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2.2 A SHORT INTRODUCTION TO ABSTRACT INTERPRE-
TATION THEORY (SEE SEC. 5 oF [POPL '79])

Reference
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2.2.1 MOooRE FAMILY-BASED ABSTRACTION

See Sec. 5.1 of [POPL "79].
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PROPERTIES

e We represent properties P of objects s € J as sets of objects
P € p(X) (which have the property in question);

Example: the property “fo be an even natural num-
ber” is {0,2,4,6,...}
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COMPLETE LATTICE OF PROPERTIES

e The set of properties of objects 2/ is a complete boolean lat-
tice:

<p(2)7 g) @7 27 U7 m’ _I> ¢
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ABSTRACTION

A reasoning/computation such that:
e only some properties can be used;
e the properties that can be used are called “abstract”;

e so, the (other concrete) properties must be approximated
by the abstract ones;
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DIRECTION OF APPROXIMATION

e Approximation from above: approximate P by P such that
P C ?;

e Approximation from below: approximate P by P such that
P C P (dual). -
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ABSTRACT PROPERTIES

o Abstract Properties: a set A C (%) of properties of interest
(the only one which can be used to approximate others).
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IN ABSENCE OF (UPPER) APPROXIMATION

e What to say when some property has no (computable) abstrac-
tion?
- loop?
- block?
- ask for help?
- say something!
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I DON'T KNOW

e Any property should be approximable from above by [ don’t
know (i.e. “true” or X).
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MINIMAL APPROXIMATIONS

e A concrete property P € p(') is most precisely abstracted by
any minimal upper approximation P € A:

e So, an abstract property P € A is best approximated by itself.
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WHICcH MINIMAL APPROXIMATION IS MosT USEFUL?

e Which minimal approximation is most useful depends upon
the circumstances;

e Example (rule of signs):
- 0 1s better approximated as positive in “ 3+ 0",
- 0 1s better approximated as negative in “—3 4+ 0".
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AVOIDING BACKTRACKING

e We don’t want to exhaustively try all minimal approximations;
e We want to use only one of the minimal approximations;
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WHIcH MINIMAL ABSTRACTION TO USE?

e Which minimal abstraction to choose?
- make a circumstantial choice’;
- make a definitive arbitrary choice?;
- require the existence of a best choice”.

Reference

[JLC'92] P. Cousot & R. Cousot. Abstract interpretation frameworks. J. Logic and Comp.,
2(4):511-547, 1992.

1 [JLC’92] uses a concretization function.
2 [JLC’92] uses an abstraction function.
3 [JLC 92| uses an abstraction/concretization Galois connection (this talk).
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BEST ABSTRACTION

e We require that all concrete property P € p(X) have a best
abstraction P € A:

PCP
VP e A: (PC P)= (P C P

e So, by definition of the greatest lower bound/meet N:

P=(W{P ecA|PCP}cA
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MOORE FAMILY

e So, the hypothesis that any concrete property P € p(X') has a
best abstraction P € A implies that:

A is a Moore family

1.e. 1t 1s closed under intersection ﬂ:

VSQZ:QSEZ

e In particular [ 10 = ¥ € A.
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BExXAMPLE OF MOORE FAMILY-BASED ABSTRACTION
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THE LATTICE OF ABSTRACTIONS (1)

e The set M(gp(p(2))) of all abstractions i.e. of Moore families
on the set p(X) of concrete properties is the complete lattice
of abstractions

M(p(p(X))), 2, p(X), {Z}, AS-M(US), N)
where:

M(A) = {15]SC A}

is the C-least Moore family containing A.
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2.2.2 CLOSURE OPERATOR-BASED ABSTRACTION

See Sec. 5.2 of [POPL79]).
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CLOSURE OPERATOR INDUCED BY AN ABSTRACTION

The map p ; mapping a concrete property P € p(2) to its best
abstraction p 7(P) in A is:
pi(P)=({PeA|PCP}.
It 1s a closure operator:
e extensive,
e idempotent,

e isotone/monotonic;
such that
Pc A P= pf_l(P)
hence
A = p 2(p(X)).
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ABSTRACTION INDUCED BY A CLOSURE OPERATOR

e Any closure operator p on the set of properties p(2') induces
an abstraction:

p(p()).
Examples:

- AP- P the most precise abstraction (identity),
- AP- )/ the most imprecise abstraction (I don’t know).

e Closure operators are isomorphic to the Moore families (i.e.
their fixpoints).
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ExAMPLE OF CLOSURE OPERATOR-BASED ABSTRACTION
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THE LATTICE OF ABSTRACTIONS (2)

e The set clo(p(X) —— p(X)) of all abstractions, i.e. isomor-
phically, closure operators p on the set p(2') of concrete proper-
ties 1s the complete lattice of abstractions for pointwise inclusion *:

(clo(p(Z) —— (X)), C, AP-P, AP-X, AS-ide(U S), N)
where:
~ the lub AS-ide(U S) is the reduced product;
- ide(p) = lfpf Af+f o fis the C-least idempotent operator
on p(X) C-greater than p.

