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Concrete Hoare Logic
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(Set theoretical) Hoare triples

(P1S{Q) & V¥, ¥ eV :(P@)A[S](F,7) = 0F. 7).

Hoare rules
{ false}S{Q} = true.

{P}S{true} = true.
P=5P A{P}S{Q}AQ =50
{P}s{o]}

Implicit rules

® Lemma 12 The disjunction rule of Hoare logic? is

VieA:(P)S({Oi)
(BieA:Pi)S{AieAr:0;)

® Lemma 13 The conjunction rule of Hoare logic is*

VieA:{P;}S{Q;}
{(VieA:P;}S{VieA: Q;}

3 This rule is not part of classical Hoare logic but can be proved by structural induction on S.
+idem.
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Unmodified variables

® Lemma 14 The fact that none of the variables in § are defined/modifiedfwritten by S can be expressed in
Hoare logic as

{A(F.8) true}s{A(p".8".(7.8)- 8 =8"}. o

e Notation:

Slp\g

Contracts

o Definition 10 (Valid method contract) The set of all contracts for method M is
ciM £ PIE.HIxPIB.6).B.9)]-
A contract (P, Q) € C[M] is valid for the method M if and only if { P}S|; s { O}

e (PO = (P,Q) 2 (P==P)AQAV PP F)ANQW.¥)= Q)

® Lemma 18 If (P, Q) = (P, Q'Y and {P}S{ Q) hold then { P’} S{ Q' } does hold.

Abstract Properties

Abstract predicates

Hypotheses 1 1. The abstract domain (A[V], T) is an abstraction of unary predicates (P[V], =) which
meaning is given by an increasing concretizationy; € (A[V], C) - (P[V], =),

2. The abstract domain (B[V, V], ) is an abstraction of binary predicates (P[V, V], =) which meaning is
given by a finite-meet-preserving concretization y; € (B[¥, %], E) — (P[¥, V], =) (i.e. y2(Q @ al) =
v2(Q) A yz(Q,) which implies that v, is increasing) '3,

3. Given variables § C V, then =[g] € B[V, V] is the abstract statement that none of the values of the
variables § has changed that is y»(=[g]) £ A¥',7 «Vx € g : V(%) = ¥(%);
4. The unary abstract predicates P € A[¥] can be embedded into B[¥, %] as 12(P) such that
12 € A[¥] — B[#. %]
VP e A[P] : V7', ¥ € V[#] : 1oM@Y, %) = ni(P)) .

We assume that T% is increasing that is for all P, P e A[v], P P implies that T%(ﬁ) e T%(F’)A o




Contract Abstraction

Ve € (A[F] X B[¥,¥], ) = (C*[V], =) where

Yee (P, O)) = (y1(P), ¥2(0))

(P, OYE((P, Q) & PcPAPXP)mQCQ .

Lemma 27 vy, is increasing.

Concretization must preserve meets

Remark 7 Observe that if y, is increasing but not meet-preserving then the property that an abstract contract
is more precise than another one may not be preserved in the concrete. Here is a counter-example.

7 PP 90

" 1P

2(13(P")) A y2(Q)
¥2(0")

-

Abstract Hoare Logic

Abstract Hoare Triples

@ Definition 15 (Abstract Hoare triple)
[e]e{e] € A[V]xSxB[V,V] > B
[PIs{Q) = {(n(P))s{70)
The concrete rules of Hoare logic are sound, if not complete, in the abstract.

e Lemma 28 If{P?S/ﬁ{Q} thenfl_’?S/(;{T%(ﬁ) mo}.




Lemmata

® Lemma 29 (Abstract post-condition strengthening)
}Sipg (0]

1P m 0 m =[g]}

{ﬁ
sl

,-_|
——

® Lemma 30 If A has an infimum 1 such that y|(La) = false then forall Q € B, {14} S{Q} = true.

® Lemma 31 If B has a supremum T g such that y,(T g) = true then for all P € A, {P}S{Tp} =

® Lemma 32 The abstract consequence rule of Hoare logic

Remarks

is sound if the glb exists

— "~ may be invalid since y([[] P;) = A y1(P;) but not
(7lsina)] EHe

which is
{x=0}x = -x[false}

when y;(false) = false.

PP A{P]s{0'}r0'c0 {P}S{I;IAQ
______ ie
{P}s{o} o
is sound. ventPstel s in general invalid
{uPs{uol
ieA ieA
13 14
Counter-example Abstract conjunction rule
true true Lemma 33 (Abstract conjunction rule) If vy, is increasing, the glbs do exist, and /\ 2(0) = vl 0™
p= Q= then the abstract conjunction rule of Hoare logic =
=t = vieA:[Ps(O]
v=0 r=0 (MPIs{f o}
i€A i€A
is sound. o
false false
We have
{x=20}x = -x{x<0]}
Tx < Oix = —xfx > 0}
but definitely not
{x20mMx<0}x = -x{x<0mx20)}

14 e.g. either A is finite and ; is finite-meet-preserving or else y, is meet-preserving (equivalently upper-adjoints of Galois connec-
tions)
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Consequence rule

Lemma 34 Ifiﬁ}ﬂ@}and (P, Q) C (I_’/, @l) thean’TSié/

——

Postcondition strengthening

Lemma 35 Ify, is finite-meet-preserving then { P} Slz\g {0V ifand only if P} Sizg {om=[g]}).

Method call

Hypotheses 2 (Abstract projection and antiprojection)
A[B] such that
VPeA: P 15§ (P)
(39 : 11(P)l; 4) Y1p\g(Plg )
(3g : YZ(Q)I(ﬁ,g),(ﬁ,g)) = Yz(lﬁ\g(Ql(ﬁ,g),(ﬁqg)))

lp\g is increasing

1M

2. An abstract antiprojection T3\ € B[B.B] — B[(B.d). (B, )] such that

G880 705 5@ D rE=8" == 1(153Qls.0)lG.5.@a) -

3. We leave variable renaming implicit, identifying A[B] and A[G] whenever Y [d] = Y 1B81-

1. An abstract projection |3\5 € A[B,g] —

(a)
(b)

(©)

Method call

Theorem 7 (Soundness of the abstract separate method call analysis rule) Let M(B){ S } be a method de-
finition where B is the list of injout formal parameters and Slg\g i the body such thatp N g = 0, S|g\g may
read and modify the parameters B, but Sl\g does not modify any of the global variables g. Let M(q) be

a method call where the actual parameters § are variables such that V[§] = V [B]. In the context of the
context abstraction of Sec. 13, the following abstract separate method call analysis rule

(1516 (Pls )1 SIpng (Qlp 5}
{Ply g 1M@ {1504l o)}

is sound. o

The End
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