dual-narrowing interpolation.
�.� Dual-narrowing
�e dual-narrowing Ha satisfy the order dual of Hyp. �� hence the dual of �. �� re-
formulating [�, Ch. �, �. �.�.�.�.��].

Example �� (Interval dual-narrowing). If [a,b] ✓ [c,d] then c 6 a 6 b 6 d so we can
de�ne [a,b] Ha [c,d] , [(c = �1 ? a : b(a + c)/2c ), (d = 1 ? b : d(b + d)/2e )] where
bxc is the largest integer not greater than real x and dxe is the smallest integer not less
than real x since c 6 b(a + c)/2c 6 a 6 b 6 d(b + d)/2e 6 d and therefore [a,b] ✓ ([a,
b] Ha [c,d]) ✓ [c,d]. ut
Example �� (Craig interpolation). Craig’s interpolation theorem [��] implies that for
all �rst-order formulae � and� such that ¬(� ^� ) there exist a �rst-order formula �,
called an interpolant, such that� =) �, ¬(�^� ), and VarsJ�K ✓ (VarsJ�K\VarsJ� K).
Le�ing � 0 , ¬� this means that if � =) �

0 then there exists an interpolant � such
that � =) � =) �

0. So a dual-narrowing can be de�ned as � Ha
� , � on the

poset of �rst-order formulæ partially ordered by implication =) . �e interpolant
is in general not unique, may contain exponentially more logical connectives than
�, and successive interpolations may not terminate. So arbitrary choices have to be
done, for example, to compute quanti�er-free interpolants with a minimal number of
components and symbols [��].

ut

Let the abstract domain hD, vi be a poset, the concretization � 2 D 7! D be in-
creasing, the abstract transformer be F 2 D 7! D,

a
2 D⇥ D 7! D be a narrowing

satisfying Hyp. �� (a) (or Hyp. �� (a0)) and
a
2 }(D) 7! D satis�es Hyp. �� (b) for

X = {X � | � 2 O}, where the abstract iterates are the trans�nite sequence hX � 2 D,

� 2 Oi such that D ✓ � (X 0), X �+1 , X

� a
F (X � ), X � ,

a
�<�

X

�
for limit ordinals �, do

satisfy the semi-commutation condition 8� 2 O : F � � (X � ) ✓ �

�
F (X � ).

If the abstract transformer F 2 D 7! D is reductive on the abstract iterates hX �
,

� 2 Oi (i.e. 8� 2 O : F (X � ) v X

� ) then their concretization h� (X � ), � 2 Oi is decreasing
and ultimately stationary with limit � (X � ) such that 8� 2 O : gfp✓

D
F = X

� ✓ � (X � ) ✓
� (X � ). ut
Lemma ��. �e more traditional hypothesis that (P v Q) =) (P v P

a
Q v Q),

8i 2 � : (P v Qi ) =) (P v
a

j 2�
Q j v Qi ), F (X

0) v X

0
, and F is increasing imply that

F is reductive on the iterates. ut
�. Over-approximating bounded increasing abstract iterates by

interpolation with dual-narrowing
Because the over-approximation of decreasing abstract iterates by narrowing inter-
polation in Sect. �. yields an abstract �xpoint, it is no longer possible to improve this
abstract �xpoint by successive application of the abstract transformer F . However,
because this is an upper-bound of the concrete least �xpoint, it can be improve by
computing increasing abstract iterates with dual-narrowing interpolation.
�.� Dual-narrowing
�e dual-narrowing Ha satisfy the order dual of Hyp. �� hence the dual of �. �� re-
formulating [�, Ch. �, �. �.�.�.�.��].

Example �� (Interval dual-narrowing). If [a,b] ✓ [c,d] then c 6 a 6 b 6 d so we can
de�ne [a,b] Ha [c,d] , [(c = �1 ? a : b(a + c)/2c ), (d = 1 ? b : d(b + d)/2e )] where
bxc is the largest integer not greater than real x and dxe is the smallest integer not less
than real x since c 6 b(a + c)/2c 6 a 6 b 6 d(b + d)/2e 6 d and therefore [a,b] ✓ ([a,
b] Ha [c,d]) ✓ [c,d]. ut
Example �� (Craig interpolation). Craig’s interpolation theorem [��] implies that for
all �rst-order formulae � and� such that ¬(� ^� ) there exist a �rst-order formula �,
called an interpolant, such that� =) �, ¬(�^� ), and VarsJ�K ✓ (VarsJ�K\VarsJ� K).
Le�ing � 0 , ¬� this means that if � =) �

0 then there exists an interpolant � such
that � =) � =) �

0. So a dual-narrowing can be de�ned as � Ha
� , � on the

poset of �rst-order formulæ partially ordered by implication =) . �e interpolant
is in general not unique, may contain exponentially more logical connectives than
�, and successive interpolations may not terminate. So arbitrary choices have to be
done, for example, to compute quanti�er-free interpolants with a minimal number of
components and symbols [��].

ut

ℓ h

2 2
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Conclusion
• Abstract interpretation in infinite domains is 

traditionally by iteration with widening/narrowing. 

• We shown how to use iteration with dual-narrowing. 

• These ideas of the 70's generalize Craig interpolation 
from logic to arbitrary abstract domains.
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The End, Thank You
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