4 M. Ward, The closure operators of a lattice, Annals Math., 43(1942), 191-196.
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2.2.4 GALOIS CONNECTION-BASED ABSTRACTION

See Sec. 5.3 of [POPL79]).

Reference

[POPL’79] P. Cousot & R. Cousot. Systematic design of program analysis frameworks. In
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CORRESPONDANCE BETWEEN CONCRETE AND ABSTRACT
PROPERTIES

e For closure operators p, we have:

p(P) C p(P') & P C p(P")

written: ,

(), ©) == (olp(D)), )

where 1 is the 1identity and:
Y -

04
means that (a, ) is a Galois connection:

-VPecp(X),PcD:a(P)C P < PCy(P)
- o is onto (equivalently o oy = 1 or -y is one-to-one).
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ABSTRACT DOMAIN

e Abstract Domain: an isomorphic representation D of the set

A C p(X) = p(p(X)) of abstract properties (up to some order-
isomorphism ¢).
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GALOIS SURJECTION ®

e We have the Galois surjection:

~1
i L Py
(), C) TR (D, £)
e More generally:
Y -

denoting (again) the fact that: B
-VPep(X),PeD:a(P)C P & PCv(P)
- o is onto (equivalently o oy = 1 or -y is one-to-one).

6 Also called Galois insertion since v is injective.
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ExXAMPLE OF GALOIS SURJECTION-BASED ABSTRACTION

T
20
G

+1

1 o
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GALOIS CONNECTION

e Relaxing the condition that o is onto:

(p(5), C) &= (D, C)

a

that 1s to say:
VP e p(Z),PeD:a(P)CP & P Cy(P)

® l.e. p 1S NOW 7y © &;

We can now have different representations of the same abstract
property.
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ABSTRACTION «

- {z:[1,99],y:[2,77]}
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CONCRETIZATION ~y

e

T {pi1,99],y 1 [2,77]}
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THE ABSTRACTION o IS MONOTONE

{z :[33,89],y : [48,61]}
L
{z:[1,99],y : [2,90]}

XCY = alX)C alY)
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90

61|

48 |

THE CONCRETIZATION ~ IS MONOTONE

1
........... Y (o [33,89),y : 48,61}
L
........... 199y [2, 900
1 33 89 99 "%

XLCY =(X)Cr(Y)
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THE v o o« COMPOSITION IS EXTENSIVE

{
77t +
+ . . + + . ’Y
o+ + - {z:[1,99],y:[2,77]}
. // e
2 + :
1 99 %

X Cyoa(X)
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THE o o v COMPOSITION IS REDUCTIVE

y
e
{z:[1,9],y : [2,77]}
: - =/C
©  {z:[1,99,y:[2,77]}
2| 5
1 59 X

aoy(Y)=/EY
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COMPOSITION OF GALOIS CONNECTIONS

The composition of Galois connections:

(L, <) <2 (M, C)

P

a1
and:
y
2
1s a Galois connection:
o Y1972
<L7 §> 2 g0y > <N7 j>
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2.2.5 FuUNcTION ABSTRACTION

See Sec. 7.2 of[POPL "79].

Reference
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6" POPL, pages 269-282, San Antonio, TX, 1979. ACM Press. 51
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Abstract domain ) FUNCTION ABSTRACTION
f
Q}VX
N\ : 5 Y,
: f Fu — oo Fo y
N 5 . ile Fl=poF
F

Concrete domain

P, C) =@ )=

)\FH”)'OFHOa

(P P, C) (@™ Q, )

AF's oo Flory
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2.2.6 FIixpPoOINT ABSTRACTION

See Sec. 7.1 of [POPL79].

Reference
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APPROXIMATE FIXPOINT ABSTRACTION

o

" Abstract domain

i

LI .,L-/”‘/'

o—

H@F

J

Approximation

-

J—Q?'F F

%} N relation L
[}
1
[}
[}

F
i F
Concrete domain |
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APPROXIMATE /EXACT FIXPOINT ABSTRACTION

Exact Abstraction:
a(lfp F') = lfp F!

Approximate Abstraction:

a(ifp F) 't ifp FF
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BEXACT FIXPOINT

ABSTRACTION
Abstract-domain i i
H FH F F
Py F Ly Fpt
a;{.

Concrete-domain
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2.3 APPLICATION TO REACHABILITY
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TRANSITION SYSTEMS

e (S,t) where:
- S is a set of states/vertices/. ..
-t € p(S x S) is a transition relation/set of arcs/. ..
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EXAMPLE OF TRANSITION SYSTEM

>0
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REFLEXIVE TRANSITIVE CLOSURE

e Composition:

—tot! € {(s,s") | 3s’: (s,5") €t A (s, ") et}
e Powers:

-0 (s, s) | se S}

gl dnor n >0
e Reflexive transitive closure:

—t*= u t"
n>0
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EXAMPLE OF TRANSITIVE REFLEXIVE CLOSURE

t*
. by pe
S
“wa
e

v

% | %
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REFLEXIVE TRANSITIVE CLOSURE IN FIXPOINT FORM

t* = lfp AX - L2UX ot
Proof
xV =0
xXt=tPuxPot =1¢
X2 =tPuxtot=0Utlot =tPud

Xn

U ti induction hypothesis
0<ien ( yp )
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xmtl — O xmot

=PU( U ) ot
0<21<n |

=t'U U (thot)
0<i1<n |
1<14+1<n+1

=t'U( U ot
1<y<n+1

= U t
0<i1<n+1
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XY = y X"
n>0

U Uyt
n>00<1<n

U t"
n>0

— ¢*
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ITERATES
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POST-IMAGE

post[t]] = {s' |Ts € I:(s,s') €t}

O——0O

o

Lt o
p »0O
O O

We have post| U 1] = U ost[t'l] so o = Mt - post[t]] is the
vp[z.EA] 7;EAp[] post[t]] i

lower adjoint of a Galois connection.

0) 0

(0 00
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POSTIMAGE (GALOIS CONNECTION

Given I € p(S),

Y
C) < T C
(p(S x S),C) TP (9(S), C)

post[t]] C R
e {s'|3Fsel:(s,sYct}CR
e VseS:(3sel:(ss)ct)= (s c€R)
& Vs',scS:(scIn(ss)ct)= (s €R)
& VsseS:(s,shct=((scl) = (s cR))
& tC{(s,s) | (sel)= (s € R)} = v(R)
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REACHABLE STATES

T
O/O ﬂ\
o /070 /-
‘o —>eo >0 >9
-
o *I e /
o— o
post[t*|Z
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FIXPOINT ABSTRACTION, ONCE AGAIN

Let F ¢ L™ L and F € L ™ [ be respective ;Iylonotone maps
on the cpos (L, 1,C) and (L, 1,C) and (L, C) &= (L, C) such

. o
that o o F oy C F. Then™:
o V5 € Q: a(FO)C £ (iterates from the infimum);
e The iteration order of F' is < to that of F'

C S —
o a(lfp F') C lfp F

Soundness: lfpE FCP= lpr FCvy(P).

10 p. Cousot & R. Cousot. Systematic design of program analysis frameworks. ACM POPL’79, pp. 269-282, 1979. Numerous
variants!
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FIXPOINT ABSTRACTION (CONTINUED)

Moreover, the commutation condition F o a = a o F' implies '

e F=qao F o, and

C C
o a(lfp F') =1fp F;

Completeness: lpr FCvy(P)= lpr FLP.

11 P Cousot & R. Cousot. Systematic design of program analysis frameworks. ACM POPL’79, pp. 269-282, 1979. Numerous
variants!
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REACHABLE STATES IN FIXPOINT FORM

post[t*]], I given
= oft") where a(t) = post[t]] = {s'|Is € T:(s,s') €t}
— a(lfp AX -t°U X o t)
— 1fp F 777
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DISCOVERING F' BY CALCULUS

ao(AX-tPUXot)
= AX -a(tPUX ot)
= AX -a(t®)Ua(X ot)
= AX - post[t’]] Upost[X o ¢]]
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post[X o t|]
:{s’ 336[:(3,5'>€(X0t)}
= {s'|3se:(ss)e{(s,s"|Is:(s,s")€Xn(s"ect}}
={s'|3secT:3s"cS:(s,s") e X N (s, 5" et}
={s'|3s" €S :(FsecI:(s,8")c X)N (s, 5" ct}
_ {sl 35" € 5 s ¢ {5” (3sc1:(s,s") € X} A <s/,5”> c )
= {s/ 3s"" € §:5" ¢ post[X|I A <s/, s”> et}
= post[t](post[X]])
= post[t](a(X))
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ao(AX -tPUXot)

= AX - post[t°]] U post[X o t]]
= AX - I Upost|t](a(X))
= AX - F(a(X))
by defining:
F = )X - IUpost[t](X)
proving:

post[t*](I) = 1fp~ AX - I U post[t](X) (2)
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BEXAMPLE OF ITERATION
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